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CHAPTEK XL 

Systems of Equations of the First Order and their 
Reduced Forms in the Vicinity of Singularities of 
THE Derivatives. 

145. In most of the preceding investigations, the discussion 
has been restricted to a single equation of the first order. It is 
clear that many of the processes, with appropriate modifications 
and obvious extensions, can be applied to a system of equations of 
the first order: and accordingly it is possible, in making such 
applications, to deal more briefly both with the explanations and 
the details of the processes. 

When the number of dependent variables is two, an ap- 
propriate geometrical illustration is provided by the skew curves 
in ordinary space which satisfy two differential equations of the 
first order. The full development of this illustration requires the 
restriction that the variables, dependent and independent, shall 
have real values. As this restriction prevents the full considera- 
tion of the functional relation between the variables, the geo- 
metrical mode of regarding the variables will be adopted chiefly 
for purposes of illustration : largely for the same reason that, in 
the corresponding problems involving only one dependent variable, 
the geometrical association of plane curves with the equations was 
adopted for the subsidiary purpose of illustration. 

The general theorem in Chap, ii establishes the existence of 
the integrals of a system of equations of the first order, determ- 
ined by the condition that the integrals shall assume assigned 
values when the independent variable acquires its initial value. 
It effectively gives an expression for the integral, in the form of 
power-series valid over a finite domain : there beixig a ^Teci^di'eviXi 

F. IIL \ 
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hypothesis that the aggregate of values, assigned as initial values 
to all the variables, constitutes an ordinary combination for the 
functions, which are the values of the respective derivatives as given 
by the differential equations. But if the combination of initial 
values should not have the character of an ordinary combination 
for the functions in question, then further investigation is required 
in order to afford knowledge of the integrals for values of the 
variables in the vicinity of such a combination. 

146. Consider, in the first instance, a set of equations 
involving n — 1 dependent variables and one independent variable, 
say a?i, a?a, . . . , a^n in all ; and let them be 

dxi __ dxq d^n 

Xi X2 Xn 

where, for the present purpose, each of the functions Xi, X2, . .. , Xn 
vanishes when a?i = 0, arj = 0, . . . , Xn = 0, Let t denote a new 
parametric variable, such that the common value of the n 
fractions is 

_dt 

■" t ' 
Taking only the simplest case, so that in each of the functions 
X the terms of lowest dimensions which occur, when the functions 
are expanded in power-series, are of the first order, let 

n 

Xt= X agiXi + terms of higher orders. 
1=1 

Change the variables from a; to y by means of the homogeneous 

linear substitution 

n 

yr=t CrjXj, (r=l,2, ...,n\ 

i=i 

where the n^ coeflScients c are disposable constants. Thus 

n n 

= 2 2 Cr; {ajiWi 4- terms of higher order), 

for all values of r. If possible, let a set of constants c be chosen 
so that 

n n 
j=li=l 

91 

= 2 \CrjOCj \ 
i=l 
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this choice can be made if the constants c satisfy the equations 

n 
^ Crjaj8=\Cri, 

for 5 = 1, 2, ...,n. These n equatidhs are linear and homogeneous 
in the n constants Cn, Cr2, ..., Cm^ in order that they may be 
consistent, we must have 



A = 



CUi2 » ^^ — ^» ^^ > • • • 

Ctu i ^23 » CI33 — \, . . . 



= 0, 



an equation in X of degree n. 

The importance of this equation does not lie mainly in the 
comparative simplicity of the forms of diflFerential equations which 
are suggested as possible equivalents of the original system, but is 
rather constituted by an invariantive property which it possesses* 
viz. whatever be the intermediate linear transfoimations effected 
upon the variables x, the roots \ of the determinantal equation 
are entirely independent of those intermediate transformations. 
The formal proof of this property is practically identical with the 
formal proof of the invariantive character of the fundamental 
equation appertaining to a singularity of an ordinary linear 
equation of order n; it is as follows *. 

Let a new set of variables be given by the relations 



where the determinant 






r = 



Sf2l> ff22i 



is different from zero ; and let the new equations be 

dzi __ dz2 __ __ dzn _ dt 

Zi Z2 Zn t * 

where 

n 

Z, = 2 hgiZi + terms of higher orders. 
1=1 

* This is similar to the proof given by Hamburger, Crelle, t, lxxvi (1873), p. 115, 
for the corresponding result connected with linear equations. 
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The corresponding equation, for the reduction to the simpler form 
with a multiplier X, is 

jB = 6ji — X, 6ai , 6n , . . . = 0. 



It is clear that the highest term in powers of X, viz. (— X)**, is the 
same in ^ as in jS. 



We have 

n 

2 






n 

2 



dt 



= Zr. 



= 2 imi-s^i + terms of higher orders 



i=l 



= 2 hfni t gis3!t + terms of higher orders ; 

*-l 8=1 

whence, on equating to one another the coefficients of the first 
powers of the variables x on the two sides of the equation thus 
obtained, we find 

n n 

2 gmpClpt ~ 2 bmpgpt =fmtt 
p=l p-l 

say, for all values of m and t Now 



r^ = 



5^11 > ffl2> fflSi 
5^21. 5^22, 5^23, 
ffsii ffmy ffaSf 



fn ■" 5^11 \ fu~ 9^2 \ fn^ 9iz\ 

J 21 "~ 9^^y f^ "■ 5^22 ^> fv» ~ 5'28^> 



Ou-X, 


ttai , 


ttsi , .. 


Oia , 


aaa-X, 


^82 , .. 


ttis , 


^28 , 


ttss — X, . . 
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and 






ffut 9^* 9^> 

^ISi ^23» ^83> 
^1S> ^2S> 9ny 



Jii~9ii^> Jii~9i3t^> ^"fl^isA, ... —lA, 
j2i~9^^> fn^9vL\ J2i~9n^> 



SO that B = A. The equation -4 = is therefore absolutely 
invariantive for all intermediate linear transformations of the 
variables. 

The in variance of this fundamental equation makes it possible 
to construct a canonical equivalent of the original system of 
equations. 

147. If 0) be a simple root of this equation, some (or it may 
be any) n — 1 of the preceding n homogeneous linear equations 
determine the ratios of the n coefficients c^, ..., Cm ; so that, taking 
one of the coefficients arbitrarily, say Cm the others are known, 
and the consequent value of y is obtained. 

First, suppose that the roots of the determinantal equation of 
degree n are distinct from one another; denote them by \i, Xg? •••, 
Xn, so that each of them is simple. After the above explanation, 
each root determines a substitution {Crj) and a consequent new 
variable y ; let yr be the variable determined by V, for r = 1, ...,71. 
Conversely, the variables ^1, . .., iCn are linearly expressible in terms 
of the variables yi, ..., yn; so that an aggregate of terms of any 
order in x becomes, after substitution, an aggregate of terms of the 

same order in y. Moreover, the expression for t -~ is 



dyr 
dt 



dt 
= ^-Vr + terms of order higher than the first in x ; 



hence after substitution, the system of differential equations is 



where 



dyi_dy2_ _ dy^ _ dt 

yr = Kyr + Vry 
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and Tjr IS an aggregate of terms of order higher than the first in 
the variables yi, ..., y^. 

This is the canonical form when the n roots of the de- 
terminantal equation are distinct. 

Next, suppose that a root of the determinantal equation is 
repeated, say X = (», and that its multiplicity is tc. Then the 
equations 

n 

S Crjajg = (OCrt 

are consistent with one another, and they provide a set of co- 
efficients c, though the set may not be uniquely determined. 
Taking them in some definite form, let them be associated with a 
variable yi; and transform the variables fi'om Xiy X2, ..., a?n to 
1/1, x^y ..., Xn, The differential equations then take the form 



dx 
t -^ = ^,yi -h ^a»j'xj + 17/, 



i=2 



(5 = 2, ...,n), 



where 77/, rj^, . . . , 17/ are the aggregates of terms of order higher 
than the first on the respective sides. The determinantal equation 
now is 



w-X, , , 



= 0; 



as the equation is invariantive, the root © is of multiplicity /c, and 
therefore the equation 



22 "" X> 



0^82 » 
^83 ~"A», 



= 



has the root © of multiplicity /c— 1. Hence equations 

^^Cr,a,,^^Crs (r=2, ...,n), 

are consistent with one another; and they provide a set of 
coefficients c', though the set may not be uniquely determined. 
Taking them in some definite form, let them be associated with a 
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variable y^\ and transform the variables from a?2, a?8> •••> ^n to 
^2, ^8> •••> ^n« The dififerential equations then take the form 

dec * 

t -~ = ^,yi + 7,^2 4- ^ a^"a?; + v/\ (5 = 3, . . ., n), 

where 172", ^3", •••, Vn' are the aggregates of terms of order higher 
than the first on the respective sides. 

Proceeding in this way, we see that /c variables yi, ..., y<e can 
be associated with a root X = «, of multiplicity k in the de- 
terminantal equation, in such a way as to replace k variables 
Xj, ..., x^, and to transform the original system of differential 
equations to the form 

t-^ = cuayi + (oy2 + V2> 
dvo 



t -^ = a^iyi + a^2/2 + . . . + a^, «-iy«-i + ayy^ + Vk, 

so far as concerns the derivatives of the k variables indicated. 

Taking the simple roots in turn, the transformation is effected 
for a variable associated with each of them ; and the expression 
for the corresponding derivative is monomial in terms of the first 
order on the right-hand side. Taking the multiple roots of the 
determinantal equation in turn, with each of them is associated 
a group of variables in number equal to the multiplicity of the 
root ; when the transformation is effected, the expressions for the 
derivatives of the corresponding variables are of the above form. 

148. The reduction indicated is effective if, in the expressions 
for the regular functions Xi, ..., X„, which are valid in the 
vicinity of 0, 0, . . . , 0, a common zero of all of them, the terms of 
the first order occur in quite general form. We shall not discuss 
the case in which the terms of the first order occur only in 
specialised forms : nor shall we discuss, for an unrestricted number 
of variables, the case in which the terms of lowest order that occur 
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are of dimensions higher than the first. For this investigation, it 
will be sufficient to refer to Konigsberger's treatise *. 

The simplest instance of the preceding class of equations is 
furnished by a system of n equations in n dependent variables, 
which occur only linearly and homogeneously in the equations. 

When the system is of the form 

^ = y,+„ (r = 0, 1, ...,n-2), 

it can immediately be replaced by a single linear equation of 
order n. A complete discussion of such an equation and of the 
properties of its integrals is reserved for a separate section. 

The next most important instance is that in which the system 
has the form 

where the coefficients Aij are functions of x alone. An ample 
discussion of the properties and characteristics of the integrals of 
such a system, leading to results associated with the ordinary 
linear equation of order n to which reference has just been made, 
will be found in various papers by Sauvage ; a general exposition 
of the results is given by him in a separately published volumef. 
Among these, the most important are : — 

(i) The establishment of the existence of integrals of the 
equation in the vicinity of an ordinary point of the 
coefficients A\ 

* Lehrhuch der Theorie der Diferentialgleichungen mit einer unabhdngigen 
Variabelrif (Leipzig, Teubner, 1889); see, in partioalar, Chapter v. 

Upon this subject, reference may also be made to the following authorities : 
Picard, Cours d^ Analyse, t. in, chap. i. 
Horn, GrelU, t. cxvi (1896), pp. 265—306, ih. t. oxvii (1897), pp. 104—128, 

264—266. 
Poincar6, Inaugural DissertatioUy (1879). 
Bendixson, Stockh, Ofv,, t. li (1894), pp. 141—151. 
Further references wiU be found in the works quoted. 

t TMorie g^nSrale des sysiemes d'iquatioTis diffSrentielles liniaires et homog^nes, 
(Paris, Gauthier-Villars, 1895). 

A memoir by Griinfeld, Wiener Akad, Denkschr. t. liv, ii Abth., (1888), pp. 93 — 
104, in which he follows the earlier work of Sauvage, dispensing with the use of 
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a;-^= XanVi, (r=l, ...,n), 



(ii) A proof that equations, which have regular* integrals 
in the vicinity of a? = 0, are of the form 

where Ori is regular in the vicinity of the point x = 0. 
This is the canonical form for such equations in the 
vicinity of the point aj = 0; and it is the form which 
must be possessed by the equations in the vicinity of 
every non-regular point of the coefficients A ; 

(iii) The construction of the solution when the tests for 
regularity are satisfied; 

(iv) A generalisation, to the class of equations considered, of 
the main properties established by Fuchs and others for 
the ordinary linear differential equation of the nth order. 

The investigations will not be repeated here, as they follow 
somewhat closely the development of the theory of ordinary linear 
equations, which the present writer hopes to discuss in detail in 
another volume. 

Form of Equations in the Vicinity of Non-ordinary 
Combinations of Values for the Derivatives. 

149. In order to give some indication of the mode of obtaining 
integrals of simultaneous equations, involving more than one 
dependent variable, it is desirable to shew how the processes, 
applied in preceding chapters to the discussion of the integral of 
a single equation, can be extended so as to be effective for such 
a purpose. Accordingly, we shall discuss in some detail, though 
without attempting the same completeness as in the case of a 
single equation, the case when the system involves one independent 
variable :s and two dependent variables u and v, and when it 

Weierstrass*8 theory of bilinear forms, and also a paper by the same author, 
Schlomilch's Zeitschrift^ t. xxxvi (1891), pp. 21 — 33, may be consulted. 

The form of the equations which have " regular" integrals, and the characteristics 
of the regular integrals of such equations, are discussed by Konigsberger in his 
treatise (quoted p. 8, note) pp. 441 — 469: also in two memoirs by Horn, Math. 
Annaleriy t. xxxix (1891), pp. 391—408, ib, t. xl (1892), pp. 627—560. 

Reference may also be made to Picard, Cours d^ Analyse, t. in, ch. i, ii ; and to 
Jordan, Cours d^ Analyse^ t. ni, ch. ii, Section 1. 

* In the same sense as in § 30. 
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therefore contains two independent equationa The general dis- 
cussion of Chapter I shews that, when the equations are given in 
the form 

'(S'S'"'"'')-"! 

«(s. I— •')-»)■ 

then, except in the vicinity of what may be called branch-values 
for -T- and -j- given by these two algebraical equations, we may 

take 

du J,. . dv . V 

as representing the equations. The nature of the integrals in 
the vicinity of any assigned values depends upon the character 
of the functions /and g in such a vicinity. 

Cauchy*s existence-theorem gives the character of the integrals 
of the system 

du J,, . dv . V 

which are regular functions of ^ — c in the vicinity of c, and acquire 
values a and /S respectively when z = c: provided u = a, v = ffyZ = c 
are an ordinary combination of values for the functions / and g. 
It therefore is necessary to discuss the character of the integrals 
in the vicinity of values, which constitute a non-ordinary com- 
bination of those functions. For this purpose, we take w — a, 
v — /8, z — c as new variables and, assuming the corresponding 
transformations effected, we can consider 0, as initial values 
assigned to the dependent variables, when the independent variable 
vanishes. 

Now u = Oy t; = 0, z = Oy when not an ordinary combination of 
values for both / and g, can give rise to several alternatives. 
Denoting 

(i) an ordinary combination for one function by : 

(ii) an accidental singularity of the first kind for one function 
by A: 

(iii) an accidental singularity of the second kind for one 
function by A2: 

(iv) an essential singularity by E : 
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then the possible alternatives are 0, Ai; 0, Az; 0,E', Ai, Ai] 
Ai, A^; Ai, E\ A^, A2] A2, E\ E, E\ where, for instance, 0, A^ 
signifies that the values 0, 0, constitute an ordinary combination 
for one of the functions and an accidental singularity of the first 
kind for the other. 

Of these, we shall discuss only the combinations which are 
fi:ee from essential singularities. All that was said in Chapter vii, 
as to the exiguity of results that are obtainable concerning an 
equation the form of which gives rise to an essential singularity, 
applies with at least equal force to systems of equations. 
Accordingly, we shall discuss only the five (non-ordinary) com- 
binations represented by 0, A^] 0, -4a; A^, Ai\ A^, A^) A^y A^, 
taking them in this order. 

Case I, 

150. 0, A^. Let the combination be ordinary for/; so that 
f can be expanded as a regular function of u,v,zm the vicinity, 
the appropriate power-series being 

/=fo+fiU+Av+f,Z+.,.. 

Let the combination be an accidental singularity of the first kind 
for g, so that there exists some power-series Pj (u, v, z), regular in 
the vicinity, such that 

Pi (w, V, z) g (u, Vy z) = regular function not vanishing at 0, 0, 

= 1 +Q(w, V, ^), 

say, where Q is a regular function that does vanish at 0, 0, 0. Then 

dv" g{u,v,z) 

Pj{u,v,z) 



l + Q(u,v,z) 
=-P(u,v,z\ 
where P(UyV,z) is a regular function that vanishes at 0, 0, 0. 



Now 

and therefore 



du ., . 
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Thus the new form of the equations is such that the values of 

-^ and -J- are regular functions in the vicinity of the origin : and 

therefore, by Cauchy's theorem, regular integrals exist, determined 
uniquely by the condition that the functions of v, which represent 
the values of z and m, vanish when t; = 0. 

The actual expansions depend upon the forms of the functions 
/and P. 

Taking the simplest case, let 

/=/o -^fiu +>+/^ -{-f,^ + ..., 

P=au + /St;+7^+Sv*+...; 
then 

^ = P —^fP 
dv ' dv ^^ 

It is easy to prove that 

From the former of these, we have 

^2\* 



t;=(|) ^i?(z*). 



where R (^) is a regular function of s^ such that i2 (0) = 1 ; and 
then 

where B{s^) is a regular function of ^ such that 5(0) =ff^) f^. 

Clearly ^ = is a branch-point of algebraical type, for each of the 
functions u and v, in this case. 

For a less simple case, let 

where P^ denotes the aggregate of terms in P of dimensions m in 
Uy V, z, these being the terms of lowest dimension that occur ; and 
fn similarly denotes the aggregate of terms in /of dimensions n in 
u, V, z, these also being the terms of lowest dimension that occur ; 
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and assume that the term t;*^ occurs in P^: and that the term 
v** occurs in f^. Then 

so that 

1 1 

l^ = /^m-^lS(2r~+l), 

where R and S denote regular functions of theii* arguments, these 
functions not vanishing with z. The point z = clearly is an 
algebraical critical point for u and v. 

If a term in v alone should not occur in P^, or if a term in v 
alone should not occur in /», then the dimension of the lowest 
terms of z and u in powers of v is not obvious upon inspection : it 
may be obtainable by means of a space-diagram (§ 157). 

Case II, 

151. 0, A2. Let the combination be ordinary for /, so that 
the function can be expanded in the form 

in the vicinity of 0, 0, 0. Let the combination be an accidental 
singularity of the second kind for g, so that regular functions 
Pi (Uy V, z)y Pa (a, v, z) exist, such that 

Pi (w, V, z) g (% V, z) = P2 ( w, V, z), 

both the functions Pi, Pg vanishing at 0, 0, 0. 

In the simplest case of all, we have 

Pa (Uf V, Z) = a'u -\-VV'\-CZ'{- .,,, 

Pi(u,v, z)=au -hbv -{-cz + . . . ; 

and the initial conditions are that the integrals u and v are to 
vanish with z. The equations thus are 

^ =/o +fiU +/aV -^fsZ + . . . , 

dv __a'u + Vv + c'2: + . . . 
dz au + hv -\-cz -\- ,./ 

Now as the integrals u and v are to vanish with z, the most 
important term in the power-series, which represent them, in ^V^fc 
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immediate vicinity of the origin — supposing such power-series 
possible — ^must be some positive power of z. In the case when 
the coefficients are quite general, it is clear that, both for u and 
for V, this power is the first, so that we may write 

when the unexpressed terms have their modulus small compared 
with I -8^ I in the immediate vicinity of the origin. Substituting and 
taking account of terms of lowest order in 

dv 
(au + bv + cz+ •••) J- =a'u + b'v + c'z-\-..,, 

we have 

(ap + ba + c)a = a'p-\- h'a + c', 
so that a* is a root of the equation 

Accordingly, new variables U and V are introduced, defined by the 
equations 

u = z(p+ U\ v^z{a+V\ 

where U and V are to vanish with z : and then 

/JTT 
z-j- = — Cr + as^ + terms of second and higher orders in J7, F, Zy 

dV 
z'^ = (a'-aa)U-{-{b'-ap^c)r+^z+.... 

Taking a less simple case, let the terms of lowest order in the 
expression for /in the immediate vicinity of the combination 0, 0, 
be of dimension I, so that we can take 

and similarly suppose Pi and Pg to be such that we can take 

dz " i'^^u, V, ^)'* + . . . ' 
both u and v vanishing with z : where i, m, n > 1. 

If m^n, then in the expansion of u the most important term 
is a constant multiple of z^^ ; and in the expansion of v the most 
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important term is a constant multiple of 2f^-»+i. New dependent 
variables, defined by the relations 

are introduced, p and a being determined so as to annihilate the 
lowest terms in the equation, and U and V being subject to the 
condition of vanishing with 2 ; and the reduced form is 

z-^=-lU'\-kr+jz+.,,, 

cLz • 
where a = if i > 1, and k = if m>n. 

If m<n, the determination of the orders of the lowest terms 
can be efiected by means of a space-diagram (§ 157). 

Case III. 

152. Ai, A^. This case can be included, by transformation of 
the variables, in preceding cases. The form being 

du J,. . dv . 

where the functions / and g are such that their reciprocals are 
finite at 0, 0, 0, then 

dz 1 



du f(u, V, z) 



= F{u,v,z), 



du-fiu,v,z)-^^'''''''>- 

For the function F, the combination 0, 0, is ordinary: for the 
function 0, it either is ordinary, or is accidental of the first kind, 
or is accidental of the second kind. The respective possibilities 
have been dealt with; and the inversion of the series in the 
respective cases leads to the corresponding results. 

Case IV. 
153. J-i, A^. The form of the equations is 

P=f{u,v,z). ^" = 2LlMLi) 
dz -^ ^ * ' ^* dz g^ (u, Vy z) 
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where both the functions g^ and g^ vanish at 0, 0, 0, and the 
reciprocal of / is finite there. Then 

dz 1 



du f(UyV,z) 



'F{u,v,z\ 



-J- = TTT v 7 V = Cr \Uy V, Z), 

du f{v,v,z) g^{u,VyZ) 

The combination is ordinary for the function jP; it is either 
ordinary, or accidental of the first kind, or accidental of the 
second kind, for the function 0. Hence the equations now are 
of one of the t3rpes already discussed. 

As an example, take the equations 

du ^1 + positive powers 
dz au + bv + cz'}'... * 

dv _ a''u 4- Vv 4- c''z -h ... 
dz au-^bv -^cz-}- ,.. * 
so that 

dz 

-j- = au-\'bv + cz-\- hu^ + kuv + luz + mu' + . . . , 
du 

du 

the unexpressed terms being of an order that is easily seen from 
the analysis to be higher in powers of small quantities than those 
which are retained. As both the functions on the right-hand side 
have 0, 0, for an ordinary combination, there exist integrals of 
the equations which are regular functions of u vanishing with z. 
Moreover, the slightest inspection shews that each of these integral 
functions, when expressed as a power-series in u, begins with a 
term in u^ ; so that, if 

v = AjU^+BiU^ + CiU'^+...y 

z==AoU^+Bou'^+CqU^+..., 
then 

C, = i [w!' + VB, + c"jBo + k"A, + rA,l 
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and so on. Reversing the series between u and z, we have 

where P (z^) is a regular power-series of 2^, that does not vanish 
with z ; and then, substituting this vahie in the series for v, we 



have 






where Q (z^) is a regular power-series of z^, that does not vanish 
with z. Thus 2: = is a simple branch-point of the integral 
functions determined by the particular differential equations. 

Case V. 

154. A^y A^. Passing now to the case in which the com- 
bination 0, 0, is an accidental singularity of the second kind for 
each of the functions /and gr, so that each of them is expressible 
in the form of quotients of regular power-series which vanish at 
0, 0, 0, we shall restrict ourselves to the case in which the 
denominator in the two quotients is the same*, so that we can 
take 

where P, Q, jR are regular functions of their arguments and vanish 
with u, V, z. 

To obtain a more useful representation of these fractions, we 
use Weierstrass's theorem (Note, Chap, i) on the expression for a 
regular function of any number of variables in the immediate 
vicinity of a zero ; we apply it to each of the functions P, Q, jR in 
succession. 

We begin with the function R (w, v, z). 

First, if jR (u, 0, 0) does not vanish for all values of w, let 
Cuf^ be the lowest power of u in its expression; then we know 
that jR (u, V, z) can be expressed in the form 

* The alternative possibility, viz. that each quotient has its own denominator 
without reference to any other, is discussed in Konigsberger's treatise (cited in § 1), 
pp. 353 et seq. The hypothesis in the text is adopted, partly in connection with the 
reduction of a system of equations to a canonical form as in § 5, partly as exhibiting 
an adequate iUustration of the method of dealing with other caae^. 

P. III. ^ 
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where is a, regular function vanishing with u, v^ z; and where 
ri, ra, ..., r^ are regular functions of v and z, which vanish with v 
and z. 

Secondly, if jR(m, 0, 0) does vanish identically, but either 
R (0, V, 0) or R (0, 0, z) does not vanish identically, then there is 
a corresponding expression for R (u, v, z) either in powers of v or 
in powers of z for the respective cases, the coeflScients of powers 
of V or of powers of z being of the same character as ri, ..., r^ in 
the preceding case. 

Thirdly, if R {u, 0, 0), R (0, v, 0), R (0, 0, z) all vanish identically, 
(as would, for instance, be the case with a function equal to 
uv + vz -\- zu, or with any function every term in the regular 
expansion of which contains powers of not fewer than two of the 
variables), then new variables f, 97, f are introduced, defined by the 
relations 

I Oj, 63, Cs 

where the constants a, 6, c are subject solely to restrictions of 
inequality 

R{au Oa, a8):^0. 

If i2'(f, 1;, f) be the transformed equivalent of R(u,v,z), the 
properties of the transformation are such that R' (f, 0, 0) is not 
identically zero. Let Cf ** be the lowest power of | in JR' (|, 0, 0); 
then, as before, it is possible to obtain an expression for jR' (f, rj, f), 
that is, for R (u, v, z), in the form 

where r/, ...yV^H are regular functions of 1; and f, which vanish 
when 1; = 0, ? = 0. 

Similarly, the expressions for P (w, v, ^r) and Q (w, v, ^) can be 
transformed. If P (w, 0, 0) and Q (w, 0, 0) do not vanish identically, 
then no transformation to the new variables f , 97, f is necessary. 
If P (u, 0, 0) vanish identically, the sole additional restriction of 
inequality is that 

V P(ai, 03,03)^0; 
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and if Q (w, 0, 0) vanish identically, the sole additional restriction 
of inequality is that 

Q(ai,a2, a8):^0. 

If then no one of the quantities R{u, 0, 0), P (u, 0, 0), 
Q (Uy 0, 0) should vanish, we have 



f(u, V, z) = C7i ; ^— e^^^^* ^' ^, 






where the functions Hi and fig are regular functions of u, Vy z; 
and the coeflScients jo, 5^, r are regular functions of v and z, which 
vanish when t; = 0, ^ = 0. 

155. Now the objects of our discussion are the construction 
of the conditions of existence, and the determination of the forms, 
of integrals of the equations which vanish when z = 0: so that u 
and V vanish with z. If there are integrals which are regular 
functions of z or are quasi-regular functions, e.g. such as are 
regular functions of a fractional power of Zy then some information 
as to the integrals will be furnished when the leading terms are 
known. These terms will be of the form 

u = azPy V = /Sz^^y 

where p and a (which will be found to be real quantities in the 
simpler cases) have their real parts positive, and a and /S are 
non-vanishing constants. If such leading terms can once be 
obtained, then the equations will be transformed by the sub- 
stitutions 

u = (a+U)zPy t; = (/3 -h V)z'y 

where the new dependent variables U and V must vanish with z ; 
and the solution of the equations will then depend upon the 
quantities U and F. 

In order to obtain these leading terms, it is necessary to 
consider the terms in the numerator and the denominator of / 
and of gy which are of lowest order in the variables. In any 
coeflBcient, such as p^, these are obtainable by another application 
of Weierstrass's theorem. Thus p^ is an analytical function of v 
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and Zy which vanishes when v = and ^ = ; and therefore, as in 
§ 35, it is of the form 

V "z "q^yVy z)e » 

where ff is a regular function of v and z, the integers R^ and S^ are 
positive integers (including zero), and where 

the coeflBcients Qi,..., Qm^ being analytical functions of z which 
vanish with z. Let 

where Qi{z) is a regular function of z such that Q/(0) is not zero 
and n{ is an integer ; then clearly the most important terms in p^ 
for our purpose are 

because all other neglected terms have their moduli small com- 
pared with the moduli of one or more of the retained terms. 
Similarly as regards the other coeflScients p ; and also as regards 
the coefficients r and q. 

Consequently, we have expressions of the form 

where the denominator and each of the numerators possess terms 
in u alone independent of v and z, and may possess terms in each of 
the three variables alone : and the functions F and are regular. 

If, however, any one, or any two, or all three, of the quantities 
R (Uy 0, 0), P (u, 0, 0), Q (u, 0, 0) should vanish identically, then the 
variables |, rj, fare introduced, subject to the restrictions indicated 
before : and we obtain expressions of the form 

a(u V 2^= ^^ 1^ ^'^V'^+ ••• pO(«,t.,2) 
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of the same general tjrpe as in the last case. When re-transforma- 
tion to the variables u, v, z is etFected upon these expressions as 
in § 37, the ultimate forms are 

/<"•"• •) - •"•^" l ^'^7^Xz '"■•■'■ 
i,K., .) - u^ ^.c \i'2,VZX'::f '■'■'■ 

where M, If, P, A, B, C are integers, positive or negative or zero ; 
and the other functions that occur have the same general signifi- 
cance as before. 

The expressions for / and g, substituted in the difierential 
equations, lead to forms of the latter that are convenient for our 
immediate purpose. 

If however the re-transformation does not lead to forms of 
this tjrpe, as would be the case were the original numerator or 
denominator of such a form as wv + vz + zu or u^v + v^z + z^u or 
the like, then we proceed as follows. We have 

(l» Vy = ( ^u Bu Ci Jw, V, z\ 

-4s, 5s, Us 

where the matrix {A^, jBj, Og) is the inverse of (oi, h^, c,); and 
then 



and similarly 



~A,P + BsQ+C,R' 

dri ^ A^P + B^Q + G^R 
d^'A,P + BsQ+G,R' 



The functions P, Q, iJ, when expressed in terms of f, rj, f, possess 
terms involving one variable only: thus the reduction to the 
preceding form is possible, the variables u, v, z being replaced by 
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156. Consider, therefore, the equations in the form 

(2ir«.u«i;»^ + . . .) g = (SZ^^i^V^' + . . .) e« ; 

SO that My Ny P, Ay B,C are all assumed to be zero. To obtain 
the leading terms in u and v, we substitute 

where a, )8, p, a are to be determined; the condition, leading 

to the desired determination, is that the adopted substitutions 

make the lowest terms on both sides of each equation cancel one 

du 
another. Owing to the fact that the coefficient of -r- in the first 

dv 
equation is the same as that of -r- in the second, the lowest terms 

on the left-hand side in the first and the lowest terms on the left- 
hand side in the second arise from the same group of terms in that 
coefficient : the order in the first is p — <r greater than the order 
in the second. 

Suppose that the term 
on the left-hand sides, and that the terms 

on the right-hand sides, are terms which, for the substitutions 

U = OLZPy V = ^-s^, 

give powers of z at least as low as all others, and that they lead to 
equal terms in lowest powers of z on the two sides. In order that 
the indices of these lowest terms may be the same on the two sides, 
we must have 

pa-fo-6-hc4-p — 1= pm ■^-an + p'i 

pa + ab + c -\- a — 1 =^ pfi + av +7rj 
and therefore 

p (a -h 1) -^ a {b + I) + c = pm-\- a (n + 1) + p + 1 

= p (/Lt + 1) + <n; + TT + 1 
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say. In order that the coeflScients of the terms on the two sides 
may be the same, we must have 

where Fq, Oq are the values of e^«>,o,o)^ gO(o,o,o) respectively: and 
in the various summations those coefficients are included, which 
belong to the terms that give rise to the lowest indices of z after 
the substitutions are made. 

The quantity i\r, being p + 1 greater than the index of the 
lowest power in the first equation and a-\-l greater than the 
index of the lowest power in the second equation, (which two 
excesses are independent of the indices of terms in the numerators 
and the denominator of / and g), is smaller for the substitution 
adopted than is the corresponding quantity N deduced from other 
terms in the equation. 

Space-diagrams. 

157. To determine the quantities p and a, we construct an 
obvious generalisation* of the Puiseux diagram which was used 
in the corresponding determination when there is only a single 
dependent variable (§§ 39 — 42). 

We take, in ordinary three-dimensional space, three perpend- 
icular axes 0Z7, OV, OZ, Referred to these axes, we mark all 
the points 

a 4-1, 6 + 1, c 

associated with the common denominator of /and g\ all the points 

m, 7i + l, p + 1 

associated with the numerator of /, being the expression for -7- ; 
and all the points 

/Lt + 1, Vy TT + 1 

* This is not adopted by Konigsberger (i.c., § 1) p. 354, in the case of n 
dependent variables: the corresponding diagram would then exist in a space of 
71 + 1 dimensions. The first occasion on which use was made of the generalisation 
of the Puiseux diagram to space of three dimensions, corresponding to the case of 
two dependent variables, appears to be in Goursat's preliminary propositions in the 
discussion of the singular solutions of simultaneous equations, Amer. Joum. Math.j 
t. XI (1889), p. 341. 
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J 

associated with the numerator of gr, being the expression for -j- . 

Through the origin draw a line in the octant of space where all 
these points are marked; let its polar coordinates be 6, its 
inclination to the positive direction of the axis OZ, and 0, its 
azimuth in the positive direction from the plane of UZ: and let 

p = tan cos 0, <r = tan sin <^, 

so that p and a are positive quantities. Then any plane perpend- 
icular to this line is 

the value of O depending upon the distance from the origin. 

In connection with the substitution 

u = a^, V = ^zi^^ 

take a plane, determined by p and a as coordinates of direction 
and passing through the point a + 1, 6 + 1, c ; its equation is 

pfT-h <rF+ Z= /) (a + 1) + o- (6 + 1) + c 

= N. 

It passes also through the point m, n + 1, ^ + 1 ; through the 
point /Lt+1, V, TT + l; and through all points associated with 
terms that, for the adopted substitution, give rise to the lowest 
powers oi zm the differential equations. The perpendicular from 
the origin upon this plane is 

since the value of iV is a minimum, this quantity is less than the 
perpendicular from the origin upon a parallel plane through any 
of the other points in the tableau. If a surface consisting of 
portions of planes can be constructed, so that it is always convex 
to the origin, and such that between the three coordinate planes 
and this surface no point of the triple system in the tableau is 
enclosed, then each of the various plane portions of the surface 
determines quantities p and a that are positive. Each such 
portion furnishes the orders of the associable substitution. 

The process of obtaining these planes is similar to that adopted 
for obtaining the broken line in the Puiseux diagram. When 
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points occur lying in the three coordinate planes, some of them 
on the axes of reference, it is convenient to construct in each of 
the coordinate planes the broken line as for a Puiseux diagram in 
that plane. When there are no points in the tableau Ijring in the 
coordinate planes, it is convenient to select the point or points of 
lowest -Z'-ordinate : if there be several, through them draw a plane, 
which is parallel to the U- V plane, and in it construct the broken 
line as for a Puiseux diagram in that plane. 

Through the initial point, if there be only one point of lowest 
^-ordinate, take a plane parallel to the Z7-F plane: through 
each portion of the broken line in the plane of points of lowest 
Z-ordinates, if there be more than one point in this plane, take 
the plane parallel to the U- V plane. Round the point, or round 
each portion of the broken line, as the case may be, cause the 
plane to turn towards coincidence with the U-Z plane or the 
V'Z plane : and let it continue to turn, until it meets one point 
or more than one point in the space-tableau. In each such 
position, construct a broken line as for a Puiseux diagram in 
that position of the plane among the points which it contains: 
and round each portion of the broken line let the plane be turned 
in succession, until it meets other points in the space-tableau. Let 
the operation be continued, until the portions of broken line (if 
any) in the U-Z plane are made to lie in the moving plane in 
one or more than one of its positions : and so also with the 
portions of broken line (if any) in the V-Z plane. 

It is clear that each portion of the broken surface thus 
constructed satisfies the conditions as to (i) the respective 
minimum values of N^ (ii) the positiveness in sign of the 
quantities p and <r. 

Further, it should be remarked that the description of the 
construction is applicable, not solely to the case immediately 
under consideration when M, N,P, A, B, C, all are zero, but also 
to other cases when several of them can differ from zero : and 
even in the cases when several of them are negative, it can be 
applied if, instead of beginning with the coordinate planes, we 
take planes parallel to them through the points of smallest 
ordinates. Also, it may happen that the broken line in one 
of the coordinate planes does not find itself subjected to pass 
through a point on an axis of coordinates in the ^laxi'^\ \Xi\iL% 
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[157. 



for the tableau of points a 4- 1, 6 + 1, c, all the points for which 
c is zero lie oflf the axis of U and the axis of V. 

Now take a portion of a plane containing three points such as 
a + l, 6+1, c: m, n + 1, ^ + 1: /jl + I, Vy tt + I: its angular 
coordinates p and a are given by the equations 
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1 




a + l. 


6 + 1. 


1 


m , 


n+1. 


1 


/t + 1. 


V , 


1 



Each of the deoomiuators is a determinant of integers and there- 
fore each itself is an integer ; let any factor common to all three 
denominator-values be removed, so that we have (say) 



P = 









where ^, <^, -i/r are integers having no factor common to all three. 
Then we change the variables by the substitutions 

= t'(a+U), =^(/3+F), 

where a and ^ are constants, and the quantities U and V are 
required to vanish with z and therefore with t. 



Reduced Form of the Equation in Case V. 

158. In order to obtain the explicit expression of the reduced 
typical forms, at least in the more important instances, we shall 
assume that the factors e^, e^ are absorbed into the other parts 
of the expressions on the right-hand sides of the equations — an 
assumption that does not affect any of the results thus far 
obtained : consequently the equations may be taken in the form 



dv 



.... 1 
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When the preceding substitutions are eflfected, these equations 
become 

(^"' + * w) '*'^"*'* [S^««"I»^1* + ««.(«,, v„ t)] 

where S^, 82, S3 are regular functions of it,, Vi, t. On removing 
the common power of t from the respective sides of these equations, 
they become 

(^Mi + t ^') {2iraJc<»a* + tS, (m,, V,, t)} 

respectively. 

The variables Ui and v, are required to be distinct from zero 
when t = 0; their values are a and /8 respectively when t = 0. (If 
they were expressible as power-series in t, representing regular 
functions, the series would have a and j3 as the initial terms.) 
Hence, taking t = in the above dififerential equations, a and /8 
are determined by the two algebraical equations 



G (a. 0) = ^aSifojca'/S* - -f SiT^npO™/?" = 



:^' 



simultaneous solutions of these equations — the solutions giving 
values different from zero — are suitable values of a and y8. 

Let a and ^ represent a simultaneous solution of these 
equations : the character of a and )8, in regard to multiplicity, 
may be illustrated by reference to the theory of plane curves. 
The equations 0(a, i8)=0, H (a, y8) = may be taken as re- 
presenting two plane curves : a, y8 will then denote the coordinates 
of a point of intersection. If it be an ordinary point on each 
curve, then the order of the roots is simple when the curves have 
distinct tangents at the common point ; it is dui^l^TL N^\i^Ti NJc^a 
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curves, having a common tangent at the point, have different 
curvatures : and so on. If the point be a multiple point on either 
curve or on both, the order of occurrence of the roots is determined 
(by the known results obtained for the intersections of curves) 
according to the character of the multiple points. 

159. Taking as the first case that in which a, ^ is an ordinary 
point on each curve, let 

1^1 = a + CT, vj = ^ + F, 

where U and V (if they exist) are functions of t that vanish with 

t : then the coeflScient of t -rr is 
' at 

where R(U, F, t) is a regular function that vanishes with U, 
V, t Let all the terms in the first equation, other than those 

dtlrt 

which involve < -7- , be transferred to the right-hand side ; their 
aggregate is 

where S is a. regular function of its arguments. Thus the equation 

for t-jT IS 
at 

*-dt ti^^a-^+R{tr,v,t) — ' 

dV 
and similarly the equation for t -^- is 

dt ^Katcd^^' + MiU, K,0 • 

Suppose that a and y8 are such as to make 

and let its value be A, which is a constant: then in the func- 
tions on the right-hand side, the denominator does not vanish 
when U= 0, F= 0, * = ; and consequently the functions can be 



159.] 



TO TYPICAL FORMS 



29 



expanded as regular power-series in U, V, t, so that the equations 
become 

t^ = K,U+\V+i,t + 0,{U, V,t) 

t^ = K,u+\v+^t+ e,{u, v,t) 

where ffi and $t are regular functions of U, V, t in the form of 
power-series, the lowest terms being of dimensions at least two, 
and the values of the coefficients k and X being 

dG\ 

da 

dO\' 



A«i = — 

A\, = - 



9/3 









This form will be regarded as the typical reduced form : and 
in this form, the quantities Ki and \i do not both vanish, and 
also the quantities k^ and X^ do not both vanish. Manifestly the 
reduction is effective provided that A does not vanish. 

If, however, while A does not vanish, tci and Xi both vanish, or 
K2 and X2 both vanish, or both pairs vanish, then the equation for 

t-Tr> or the equation for t-j—, or both equations, will have a 
different form. 

Accordingly, as our second case, suppose that the lowest deriva- 
tives of with regard to v^ and Vi, which do not vanish for the 

values of a, y8, are of order ifj where M^ ^ 2. The equation for t -z- 
then is 

^f =-ir!i(^a-a^ F|f (?-.^..+e.(J^, V,t), 
where ©i is a regular function of t vanishing with t, U, V, the 
lowest term in ©i involving t alone being of index > 2, and the 
dimensions of the lowest terms in &i independent of t being of 
order > M^, 

As a third case, let the lowest derivatives of H with regard to v^ 
and Vi, which do not vanish at a, 13, be of order M2 where ifj^ 2 ; 

the equation for t —j- is 
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where ©j is a regular function of t vanishing with t, U, V, the 
lowest term in ©a involving t alone being of index > 2, and the 
dimensions of the lowest terms in 0j independent of t being of 
order > M^. 

Similarly for a fourth case, viz. that in which the conditions 
for both the second and the third cases are satisfied, the corre- 
sponding change occurs in both equations. All the instances can 
be included in the form 

- 

where 0i and ©a are regular functions in which the lowest power 
of t has its index ^ 2, and the terms of lowest order in U and V 
independent of ^ are of dimensions > M^, >M2, respectively. 

For the first case of all, ifi = l, M^ = l\ for the second case, 
Jlfi ^ 2, ilfa= 1 ; for the third case, ilfi = 1, ilfj ^ 1 ; for the fourth 
case, ifi^2, M^^2. 

160. If however A be zero, that is, if i^ = a, i;i = /8 make 

vanish, then the preceding form does not arise as the resulting 
type. The coefficient of t-^j in the equations, before the sub- 
stitutions ?^i=a+ Z7, i;i=i8+ F are made, is 

Let 

then, since ^ = 0, the value of the coefficient of ^ -j- after the 

at 

transformations have been made is 

where -Ms > 1, ©a is a regular function vanishing with U, V, t 
in which the lowest power of t has its index > 2, and the terms of 
lowest order in U and V independent of t are of dimensions > Jf,. 
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The equations thus become 



31 



*w — 



* dt 






y- 



The simplest case is manifestly that which is given by 
Jf,= l, itf, = l, M,^l. 

161. As already indicated, we are limiting our detailed in- 
vestigations to the case when the number of dependent variables 
is two. The perfectly general character of the last result in- 
dicates what the corresponding form is when the number of 
dependent variables is n. 

Let the equations be 

for r=l, 2, ..., n; determine quantities fii, fi2, -.., fin hy the 
process (either geometrically or analjrtically completed) used to 
determine p and a in the preceding case, and suppose that they 
are expressed in the form 

/^« = t;, (5 = 1, ...,7l), 

where the integers 0i, ..., 0n,'^ have no factor common to all. 
Let 

for r = 1, . . . , n ; and let 

(?=(?(«„ ..., an) = ^K,,.MO^,^aJ> ... On*. 
Then let 

Z = t^, Ur = (ar-\'Ur)f% (r = 1, ..., 7l), 

where the n quantities a are determined by the n equations 
J^«(ai, ...,an) = 0. 



32 REDUCED [161. 

Then the equations for the quantities U are 

for r = 1, . . . , n. In obtaining this result, the conditions are : — 

(i) the derivatives of Fr with regard to a^, ..., an of lowest 
order which do not vanish are of order Mr, so that 
Mr>l; 

(ii) the derivatives of with regard to ai, ..., a^ of lowest 
order which do not vanish are of order M. It M= 0, the 

fractions for t—^ can be at once expressed as regular 

functions of fZi, ..., Un, t; if Jf >0, further transforma- 
tions are necessary ; 

(iii) the functions 0^ are regular ; the lowest power of t alone 
occurring in them has its index > 1 : and the lowest 
terms in the variables U independent of t are of dimen- 
sions > Mr. Likewise for the function ©. 



BEMAmiNG Forms. 

162. Thus fer we have discussed only the case in which the 
values of p and a, being the orders of the leading terms of u and v 

in powers of z, arose from terms in the numerators of ^- and -r- 
^ dz dz 

and from terms in their common denominator. It might, of course, 

happen for particular cases that values of p and a were provided 

through the denominator alone; in which case the left-hand side of 

the preceding equations would be replaced by 

in the appropriate reduced forms. It might happen that values 
of p and a were provided by the denominator and by only one of 

the numerators and not by the other, say by that of -r- but not by 
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that of -T- ; in which case the left-hand sides of the preceding 
equations would be replaced by 

'f . «"■? • <'*». 

in the appropriate reduced forms. 

Similarly for other possible combinations : we use the general 
method adopted for the preceding cases, in the succession which 
corresponds to that considered (Chapter v) for a single equation. 

Again, the preceding reductions are eflfective for the forms 
indicated at the beginning of § 156; but these forms are only 
particular cases of the most general form given in § 155. 

Without entering into the full discussion of all the alternatives 
connected with 

Tz = ^^^ T^i«-^> IT ;:- ^" ''^'^' I 

that can arise according as the integers M, N, P, Ay B, C are 
positive, zero, or negative in all the possible combinations, we 
shall merely indicate the initial stage. The detailed develop- 
ment bears the same broad relation to the development in the 
case when all these integers are zero as, in the case of a 
single equation, does the detailed development (§§ 50 — 58) bear 
to the development when the corresponding integers are zero 
(§§ 43-46). 

If for sufficiently small values of \z\, the leading terms in u 
and V are 

1^ = 02:^+..., V = l3z^+ ...y 

and if the lowest powers of z for these substitutions spring from 
the denominator and both the numerators, say from terms 

K^u^'^zf', K^^^v^v^'z^, K^^W-v-z-, 

then, as before, we have 

p— l + ap + 6<7 + c = Mp + Na + P + mp + na +p, 

<7 — l4-ap + 6<7 + c = Ap + Ba + C + /jLp+va--\-ir^ 

K HI. ^ 
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that is, 

= (fi + l+A)p+(v + B)<r + ir+l + C. 

Taking the same three axes as before, and referring points to them 
as axes of reference, we mark all the points 

a + 1, 6+1, c, 

associated with the common denominator for the various values of 
a, b, c; all the points 

m + M, n+l + N, p + l+P, 

associated with the numerator of -r- for the various values of 

dz 

m, w, p ; and all the points 

fJL-\-l+A, V+B, TT+l + C, 

dv 
associated with the numerator of -r- for the various values of fi, v, tt. 

With all the points of this tableau, and by means of planes, we 
construct the same configuration as in the case when M, N, P, 
A, B, G all are zero. Then those plane portions of the broken 
surface thus constructed, which give positive values for their 
angular coordinates p and a, correspond to appropriate values of 
leading terms in u and v ; and they lead, by corresponding analysis, 
similar to that in the preceding instance, to the reduced typical 
forms. 

As in the case, when M, N, P, A, B, C all are zero, it may be 
necessary to take account of instances in which terms of the lowest 
order for an appropriate substitution arise out of the numerators 
only, and not from the common denominator: similarly, also for 
the other possible combinations for the source of terms of the 
lowest orders. 

Many of these forms are evidently only reduced in part to tjrpical 
forms. The further reduction can be carried out by a repetition 
of the process adopted for the change from the original form to 
the form which has already been obtained : but as regards general 
investigations, the process merely leads to an accumulation of 
analytical forms of no special value for the present purpose. The 
actual details of such reductions in the case of a single equation, 
for sub-reduced forms, were exhibited for one case in Ex. 5, § 60 : 
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the corresponding process can be carried out for the cases that 
have arisen in connection with a system of two equations. 

Some particular examples of the general process will now be 
considered. 

163. Ex, 1. Consider the equations 

du __ a'u + b'v + c'z + higher powers \ 
dz au + bv + cz+ higher powers 

dv _^ a"u + h"v + d'z + higher powers 
dz^ au + bv + cz+ higher powers - 

The points in the tableau that need to be taken into account are the three 
points : (2, 2, 1) from the common denominator, (1, 2, 2) from the numerator 

of -T-, and (2, 1, 2) from the numerator of -j- ; and no others. A plane 

through them is 

U+V+Z=6, 

that is, we have p = l, a=l ; and therefore — no transformation of the de- 
pendent variable being necessary — the substitutions are 

U^U^Zy v = v^z. 

The equations for u^ and v^ become 

{c+aWi+^Wi+2P(Wi, v^, z)} z -^={cf •\-a'u^-\-h\+zQ{u^, v^^ z)} 

-v^{c + aUy^-\-bv^-\'zP{u^y Vi, z)). 
Let a, iS be the respective values of t^, Vj, when 2=0 ; then 

= ^ =c+aa + 6^. 

a p 

Denoting the common value of the three expressions by 6, we have 

c-B, a , b =0, 

& , a' -6, b' 

d' , a" , b"-6 

a cubic which in general has three roots distinct from one another. In 
connection with a root ^=5, we have 

which determine a and j8 uniquely unless 

with this exclusive condition, each root ^ gives a determination of a and j3. 
Hence, writing 
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fer aoj sadi detenmnatioii, we haTe 

dU (a^-<ia-5)g7^-f(y-fea)r-Htermmi-nPt(C; F, t) 
'dz" 5+ar+6r+jP(M„»i,i) 

-l{(tf'-aa-.5)r+(6'-6a)r+yz}+ri2i(r,r,i) ^ 

fiiiefe Ri aod £| are r^^ular functioDS of their arguments. 

Tbiif redoctioD ia satia&ctory unless 5*0 : and this can happen only when 
c, a, 6 =0. 

</j a J b' '. 
c", a", 6" , 

If however this determinant does vanish, then the forms of the equations are 
dU _ Oi'U-^bi 7+ C|'z+ higher powers 
dz ~ Oi 6^ +6iF+Ci2;+ higher powers ' 

dV ai"U+by" 7+ Ci^^g+ higher powers 
dz ^ Oj ^ + 6i 7+ CiZ+ higher powers 
Consider the equations 

du _ a'u-\-b*v+c'z+... 
dz' 

dv 



Ex.± 



au+bv+cz+... 
a"u+b"v-\-<f'z+... 



dz au+bv+cz+, 
which represent the simplest of the incompletely reduced forms in § 160, and 
also the special unreduced form in the last example when S is zero. 

Proceeding as by the general method, and in the first place assuming the 
possibility of terms of the lowest order arising from both the numerators and 
from the common denominator, we have M=0, iV=0, P= -1, -4=0, 5=0, 
C7— — 1 : the points to be taken accoimt of in the tableau are (2, 2, 1), (1, 2, 1), 
(2, 1, 1); so that the plane pU+a-V+Z^N is Z=l, that is, p = 0, cr=0. 
This shews that no substitution of the required type exists in connection with 
the assumption that terms of the lowest order arise from the denominator 
and the numerators simultaneously : a result that is sufficiently obvious from 
independent inspection of the equation. In fact, the equations can be 
satisfied (if at all) only by values of u and v, which make the terms of lowest 
order in the numerators vanish, without at the same time making the terms 
of that order vanish in the denominator. 

Accordingly, we take two new variables U and 7, vanishing with «, such 

that 

a'u +b'v -\-(/z — UZf 

a"u + b"v+<f'z^ Vzy 
and therefore 



au+bv+cz^ 



a'b"-a"b' 
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a result which satisfies the first condition if the determinant {afVc) does not 
vanish : this will he assumed. Now with these values 

^dz" Kz+z^(C\ V,~z) " K+*(U, Vyz) ' 

dv_ Vz-\-z^Q^{U, V,z) F+g92(^> ^>g) 
^dz~ Kz+z*{U, V,z) " Jr+*(£/; V,z) ' 
where 8^ and Gj are regular functions of their arguments, which do not necess- 
arily vanish when i7'=0, F=0, 0=0; ♦ is a regular function of its arguments, 
which does vanish when U=Oy F=0, 2=0 ; and K is not zero. Hence 

itf^^ rr ^ . , du ^ ,, dv 
z^-^-{-zU=^cfz-\-a'z^-\-h'Z' 



dz 



' dz 



dz 



and therefore 



__ , . a'U+h'V-\-z{a'Q^{U, V, z)^-h'e^{U, V,z)} 
"""^■^ K+*{U,V,z) ' 

dz ^KK ^+^1 ^+^^g^®^ powers ; 

dV a" b" 
and similarly, «« = ;^ ^+ j= F+c/'^+higher powers ; 

the value of K being 

a", h'\ 
a, 6, 
The equations are now in their reduced typical forms. 

Ex. 3. Obtain typical reduced forms for the sets of equations : — 
du av^+bz^ 



d 


-r 


a', 


b' 


d' 




a", 


V 


c 









aU+pV-^-yZ 
a'u^+b'z^ 



dz 



aU+^V+yZ, 
du au^ + a'v^+K^2^ \ 

dz~ CU-\-</v + KiZ [ 

dv _ b u^ + b'v^ + K^z^ [ ' 
dz "" cu-\-c'v + KiZ ) 

__ du _ (g, 5, c, /, g, h^u, v, z^ 
^ dz (a, 3, yjt*, V, ^) 

^ dv ^ (g^ y, c^ f\ g', h'\u, v, 2)2 
' dz 



(a, iS, yjw, v, 2) 



dv bu^ + b'v^ + KiZ 



' dz ' 

du 

' dz ' 

do 

dz " a'u-\-ffv-^y'z, 



au-\-bv-\-cz \ 
' a'u+b'v-^-dz 

au+Pv+yz 
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Ex, 4. As an indication of another method of proceeding, consider the 
equations of the first example in the specially simple case 

du _ a'u + h'v -\-<fz dv _ a"u + h"v + c"z 
dz~ au+bv+cz * dz~ au+bv+cz 

Introduce a new variable (, such that 

du 



w 



a'u + b'v+<fz, 



-y- » a u + b v+ c Zy 



dz 



= au + bv+cz. 



Let !£>!, iTj, iTg be the roots of the cubic 
a'-w, b' 



= 0, 



c 

a!' , 6" — IT, c" 

a , 6 , c—w 
which is the cubic that occurs in the earlier reduction. Then the most 
general solution of the equations is 

where the ratios of quantities -4<, j5<, d associated with w^ are determined by 
any two of the equations 

(a'-tr<)J<+6'5i+c'(7<=0^ 
a:'Ai^-{b"-w>)Bi-Vd'Gi^^Y 
aAi-\-bBi-\-{c-Wi)Gi^(y\ 
Now in place of f introduce a variable i;, such that 



dr) 



Wid$, 



so that the form of the equations is 

du 



WiTj -r-^a!u + b'v-{-c'z 

Wji; -7- = d'u + b"v + d'z ' 

Wyi\ -T-=au + bv+cz 
then each of the quantities u, v, z is expressible in the form 



where 



\=^, 



1=^'. 
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This method can be applied also when the expressions for -^ and -^ have 

the fuller generality as in Ex. 1 : and then i; is a parametric quantity in terms 
of which w, V, z are expressible. The most useful application arises when 
u, V, Zy 17, X, /i all are real ; the differential equations are then equations of 
skew curves in ordinary space of three dimensions. This application will, 
however, not be developed here, largely for the reasons that led to the 
omission of the corresponding application in connection with a single 
equation*. 

Ex. 5. It might prove of some interest to examine in detail one special 
instance of the general case considered in this chapter, viz. that in which the 

equation is one of the second order, and of such a form as to give -jK explicitly 

in terms of ^, y, p. Taking y and p as dependent variables : assigning the 
condition that y (though not necessarily p) vanishes with x and, as an alterna- 
tive, that y and p vanish with x\ it would be necessary to obtain the various 
reduced forms for the equation 



^=/(*-,y,i'), 



for values of the variables in the vicinity of every non-ordinary combination 
of/(^,y,i>). 

See, in this connection. Chapter xiv. 

* See Ex. 1, § 60 ; and the footnote at the beginning of Chapter viii. 



CHAPTER XII. 

The Integrals op the Reduced Forms op a System op 
Equations, chiefly of two Dependent Variables*. 

164. Before proceeding to the establishment of the integrals 
of the .typical reduced forms of the equations, an indication of 
some of their properties can be obtained from the discussion of 
a simple case which can be solved in finite terms. Take the 
equations 

where m and n are positive integers. Let z = ^, and denote 
■jrhyD; the equations are 

and therefore 

{(B - o,) (D - /3,) - a,/3,} U = y, (m - A) e^ + y,^,e^; 
and similarly 

{(D - a,) (D - /3,) - o,A} r = y,a,e^ + y,(n- a,) ^. 

* In order to avoid prolixity of formnlaB, the investigations are confined almost 
entirely to the case when the system of ordinary equations involves only two 
dependent variables : the appropriate generalisation to the case of n dependent 
variables is stated in § 187 without proof, because the proof is sufficiently indicated 
for the case n=2. Some references are given in the course of the chapter : a more 
general reference is due to Eonigsberger's treatise (cited p. 8), ch. v, where a 
number of memoirs are quoted in the preface ; and to part of a memoir by Goursat, 
Amer. Joum. Math,, t. zi (1889), pp. 329-372. See also a memoir by the author 
in the Stokes Jubilee volume (1899) of the Camb. Phil, Trans,, t, xviii, pp. 35-90. 
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Let f 1 and fa b^ the roots of the quadratic 

(f-«i)(f-/8.)-«.)8, = 0; 
then 

7= Jfl ^+ 72(n-ai) ^, 

(m-ai)(m-^,)-a3^i (ri - a^ (n - A) - Oa A 

Pi Pi 

which, on the substitution of z for e^, give the solution of the 
original equations. The quantities P and Q are arbitrary 
constants. 

Hence also the solution of the equations 

5^ = a2Cr + /3aF+2e,V 
is given by 

U^ P^> + Q^« 4- S , ^' " f '^ "'//^"'^ ^ ^ 
(5-ai)(«-/32)-aa/9i 

A y8i ^ (s-ai)(«-^2)-a2Pi J 

where f i and fa are the roots of the quadratic 

and P, Q are arbitrary constants. 

The solution thus obtained is the complete solution: it is 
satisfactory and definite, provided 

(i) neither root of the quadratic is a positive integer ; and 

(ii) the roots of the quadratic are unequal. 

It is clear that the power-series in the expressions for U and F 

converge when the power-series in the expressions for z -r— and 

dV 
z-^ converge. 
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The solution obtained ceases to be satisfactory, as regards form 
and completeness, if the conditions specified are not satisfied. 
Corresponding to this alternative, there are four subsidiary 
cases, viz. 

I. When f 1 = K, an integer, and fa is not an integer : 

II. When f 1 = K, an integer, and fa = \, another integer: 

III. When fi = fa, the common value 6 not being an integer : 

IV. When f i = fa, the common value ^ being an integer : 

the integers in each case being positive. 

Case L It is clear that the terms in U and V which involve 
z^* will be unaffected by the hypothesis, as will also all the terms 
involving powers of z in the two summations other than the 
/cth. power. We have, on taking s = /c + A (A being an in- 
finitesimal real quantity), 

^ = <2*(1 + A log^ + ...), 

(5-a,)(5-/3a)-aaA = («-^)(«-f2) = A(^-fa + A), 

so that the term in Z7 in the summation gives rise (i) to a term 
in z* with a coeflBcient which, though infinite in the limit when 
A = 0, can be absorbed in the coeflScient of Pz^\ that is, of Pz^ : 
and likewise for the term in F; (ii) to a term 

(/c-/8a)€, + /8,6; 



in Uy and to a term 



/c-fa 
AC -fa 



z^ \ogz 



z'logz 



in F; and (iii) to terms which vanish in the limit when A = 0. 
To determine more precisely the relation of the arbitrary 
coeflScients of z" in U and F respectively, we take 



U^Qz^^^^' 



(5-ai)(5-^2)-a2/8i 



z^logz + PiZ^ 



F = ^^Q^« + 2' 



A 



aa6> + (S- fli) 6/ 

(5-ai)(5-/3a)-a2/3i' 



h 



+ °--+<'':''->< ^i.g,+f.«. 
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where the term corresponding to 5 = ^ is omitted from the summa- 
tion X\ Substituting these values, we find that both equations 
are identically satisfied if 

These equations are consistent with one another ; and therefore 
we may take 

where /S is an arbitrary constant. When these values of Pi and 
Pa are substituted, the resulting expressions give the values of 
the integrals. 

Case II, It is clear that the terms in U and F, which arise 
through the summation for various values of 5, are unaflfected by 
the hjrpothesis except the two which involve the /tth power and 
the \th power of z respectively. Proceeding as in the last case, 
we find 

(8-a,)(«-/8,)-aaA 
+ [{(« - )8.) «. + Ae;} ^ - {(\ - /3,) 6x + /9i*x'} ^] ^ 

(s-a,)(s-)8s)-a,/8, *" 

+ [{a»e. + {k- a,) e^'} z" - {a^e^ + (X - a,) ex'} ^] ^^ ^ 

where the summation in S" extends to all values of s except only 
K and \; where Pj and P,, Qi and Qj, are connected by the 
respective relations 



P. = ;^^ + AS 



P, = ^~^ + (K-a,)8 



(2. = ^-+ AT 



h 



and S and T are arbitrary constants. 

Case III. This is the customary case that occurs in con- 
nection with the complementary function in the solution ot ^ 
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linear equation when the roots of the critical equation are equal. 
The solution is easily proved to be 

where A and R are arbitrary constants, is the (repeated) root of 
the quadratic 

the summations in U and F are for all values of 8, and is not 
an integer. 

Case IV. This case differs from the last in the fact that is 
an integer &, so that the form ceases to be satisfactory for the 
term in the summation for which «=&. To obtain a suggestion 
as to the form, take 

where A ultimately will be made zero ; then 
^ z" 

= ^2^^|l + Alog^ + ~(log^)«+...|. 
Consequently we assume 

+ HiZ^ log z-\-KiZ^ 

where the summation in S' is for all values of s except only 5 = ^. 

In order that the equations may be identically satisfied, we must 

have 

Hi — e^ =^1-4 
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where A and K^ are arbitrary constants. When these values of 
Hi, Hi, Ki are inserted in the expressions for U and F, the 
resulting forms are the integrals for the case when the quadratic 
has the integer S- for a repeated root. 

Note. It may be pointed out that, if the method of § 146 had 
been adopted so as to introduce a new variable ^, the equations 
would have been 





^=a,U + 0,V+y,z + . 


dz 


critical cubic is 




Oi-w, A , 7i 




Oj , /9j— 0), 72 




, , 1-0) 



= 0, 



the roots of which are g) = 1 and the roots of the quadratic 

(tti - G)) {^2 - G>) - oraA = 0, 
which is the critical quadratic of the preceding method. 

165. When it is necessary to consider the character of in- 
tegrals of the equations 

fJV 

t^=^a^U+0,r+y,t'\-,,. = 0,(U, V,t) 

which vanish when ^ = 0, the preceding example gives some 
indications of results to be obtained. The equation 

(f-ai)(f-A)-«2/3i = 0, 

which is of importance, will be called the critical quadratic. The 
following theorems are suggested (though of course not with 
adequate justification of the conditions) : 

(i) If the roots fi and fa of the critical quadratic be neither 
of them a positive integer, then integrals U and V of the 
equations exist, which vanish at ^ = and are regular functions 
of*. 
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(This is suggested by taking P = 0, Q = in the solution of 
the unconditioned form of the example, and by taking -4=0, 
ii = in Case III) 

(ii) If the real part of one of the roots, say fi, be positive, 
neither fi nor fa being a positive integer, then integrals U and V 
of the equations may exist, which vanish at ^ = and, though not 
regular functions of t, are regular functions of t and ^». 

Similarly if the real part of fa be positive, though neither fi 
nor fa is a positive integer, integrals may exist, which are regular 
functions of t and ^« and vanish with t 

And if the real parts of both fi and fa he positive, though 
neither fi nor fa is a positive integer, integrals may exist, which 
are regular functions of ^, t^\ t^* and vanish with t, 

(Manifestly limitations must be introduced, so as to take 
account of the possibility that fi and fa may be commensurable 
positive quantities in the respective cases, and of the possibility 
that f 1 — fa may be an integer, including zero.) 

(iii) If the real part of each of the roots f i and fa be negative, 
then the regular integrals are the only integrals of the equation 
which exist, subject to the condition of vanishing with t 

(iv) If one root (but not the other root) of the quadratic 
be an integer, and if its value be /r, then no regular integrals 
of the equations exist vanishing with t, unless the coefficients in 
^i(C^, Vy and O^iU, F, t) satisfy certain conditions. If however 
these conditions are satisfied, then there can be an infinitude of 
regular integrals vanishing with t 

If either (or both) of the roots of the quadratic be a positive 
integer, then integrals of the equation may exist, which vanish 
with t and are regular functions of t and t log t. 

To the consideration of these theorems we now proceed*, 
taking account of the successive diflferent general cases that can 
arise owing to the various possibilities of the form of the roots of 

* The first of them was enunciated by Picard, Comptes Rendus, t. lzxxyu (187S), 
pp. 430 — 432, 743 — 745 ; it is developed, further than his earliest enunciation, in his 
Cours cC Analyse, t. iii, ch. i. See also Goursat, Amer. Joum. Math,, t. xi (1889), 
p. 336. 

The third was enunciated by Goursat in the memoir just quoted (p. 342) ; and a 
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the critical quadratic. For this purpose, the method given by 
Jordan, for the corresponding case of a single equation and used 
in § 71, is adapted to the system of two equations. The various 
cases are: — 

I. The quadratic has unequal roots : — 

(a) neither root being a positive "integer : 

(6) one root being a positive integer, the other not : 

(c) both roots being positive integers. 

II. The quadratic has equal roots : — 

(a) the (repeated) root not being a positive integer : 

(6) the (repeated) root being a positive integer. 

It should be added that a further assumption will be made for the 
present purpose, viz. that the critical quadratic has not a zero-root. 
As a matter of fact, the existence of a zero-root would imply (as 
for a single equation of the first order) that the reduced form of 
the system belongs (§§ 159, 160) to a type diflferent from that here 
considered. 

166. It is convenient to transform the variables. When the 
roots of the critical quadratic 

(f-a.)(r-/3.)-a,A = 

very special case of one of the portions of the second is remarked by him in the 
form 

du 1 

z — = — u 

dz 2 

which are satisfied by u=z^, v=z^, 

A considerable portion of Chapter v of Konigsberger's treatise, already fre- 
quently cited, is devoted to the corresponding discussion for n equations. Some 
difficulties, as regards adequacy of proof of the theorems, independently of the 
general statement, prevent me from thinking the investigation entirely satisfactory. 
An example, illustrating the general result for n=2, and differing from Konigs- 
berger's implied form of integral, is given subsequently (§ 176, Ex. 2). 

Some papers by Horn, CrellCy t. cxvi (1896), pp. 266—306, ib. t. cxvii (1897), 
pp. 104 — 128, 254—266, may also be consulted; further references will be found 
in them. 
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are unequal, say fi and f,, we introduce new variables u and v, 
such that 

w = XCr + /iF, t;=X'J7+/ii'F, 

where (ai — f X + Oj/n = 0| 

a: 

the ratios X : /i and X' : fi are unequal, and consequently the new 
variables u, v are distinct. The equations become 

where ^, <^j are regular functions of their arguments and vanish 
with them ; except for a term in t, they have all their terms of 
the second or higher orders in w, v, ^ combined. 

When the roots of the critical quadratic are equal, having a 
value f , say, we introduce a new variable u such that 

w = XJ7+/aF, 
where (ai-^)\ + a^=-0, )8iX+(/3a-f)/i=0. 

Then we have 

t-^=^ + <f>i{UyV,t)y 

say. 

It therefore appears that the equations, corresponding to the 
cases I (a), I (6), I (c), are 

where fi and fa are unequal to one another: and that the 
equations, corresponding to the cases II (a), II (6), are 
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In both forms, the functions ^ and ^ are regular functions of 
their arguments and vanish with them ; and the only term of the 
first order in ^ and ^ is possibly a term in t For both forms, 
the initial conditions are that u^O,v = 0, when t^O, 

For brevity, integrals, which are regular functions of t, ^411 
be called regular integrals : and integrals, which are not regular 
functions of f, but are regular functions of quantities that them- 
selves are not regular in t, will be called non-regular integrals. 
The results are obtained for the transformed equations in u and v ; 
since U and V are linear homogeneous combinations of u and v, 
the results apply to the original equations. We shall first discuss 
the regular integrals for all the cases in turn; afterwards, the 
non-regular integi-als. 

Regular Integrals. 

Case I (a) : the critical quadratic has unequal rootSy neither 
being a positive integer, 

167. If the equations 

possess regular integrals vanishing with f, these integrals must 
have the form 

u= 1 ant"", v= 2 bnt\ 

nssl n=l 

That they may have significance, the power-series must converge ; 
that they may be solutions, they must satisfy the equations 
identically. 

Accordingly, substituting the expressions and comparing 
coefficients of t^, we have 

(n - fi) an ^fn. (n - fa) bn=gn, 

where fn and gn are the coefficients of t^ in <^ and ^a respectively 
after the expressions for u and v are substituted. From the forms 
of <^i and 02, it is clear that fn and gn are linear combinations of 
the coefficients of <^i and (f>2, that they are rational integral combi- 
nations of the coefficients aj, a^, ..., 6i, 6a, ..., and that they 
contain no coefficient a after an-i and no coefficient 6 after 6n-i in 

p. III. ^ 
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the respective sets. Since neither f i nor f f is a positive integer, 
the equations can be solved in succession for increasing values of 
n, so as to determine formal expressions for all the coefficients. 
In particular, an and bn are obtained each of them as sums of 
quotients ; the numerators of these quotients are rational integral 
functions of the coefficients in <f>i and ^, and the denominators 
are products of powers of the quantities 

1-fi, 2-f,,..., n-l-fi, n-f,, 

1-fj, 2-f,,..., ?i-l-f,. n-fa. 

To discuss the convergence of the power-series, we introduce 
an associated set of dominant equations. The functions ^ and ^^ 
are regular in the vicinity of w = 0, v = 0, ^ = 0; let their domain 
of existence include a region | < | < r, \u\^p\ | v | < p" : of the two 
quantities p' and p'\ let p denote the smaller, so that ^ and <f>^ 
are certainly regular in a region | ^ | < r, | w | < p, | v | < p. Within 
that region, let Jf ' denote the greatest value of | <^i |, and if" the 
greatest value of | 0j | : of the two quantities M' and M'\ let M 
denote the larger, so that 

within the region specified, and if is a finite magnitude. Then if 
fij]c and gij]c are the coefficients of u^v^if^ in ^ and ^ respectively, 
it is known* that 



Further, no one of the quantities m — fi, m — fg vanishes for 
integer values of m; there is therefore a least (and non-zero) 
value of |m— fi|, |m — ^alf for the various values of m; let it be 
denoted by e. 

Now consider the equations 

r i J fc p'^^r^ 
r i J k p^^^r^ 



* Tk. Fns., § 
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where the triple summation is for integer values of t, j, k such 
that i +j + A > 2. Clearly X = F ; and each of them is given by 



and therefore 



-(-^f)('-f)"-T^--(-f)'- 



1-- 

r 

In this cubic equation, the term independent of X vanishes when 
^ = ; and the term involving the first power does not vanish, 
because € is not zero. Hence when ^ = 0, the cubic equation has 
one root and only one root which vanishes. It therefore follows, 
from the continuity of roots of an algebraical equation, that the 
cubic has one root, which vanishes with t, and which is a regular 
function of t for values of | f | less than tHfe least modulus of a root 
of the discriminant, that is, for a finite range. To obtain the 
expansion of this root as a regular function, it is sufficient to 
determine the coefficients in the power-series 

so that the equation 

is identically satisfied ; because the root which vanishes with t is 
the only root of the cubic of that type, and the series for X is 
known to converge within the finite range indicated. Clearly we 
have 

€ 

where jP„ is the coefficient of t^ on the right-hand side of the 

equation for eX, This relation can be used for successive values 

of n, so as to give values of Ai, ..., J-n-i- When these values are 

substituted in F^, the ultimate formal expression obtained for Fn 

is the quotient, by a power of e, of an expression which is rational 

M 
and integral in the coefficients -^pj^. 
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Comparing the quantities \f^ \ and F^, we note that a quantity 
greater than \f^\ is obtained when in its numerator every term is 
replaced by its modulus; that this greater quantity is further 
increased when the modulus of the coeflSeient of wVt* in ^ or in 

<^2 is replaced by -^yjt > ^^^ ^^^^ ^^^ increased quantity is still 

further appreciated when every factor of the type |m — f [ in 
the denominator is repl«tced by €. But, on comparing the two 
coeflBcients a„ and -4„, it is clear that these three changes turn 
f^ into F^\ accordingly 

Similarly for g^ and F^^ so that 

l5'«l<-^«- 
Also 

|w-fi!>€> l^-fai^e; 
hence 

|a„|<il„, |6„|<^n. 
The series 

converges within a finite region round ^ = 0; therefore also the 
series 

converge within that region. 

Hence the differential equations possess regular integrals which 
vanish with t It is not difficult to prove, as in § 12 or in § 13> 
that they are the only regular integrals which vanish with t. 



Case I (6) : the critical quadratic has unequal roots, one of which 
is a positive integei^ and the other of which is not a positive 
integer, 

168. The equations may be taken in the form 
t -j2 = inu + at-\- 6 {u, V, t) 

dv '"' 
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where w is a positive integer, f is not a positive integer, and <^ 
are regular functions of their arguments, which vanish with u, v, t, 
and contain no terms of dimensions lower than 2. 

If regular solutions exist, which vanish with t, we can take 

u = ^(X + Ml), V = ^(/i + Vi), 

choosing the constants \ and fi so that Ui and v^ vcmish with t 
Then t^ is a factor of and <^ after this substitution is made, say 

e (w, V, = t^O,' (i^, Vi, 0, <^ (^, V, t) = ^2^' (t^, v„ ; 

but 01 and <^/ do not necessarily vanish when ^, t^, Vi vanish. 
The equations for the new variables are 

«^ = (m-l)X + a + (m-l)ui + «^i'(ui,t;i, 0^ 

Now as 1^1, Vi are regular functions of f, the expressions on the 
left-hand side vanish when f = 0; hence 

(m-l)X + a = 0, (f-l)Ai + )8 = 0. 

If e^ (0, 0, 0) = tti, <^' (0, 0, 0) = A, the equations are 

t ^ = (m - 1) Ml + ajf + t0i (wi, Vi, ^) 

where ^i and 0i are regular functions of their arguments, which 
vanish when i^ = 0, Vj = 0, ^ = 0. The equations are, in form, the 
same as before, except that the coefficients of the first power of 
the dependent variables on the right-hand side have been reduced 
by unity; and the relation between the two sets of dependent 
variables is 

It is manifest that the equations in Wj and Vi can be subjected 
to a similar transformation with a corresponding result ; and that, 
as m is a positive integer while ^ is not, the process can be carried 
out m — 1 times, but not more. Denoting the dependent variable.^ 
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by u\ v' after all these transformations have been eflFected, we have 
equations in the form 

e^=iicv' + 6^ + A«t;', 

where k, =f — m + 1, is not a positive integer; A, A are regular 
functions of their arguments, which vanish with t and contain no 
terms of order less than 2. The relation between the variables 
Uy V and u\ v is of the form 

where Pm-i and Qm-i are algebraical polynomials of degree m — 1 
vanishing with t; and w' = 0, v' = when ^=0. The coeflScients 
a and 6 are rational integral functions of the original coefficients. 

The equations can possess regular integrals only if a is zero. 
For regular integrals must be of the form 

u -pit +|>2^ + ..., v' = qit + 58<* + ... ; 

substituting these, remembering that h and k are then of the 
second order at least in t, and equating coefficients of * in the first 
of the equations, we must have 

which is possible, for non-infinite values of jpi, only if a is zero. 

Suppose now that a is zero. Since u' and v' (if they exist as 
regular functions of t) vanish with t, we can assume 

the sole transferred condition being that % and rjz are regular 
functions of t, which now need not necessarily vanish with t 
We have 
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where H and K are regular functions of their arguments. The 
second equation shews that, when t^O, then (ic — 1)173 + 6=0; 
accordingly taking 

we have f, vanishing when t = 0. As regards 171, there is, as yet, 
no restriction upon its value when t = 0; denoting it by 4, 
we take 

i7,=.4+fi, 

where fi vanishes when t — 0. Both fi and g, are regular functions 
of t When the values are substituted, A remains undetermined 
by the equations ; and therefore an arbitrary (finite) value can be 
assigned to A, The equations for gi and g, now are 

with the condition that gi and gg must be regular functions of t 
vanishing with t 

Let them, if they exist, be denoted by 

?,-2an^, ?,= 2 6„«»; 

substituting in the equations which must be satisfied identically, 
and equating coefficients, we have relations 

^n =/n, (n - iC + 1) 6n =5^n, 

similar to those in the Case I (a). 

These equations are treated in the same way as in the 
Case I (a). Since k is not a positive integer, no one of the 
coefficients of 6„ vanishes ; and thence it is easy to see that the 
whole of the treatment in I (a) subsequent to the corresponding 
stage can, with only slight changes in the analysis, be applied to 
the present case. It leads to the result that the power-series 
for fi and fj converge for a finite region round ^ = 0; and 
from the form of the equations for fi and fj, it is clear that 
the coefficients in the power-series will involve the arbitrary 
constant A, 

Hence it follows that, unless the condition represented by a = 
be satisfied, the equations do not possess regular integrals vanishing 
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mth ^ = 0. If that condition be satisfied, the equations possess 
regular integrals vanishing with t = and involving an arbitrary 
constant : in other words, they possess a single infinitude of regular 
integrals vanishing with t^O. 

The condition, represented by a = 0, can be obtained from the 
original equations 

dU y, , V 

^ — = mu + a^ + ^(w, », t) 



as follows. Let 



t^--^'\'l3t + <t>(%v,t)j 

u^ifptP + t^U, 
p=i 

v^"l gptP-^t^V; 

substitute in the equations, and determine (by comparison of the 
coeflScients) the values o( f, .^.yfm-u gu •••, 5^m-i. Then the 
condition is that the coeflScient of t^ in 

(w-l «-l \ 

shall be zero. This statement can be easily verified 
Ex. To obtain the r^;ular integrals of 

^i=(a, 6, c,/, g, kit,, t^, t)\ ^2=(a', h', d,f, gf, h'lt,, t^, t)\ 
the integrals being required to vanish with t, let 

h=PitJfp^^-^„., 

then 

(w- l)jOn="Coefficient of ^ in B,, 

(w-i)2'n= i^+^2- 

Then p, is undetermined by these equations : let its value be A, where A 
is arbitrary : also 

so that q, = 6, 
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Next, we have 
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Next, we have 

2jt>3=coefl&cient of ^ in (a, 6, c,/, g, AJ^^+j^j^** 6t+q2i^, 0* 



and so on. 



f?3 = i>2|f + ?2^'; 



Case I (c) : the critical quadratic has unequal roots, both 
of which are positive integers. 

169. Let m and n be the two unequal roots, of which m is the 
smaller, so that the equations may be taken in the form 

dU / /* y 

t -^ = mu + a^ + ^(i*, V, t) 

dv 
t-n — nv-{-/3't'h4>{u,v, t) 
• at 

These equations can be transformed, as in the Case I (6), by m — 1 
substitutions in turn ; and ultimately they acquire the form 

du , 
t -TT — u '\-at'\-hyu,v ,t) 

dv' 
t%i^icv''\-bt'>rk{u,v\t) 
at / 

where /c, =w — m+1, is a positive integer greater than unity, v! 
and V are regular functions of t vanishing when ^ = 0, and the 
functions A, k have the same signification as in Case I (6). 

If the equations possess regular solutions, the latter must be 
of the form 

<6'=2p;^. v':=-lqit^\ 

substituting these values and equating coefficients, we have 
l?i = Pi + a, 9i = >«3i + 6, 
{l — \)pi — coefficient of t^ in h (u\ v\ t)y 
{l--K)qi= t^mk(ii,v\t). 
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It is clear that, if a is different from zero, the equation cannot 
be satisfied ; and therefore, as one condition for the possession of 
regular integrals, a must be zero. Assuming this satisfied, we see 
that pi is left undetermined : let a value a, provisionally arbitrary, 
be assigned to it. 

Solving now the remaining equations for the values Z = 1, 2, ..., 
ic — 1 in successive sets, each set being associated with one value 
of Z, we have the values of p^ ..., j[)»_i, ji, ..., q^^i ; all these in 
general involve a. In order that q^ may have a finite value, so 
that (Z — k) qi vanishes for 1 — k, we must have the coefficient of 
^ in A {u\ v\ t) zero. When this is the case, the value of q^ is 
undetermined ; let a value )8, provisionally arbitrary, be assigned 
to it. For the remaining values of Z, the equations determine 
formal expressions for the remaining coefficients, involving a and 
13 : and no further formal conditions need be imposed. When the 
values of pi, ...,jp«_i, ji, ..., q^^i are inserted in k(u', v', t), the 
coefficient of t" in that quantity may be an identical zero ; in that 
case, the functions u\ v involve two arbitrary constants a and )8, so 
that, if the functions actually exist, there is a double infinitude of 
regular solutions vanishing with t Or the coefficient may be zero, 
only if some relation among the constants of the original equations 
be satisfied ; if the relation is not satisfied, there are no regular 
integrals of the original equations vanishing with t: if the relation 
is satisfied, there is a double infinitude of regular integrals. Or the 
coefficient may be zero, only if some relation among the constants 
of the original equations and a be satisfied; this relation is to 
be regarded as determining a, and then for each value of a 
so determined, there is a single infinitude of regular solutions 
vanishing with t 

These results are stated on the assumption that the power- 
series, as obtained with the coefficients p and q, converge : the 
assumption can be justified as follows. Let 

B,-, = ?i^ + qat' + . . . + q.-it^\ 
the coefficients p and q being known ; if functions w' and v' exist 
of the specified form, we can assume 
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where U' and V are regular functions of t that vanish with t 
Thus, assuming = 0, we have 

Now the quantity 

is equal to the aggregate of the terms involving t, t*, ,..,f~' in 

Also in k(u',v', t), there are no terms of dimensions lower than 2 ; 
so that, in 

A(il^. + t^'U', B^, + ««->F', t)-h (A^,. B,.u t), 

the coefficients of <*~' U', f~^V' are of dimension at least unity, and 
therefore this expression may be taken as equal to 

where H^ is a regular function of its arguments, which vanishes 
with them and contains no terms of dimension lower than two. 
Also let the terms in h {A^^i^B^^i, t\ of order higher than /c — 1, be 

then 

and therefore 

<^' = (2-*)?7' + c.< + J3'(Er', V',t), 

on absorbing the other powers of t into H^ and denoting by H the 
new function which has the same character as Hi, Similarly 

where the terms in k{A^^iy jB«_i, f), of order higher than /c — 1, 8«*e 

and ^ is a function of the same character as H. 

As /c is a positive integer >1, 2 — /c is not a positive integer 
> 1. Thus the coefficient of U' is not a positive integer, while 
the coefficient of F' is unity ; and thus the two equations for U' 
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and F' are a particular instance of the general form discussed 
in 1(6). There is no regular integral vanishing with t, unless 
6^ = 0; the significance of this condition, either as an identity, 
or as a relation among the constants of the original equations, 
or as an equation determining a, has already been discussed. 
Assuming the condition 6« = satisfied, it is known from the 
preceding result that the equations in V and V possess regular 
integrals, which vanish with t and involve an arbitrary constant 
that does not appear in the differential equations. The inferences 
stated earlier are therefore established. 

It appears, from the investigation, that two conditions must 
be satisfied to allow the possession of regular integrals: one of 
them is a relation among the constants of the equation repre- 
sented by a = 0: the other of them is the relation represented 
by bg = 0. To obtain them directly from the original forms, we 
can proceed as follows. Let 

be substituted in the original equations: and determine pi, ..., 
Pm-iy ?i, ..., ?m-i« The first condition is that the coeflScient 
of r in 

(wi-l m-1 \ 

shall vanish. Take pm = (^', and then from the original equations 
determine pm+iy •••» Pn-i, qim ..., ?n-i- The second condition is 
that the coeflBcient of t^ in 

shall vanish. It is not difficult to verify these statements. 

Summarising the results, it appears that, unless one condition 
he satisfied, the equations possess no regular integrals vanishing 
with t When the condition is satisfi^dy another relation must be 
satisfied. If this relation determines a parameter, the eqvxitions 
possess a single infinitude of regular integrals; if it involves only 
the constants in the differential equations, then, when it is not 
satisfied, thei'e are no regular integrals vanishing with t: and, 
when it is satisfied, there is a double infinitude of such integrals. 
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Ex. CoDsider the equations 

If they possess r^ular solutions that vanish with t, the expressions for the 
solutions must be of the form 

where A is initially an arbitrary quantity. Substituting, the first equation 
becomes 

■^"^ {(^« W^^^ 8^,) ^^ ^' ^' f' ^' ^^^' ^1' ^^^ ■*■ ^"' '^' ^' ^^^^' ^i^i ■*■••" 
and the second 
-2<?,^-^,^-0.^3^+...- -2^+^(a', 6', (/,/', </, KIA, q,, 1)« 

Hence 

/)2=(a, 6, c,/, ^r, KiA, e, 1)2, 

and in order that q^ may be finite, so that the coefficient of fi must vajiish on 
both sides of the second equation, we must have 

i',|f +?.^'-(«'. ff, y', nA, er-'O. 

Since p^ and ^2 ^^ quadratic in A, this is a cubic equation in general ; and 
therefore, in general, there are three values of A, But for special relations 
among the coefficients, the degree of the equation in A may be less than 3 ; 
for instance, if 

2a'(a-A')-a'=0, 

the term in A^ disappears, and so for the other terms. 

If the equation is evanescent, then A remains arbitrary ; but if it involves 
Af then A is thereby a determinate constant. In either case, ^3 is not 
determinate; we can assign an arbitrary value 5 to 5^3. The remaining 
coefficients />4, ^'4; />6> S's? ••• involve B. In the former case, there is a double 
infinitude of solutions; they involve the arbitrary constants A and Bj and 
are regular functions of t which vanish with t. In the latter case, there is a 
single infinitude of such solutions : they involve the arbitrary constant B, 

If the equation does not involve A and is not evanescent, then no regular 
solutions exist which vanish with t. 
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Case II (a) : the critical quadratic has equal roots, 
not a positive integer, 

170. The equations are 

, du ^ , , . 

^ ^ = fw + <^ (w, v, t) 

t^^ = KU-i'^V+<f>a(u, V,t)j 

where f is not a positive integer; the functions (f>i and ^ are 
regular and (with the possible exception of a term in t) contain 
no terms of order lower than 2. If they possess regular integrals 
vanishing with t, these must have the forms 

w = 2 Pnt^, V = 2 qnt^. 
Substituting these expressions and equating coefficients, we find 

in-i)qn=^gn + fcpny 

where /« and gn are the coefficients of t^ in <f>i and <f>i respectively, 
when the series for u and v are substituted. It is clear that fn 
and gn are linear in the coefficients of ^i and ^, that they are 
polynomials in Pi, Pi,*-., Ji, 32» ••., and that they contain no 
coefficient p or q in the succession later than p^^i and q^-j. 
As f is not an integer, the foregoing equations, taken for 
successive values of n, determine formal expressions for the 
whole set of coefficients p and q; in particular, pn and qn are 
obtained as sums of quotients, the numerators of which are 
integral functions of the coefficients in <f>i and ^2, and the 
denominators of which are products of powers of the quantities 

1-f, 2-f,..., n-e 

To discuss the convergence of the power-series for u and v 
with these coefficients, we introduce an associated set of dominant 
equations. Let a common region of existence of <^ and ^ be 
determined by the range 

\u\^p, |v|<cr, \t\K,r; 

within this region let the greatest value of | <^i | be if, and that of 
j <^ I be i^, so that within the region 

\4>,\<M, \<f>,\<N, 
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M and N denoting finite magnitudes. Also, let e denote the 
smallest value of |m— f ' for values of the integer m\ and let 
1 /c I = c. Then we consider the dominant equations given by 

M M 

€F=cX + -fH-222-^X»F^, 

where the summations on the right-hand side are for integer 
values of i, j, k such that i + j + & ^ 2. 

The general course of the argument is similar to that in I (a). 
In the first place, X and Y can be determined by the simultaneous 
equations 

cX = ^ M ^ 11^ -Jf A— -F 

FI)R)R) " ' 

From these we have 

NeX = M{€Y-cX), 

so that ^=^S + i)' 

when this value is substituted for Y in either equation, say in the 
first, we have 

-(-f){-f(f-:)}. 



M 
r 



a cubic equation in X. The term independent of X vanishes 
when t = 0; and the term involving the first power of X does 
not vanish when f = 0, because e is not zero. Hence the cubic has 
one (and only one) root vanishing when t = 0. 

It follows, as before, that this root of the cubic can be expressed 
as a regular function of t in the form of a power-series, which 
converges absolutely for values of | ^ | less than the least modulus 
of a root of the discriminant, that is, for a finite range. When the 
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power-series for X has been obtained, the power-series for F 
is given by 

say 

r=Q,«+Q,^-h... + Q„f" + ...r 
In the second place it can, as before, be shewn that the 
analysis, eflFective for the determination of /)„ and g„ in connection 
with the original equations, is eflFective for the determination of 
P^ and Q^ in connection with the dominant equations by merely 
making literal changes, and that these literal changes are such as 
to give 

\Pn\<Pn. |?nl<Qn. 

for all values of n. It therefore follows that the series 

converge within a finite region round ^ = 0. Consequently the 
eqiuitions possess regular integrals vanishing with t: and it is 
not diflBcult to prove that these regular integrals are unique as 
regular integrals with the assigned conditions. 



Case II (6) : wheti the critical quadratic has equal roots, the 
repeated root being a positive integer, 

171. The equations are 

du /I , V i 

t-r: =^mU'\'OLt-\-0{Uy V, t) f 

at I 

, dv 



t--^ = fcu + mv'{'l3t + <f>(u,v,t)\ 



where m is a positive integer. The functions and <f> are regular ; 
they vanish with u, v, t, and contain no terms of dimensions 
lower than 2. 

We transform the equations as in I (b) by successive substitu- 
tions, each of which leads to new equations of a similar form with 
a diminution by one unit in the coefl&cients of u and of v after 
each operation. We take 

u-t(X + Ui)y v = t{fi + Vi), 
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choosing \ and fi so that t^ and Vi vanish with t : then u^ and Vi 
are regular functions of t, if the equations possess regular integrals. 
To secure this form of transformation, we must have 



so that 



(m-.l)X + a = 0, 
#cX + (m-l)/i + )8 = 0, 



\ = -- 



/3 



^"(m-T^ m-1 



m-1' 
and the new^ equations are 

dv 

A similar transformation can be eflFected upon this pair, with 
a similar result ; and the process can be carried out m — 1 times 
in all, leading to equations 

t-T7^u +at'{'h{u,v ,t) 

dv' 
t-^^tcu' + v' + bt + k(u\ v\ t) 

where A, k are regular functions, which vanish with u\ v\ t, and 
contain no terms of dimensions lower than 2 ; also u\ v' are to 
vanish with t 

There are two sub-cases to be considered, according as /c is 
zero or k is diflFerent from zero. 

First, let /c be ; so that the equations are 
f -^ = w' + a^ + A {u\ v\ t) ^ 

It is easy to see, by substituting expressions of the form 

that the equations cannot possess regular integrals vanishing with 
t unless 

a = 0, 6 = 0. 

F. III. ^ 
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Assume, therefore, that a = 0, 6 = 0. If the equations then possess 
regular integrals vanishing with t, we can take 

where now the only transferred condition to be imposed upon J7' 
and V is that they are to be regular functions of t Substituting 
these values, we find 

t' ^ = h {tU\ tV\ t) = t^H{U\ V\ t\ 



so that 






where H and K are regular functions of their arguments. To 
these equations, Cauchy's general existence-theorem can be 
applied ; it shews that they possess integrals, which are regular 
functions of t and assume assigned (arbitrary) values when ^ = 0. 
Accordingly, the equations in v! and v\ in the case when the con- 
ditions a = 0, 6 = are satisfied and when the constant k is zero, 
possess a double infinitude of regular integrals which vanish when 
« = 0. 

Secondly, let k be diflFerent from zero. If regular integrals 
exist, they are expressible in the form 

tt' = Oi^ + Oaf* + ..., v'^bit + b^t^ -{-... ; 

substituting these, and taking account of the first power of t on 
the two sides of both equations, we have 

Oi = tti + a, 6i = /cOj + 6i + 6. 

Hence we must have a = ; then 6i is undetermined, and 

b 

K 

a finite quantity because k is not zero. 

Assuming that the condition a = is satisfied, and assigning an 
arbitrary value A to ft,, let 
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so that 171 and 173 are to be regular functions of t vanishing with t ; 
the equations for rji and 173 are 



^dvi 



i-'i 



+ trfi, 



'di" 

,drj2 . . r/ .6 






tA + fi73, t\ 

tA+tri^y t\ 



that is, they are 



t-^ = fcVi + tK(viyV2>t)^ 

where H, K are regular functions of their arguments and involve 
the arbitrary constant A. 

These equations are now the same as in the Case II (a) when 
^ is made zero. Accordingly, all the analysis of that earlier 
discussion applies, when in it € is taken equal to unity. The 
equations in 171 and 172 possess regular integi'als vanishing with t, 
and their expression involves -4, the arbitrary constant; and 
therefore the original equations in u and v possess no regular 
integrals vanishing with t, unless the condition represented by a^O 
be satisfied ; but if that condition be satisfisd, they possess a simple 
infinitude of regular integrals vanishing with t 

The conditions represented by a = and 6 = in the sub-case 
when K is zero, and the condition represented by a = in the 
sub-case when k is dififerent from zero, can be expressed as before. 
For the former sub-case, we determine coefficients a and b, so that 

K = ai«+ ... + a^i^'^i + ... 1 



v = 61^ + 
satisfy the equations 
.du 



+ bn^,t^' + . 



t^=^mu + at + 6(Uy v, t) 

dv 
t-^ = mv +^t + <f>(u, V, t) ^ 



^—1 
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the conditions are that the coefficient of t^ in 

(m-l wt-1 \ 

2 ait\ 2 hifi, t) , 

and the same coefficient in 

/m-l m-l \ 

\ j=i i^\ / 

shall vanish. For the latter sub-case, we determine the 2 {m — 1) 
coefficients in u and v so that the equations 

^ -^ = mu + a< + ^ (m, V, t) 
dv 

are satisfied; and the single condition is that the coefficient of 
r in 

(m-l m-l \ 

2 ail^, 2 bitK t) 

1=1 1^1 / 
shall vanish. 

This completes the discussion of the regular integrals vanishing 
with t, with the respective results as enunciated in the various 
cases. 

Note. Now that the possession of regular integrals, either unconditionally 
or conditionally, is established in the several cases, it is unnecessary to 
transform a system 

«^=«,cr+^,F+y,«+Si(jr, V, t)^e,{U, r, t) 

dV 

in the manner adopted in the general investigation. Because the regular 
integrals vanish with t, they have the forms 

when the coefficients are obtained by means of the condition that U and F 
satisfy the equations identically, the resulting power-series are known to 
converge. Now noting that $i and ^2 *re regular functions of their arguments, 
which contain no terms of dimensions lower than two, and denoting by i;^ and 
Cn the coefficients of r» in Sj and $2 respectively after substitution is made for 
U&nd F, we have (for 7i>l) 



-02^n + (w-^2)^i 






171.] NON-REGULAR INTEGRALS 69 

where i;^ and f^ involve no coefficients Ic and I except Jc^^ -..9 ^n-19 ^i> •••) ^n-i- 
To determine k^ and ^, we have 

(l-«i)^i-^i^i=yil 
so that 

'"" ~e(l) ' ^"" e(l) 

where Q (w) denotes 

(n-ai)(w-3j)-a23i. 

When these values of k^ and ^i are substituted in r^^ and fg? ^^ values of k^ 
and ^ are 

L (2-ft)'y2+ftf2 7 a2i?2+(2-«i)f2 . 

^2^ §(2) ' ^^ $(2) ' 

and so on, for the coefficients in succession. 



Non-regular Integrals. 

172, It has been seen that, either in general or subject to 
certain conditions, the equations 

rIV 

possess regular integrals which vanish with t : and these are 
unique as regular integrals. Denoting them by Ui, Vi, let 

so that, if functions x and y exist, diflFerent from constant zero, 
they are non-regular functions of t ; and they must vanish with t 
because Z7, t^, F, Vi all vanish with t Then 

t-^ = $i{ih + x, Vi + y, t)"0i(ih, Vi, 

are equations to determine w and y. On the right-hand sides 
there are no terms involving t alone ; the only terms of the first 
order are a^w -h B^y^ tx^x + fi^y respectively ; and the coefficients of 
the other powers of ^r and y are functions of ^ and of t^, Vi, that is, 
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after substitution of the values of Ui, Vi, these cJoeflScients are 
regular functions of t Hence we may take the equations in 
the form 

d*jc 

t-£^a2X + 0^y + %(x, y, t) 

where S-j and S-j are regular functions of x, y, ty which vanish when 
x = 0, y = 0, and contain no terms of dimensions lower than 2 
in X, y, and t The dependent variables x and y, if they exist as 
other than zero constants (which manifestly satisfy the equations), 
are to be non-regular functions of t which vanish when ^ = 0. 

It is convenient to transform the equations by linear changes 
of the dependent variables, as was done in the discussion of regular 
inte^als : the new forms depending upon the roots of the critical 
quadratic 

When the roots of the quadratic are unequal, say fj and fa* we 
take new variables 



where 



/3: 



ti-TiX + fiy, 
(ai-fi)X + a2/^ = OI 



ti = \'x + fiy, 
(ai-f2)V-ha2/ = 0] 



the equations become 



where the regular functions <^i and ^a vanish when ti = 0, ^2 = 0, 
and contain no terms in ti, t^, t o{ dimensions lower than 2. 

When the roots of the quadratic are equal, the common value 
being f, the corresponding forms are 

t-^ = ^ti + (f)i(ti, U, t) 



t^ = Kt, + ^t,'^<f>,(tl.t,.t) 



h > 
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with the same characteristic properties of the functions <^ and <f>i 
as in the former case ; here ^ -: y and <i = Xa? + /tty, where 

and the constant k is given by #cX » a,. 

We proceed to deal with the various alternative cases, as for 
the regular integrals. For those instances of the original equations, 
which do not possess regular integrals because the appropriate 
condition is not satisfied, it will be necessary to return to those 
original equations for the discussion of the non-regular integrals. 

Some indication of the character of the solutions may be derived from the 
consideration of two simple examples, one of each form. 

A simple example of the case, when the roots of the critical quadratic are 
unequal, is 

integrals (if they exist) are required which vanish when ^=0. The solution of 
these equations, which are linear, can be made to depend upon that of a linear 
equation of thie second order having ^=0 for a singularity : it appears that the 
integrals are normal in the vicinity oft=0. Their full expression is 

''-^*^l^ + 2(l+p) + 2.4(l+p)(3+p) + -; 

■^l-p'"' V"^2(3-p)'^2.4(3-p)(5-p)'^-/' 



'»-l+p''' V + 2(3+p) + 2.4(3+p)(5+p) + -; 



+^''i^ + 2(r:^ + 2.4(l-p)(3-p) + -r 



where p==X -/x : in order that the solution may be satisfactory, it is manifest 
that p may not be an integer, positive or negative. For the present purpose, 
the general integrals must be chosen so that they vanish with t ; and conse- 
quently the most important terms in the immediate vicinity of ^=0 are 

1-p 



-.4-/'"'- 



L^^-^At^'^^ + Bf- 



the quantities A and B being arbitrary. 

If the real part of X and the real part of ft be both positive, then, when the 
variable t approaches its origin, not making an infinite number of circuits 
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round that origin, t^ and ^2 ultimately vanish when ^=0 ; that is, as X and fi 
are not integers, there is a double infinitude of non-regular integrals vanishing 
with t. 

If the real part of X be positive and the real part of /t be negative, then, 
when t tends to zero as before, ^j can tend to zero only if 5 be zero : and if 
5=0, then ti and ^2 ultimately vanish when ^=0 ; that is, there is a single 
infinitude of non-regular integrals vanishing with t. 

Similarly, if the real part of X be negative and the real part of /t be 
positive, there is a single infinitude of non-regular integrals vanishing 
with t 

If both the real part of X and the real part of /t be negative, then ti and ^2 
vanish with t only if ^=0, B^iO: that is, non-regular integrals vanishing 
with t do not then exist. This last result is in accordance with Gk)iursat's 
result already quoted (§165, note). 

It will be noticed that the parts depending upon ^ alone, when they exist, 
are of the form 

where p, is an arbitrary finite quantity, and pa is zero, when ^=0 ; and that the 
parts depending upon t^ alone, when they exist, are of the form 

where 0-2 is another arbitrary finite quantity, and o-j is zero, when ^=0. These 
particular results are general and, in this form, can be established by an 
appropriate modification of Goursat's argument. They are included in the 
more general theorems that will be considered immediately. 

A simple example of the case, when the roots of the critical quadratic are 
equal, is 

integrals (if they exist) are required which vanish when ^=0. The solution 
of these equations can, as for the preceding example, be made to depend upon 
the solution of a linear equation of the second order, having ^sO for a singu- 
larity ; and their expressions can be obtained in the form 
^i=ila^'*'^(l4-ia*c^+...)+5a{aK^"^^(l+iaic^+...)log«-h(l-}aV<2_.,.)^j^ 

<2=^<*(l+aK^ + ...) + 5W^(H-aK^+...)log^ + (aK-aV<-...)«^}- 
When the real part of X is positive, these integrals vanish with t ; and there 
is a double infinitude of them. When the real part of X is negative, then it is 
necessary that A and B both vanish : that is, the integrals do not exist if they 
are to vanish with t 

When B is zero, then the integrals become of the form 
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where p, is an arbitrary finite quantity and pj is zero, when ^=0. This result 
is general There is no corresponding simple inference from the parts that 
depend solely upon B: the complication is caused by the term lUi in the 
second equation. 

The special results here obtained are included in the theorems relating to 
the equations in their general form : they suggest that int^;rals exist which 
are regular functions of t, ^, and ^ log t, when the real part of X is positive. 



Case I (a) : the critical quadroMc has unequal roots, 
neither of them being a positive integer, 

173. It has been proved that the original equations in this 
case possess regular integrals vanishing with t : and therefore, in 
order to consider the non-regular integrals (if any) that vanish 
with ty we transform the equations as in § 172, and we study the 
derived system 

^ ^ = f A + <^l (tl, ^21 t) 

where <^ and ^ are regular functions of their arguments, which 
vanish when ^ = 0, ^ = 0, and contain no terms of dimensions less 
than two in ^, ^, ^. The integrals ti and ^j are to be non-regular 
functions of t, and they are required to vanish with t. 

The main theorem is as follows : — 

When the roots of the critical quadratic f i and fa have their 
real parts positive, and are such that no one of the quantities 

(^-l)fi+/if2 + i/, \?i + (/i-l)f2 + i/, 
vanishes for positive integer valu>es of\fi,v such that \ + fi + v^2, 
then the equations possess a double infinitude of non-regular integrals, 
which vanish* with t, these integrals being regular functions oft, ^s tf*. 

Immediate corollaries, when once this theorem is established, 
are as follows: — 

If the real part of f i be positive and that of fa be negative, 
there is only a single infinitude of non-regular integrals vanishing 
with t: they are regular functions oft and t^K 

* It is unnecessary here to discuss the path of approach of t to its origin, in 
order to secure that t^» and t^» vanish at the origin; for it practically would be a 
repetition of the corresponding discussion in § 65. 
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Likewise^ if the real part of f, be positive and that of f i he 
negative, there is only a single infinitude of non-regular integrals 
vanishing with t : they are regular functions of t and if\ 

If the real part both of f i and of fa be negative^ there are 
no non-regular integrals of the equations that vanish with t. 

These results will be found sufficiently obvious after the 
establishment of the main theorem. 

174. In discussing the equations, it will be convenient to 
replace ^» and if* by new variables, say 

so that, by the general theorem, regular functions of z^, Z2y t are 
to be established as solutions of the equations. Accordingly, 
regarding ^ and t^ as functions of these three arguments, assume 

t,= 'Z11ar^^z,^z,HP) 

where the summation is for all positive (and zero) values of the 
integers m, n, p, with the conventions 

ttoOO = 0, 6ooo = 0. 

Moreover - 

^dt'^Ht^^^'^dl^^^'W 
Hence the diflFerential equations are 

Substituting the assumed values of ^ and fc, and afterwards 
equating coefficients of z-H^z^t^, we have 



\{m - 1) fi + nfa + ;>} CLmnp = a'mnpl 
[m^i + (W - 1) fa +i>} bmnp = ffmnp) 



where a'mnp is a rational function of the coefficients in ^i, of those 
coefficients amin'p' in U for which 

and of the coefficients bmn'p' ^^ ^2 with the same restrictions : and 
likewise for ^'mnp in relation to (f)^. 
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As there is no term in ^ (^i, ^, ^) of dimension unity in f, ^1,^3, 
there can be no term of dimension unity va z^, z^, t after sub- 
stitution of the values of ^1 and ^ : hence 

{(m - 1) fi + nfj -I- p] amnv = ^' 

when m + n -hjp = 1. Accordingly 

cioio = V, ctooi = ; 

but there is no limitation upon aioo, so that it can be taken 
arbitrarily: we assume 

For similar reasons 

{mf 1 + (w - 1) ^2 + p] bmnp = 0, 
when m -h w -hp = 1 ; and we infer that 

6100 = 0, 6001 = 0, 6010 = B, 
where B is arbitrary. 

Suppose now that no one of the quantities 

(m - 1) fi + n^2 +i>, rn^i + (^ - 1) ^2 +p, 
for positive integer values of m, n, p such that 

vanishes. Then when the equations 

{{m - 1) fi + n^2 +p} Ctmnp = OLmnp ' 
{mf 1 + (n - 1) ^2 + p} bmnp = /8'^np; 

are solved in groups for the same value of m + 7i -\-p, and in 
successive groups for increasing values of m-\-n+p beginning 
with 2, they lead to results of the form 

^mnp^^^npi ^mnp^Hmnpt 

where Omnp* ffmnp are rational integral functions of the coefficients 
that occur in ^1 and ^2, these functions being divided by a product 
of factors of the forms 

(m — 1)^14-71^2 + p, /^if 1 + (n - 1) f 2 + i>, for m + n + p>2. 

It has been seen that aooi = 0, 6001 = : we easily see that 
a^op = 0, ftoop = 0, for all values of p. For every term in (f>i (ti, Uy t) 
and every term in ^2(^1? ^2> involve ^i, or t^y or both: and the 
equations for Ooqp, h^op are 

{p - ?i) «oop = -^oop> {p "■ h) boop = Boop, 
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where Af^p, B^op are integral functions of the coefficients in ^ and 
<^, and of coefficients aoop', 6001/ such that p' <p, these integral 
functions being divided by factors of the form p' — fi, jp' — fa. No 
term occurs either in A^, B,^ independent of ao(^, 6oop'> because 
there is no term in ^ or in ^ independent of ^ and ^. Hence if 
all the coefficients Ooop', 600^' vanish when p' <p, then Ooop, h^op also 
vanish. But aooi = 0, 6001 = 0: hence 0002= 0, 6002= 0: and so on 
with the whole series. 

Consequently in the expressions for ^ and t^, there occur no 
terms that involve t alone without either z^, or z^y or z^ and z^i 
which is therefore one general characteristic of the non-regular 
integrals if they exist. 

From ti and ^, let all the terms which do not involve Z2 be 
gathered together. By what has just been proved, there are no 
terms which involve t alone : hence the aggregates of the selected 
terms contain Zi as a factor, and the aggregates of the remainders 
contain Zj as a factor, so that we can write 

ti — Zip + Z2®iy 

t2 = ZiT + z^%^, 

where p and t are regular functions of t and ^1, which will be 
proved to be such that p=^A, t = 0, when t — 0, A being an 
arbitrary constant: and 0i, 02 are regular functions of t, Zi, z^, 
which will be proved to be such that ©i = 0, ©a = B, when ^ = 0, 
B being an arbitrary constant. 

The first stage of the proof will establish the existence of the 
parts Zipy Zit: the second stage will establish the existence of 
the parts Z2®u ^2^2- It may be added that, had it been deemed 
desirable, a selection from ^1 and U of all the terms which do not 
involve z^ might first have been made: the forms of ^ and ^ would 
then have been 

ti = «2/0i + -S^i^i, U = Z^Ti + Zi^2, 

where p^ = 0, Tj = B, when ^ = 0, and pi, Ti are regular functions of 
t and Z2\ also '*'i = -4, '^'2= 0, when ^ = 0, and '*'i, ^a are regular 
functions of t, Zi, z^. Further, it will be seen from the forms of 
the functions that />, t, "SP^i, "^2 all vanish when -4=0: and that 
®i. ®2» Pii Ti all vanish when jB = 0. 
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175. It is clear that, if the equations under consideration 
possess integrals of the form 

where p and t are to be regular functions of z and Zi, then, taking 
account of the forms of ^ and ^, the quantities p and r must 
satisfy the equations 

The functions -^i, ^2 are regular in their arguments: both of 
them vanish when p = 0, t = 0: in each of them, every term, 
which is of dimensions \ in p and t combined, possesses a fector 
Zi^~^ : and no term is of dimensions less than two in. p,T,t com- 
bined. Because p and t are to be regular functions of t and Zi, 
they will be expressible in the forms 

substituting these values and equating coefficients on the two 
sides of both equations, we find 

(n-|-mfi)*mn = A?mn) 
{n-^(m-\- 1) fi - fa} Imn = l'nm) 

where ifmn and I'mn are linear in the coefficients of yj^i and -^2 
respectively, and are rational integral functions of those coefficients 
km'n'i Im'n' in P and T, for which m' < m, n' < n, m' + n' < m + n. 

From the forms of the functions y^i and -^2, we have A?'oo = 0, 
r^ = 0. Hence when m = 0, n = 0, the first of the coefficient- 
equations leaves A?oo undetermined: we therefore make it an 
arbitrary (finite) quantity A : the second of the coefficient- 
equations gives loQ — O, for fi and ^2 are unequal. 

Since no one of the quantities 

(m - 1) fi + n^2 +jp, rn^i + (n - 1) fj + 2> 
vanishes for integer values of m, n, p such that m-\-n-\-p^2, it 
follows that no one of the quantities 

n -h m^i, n-h (m -h 1) fj - fa 
vanishes for integer values of m and n such that m + n^l. 
Hence when the coefficient-equations for k and I are solved in 
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groups for the same value of m + n, and in successive groups for 
increasing values of m + /i beginning with 1, they lead to results 
of the form 

where the quantities 7 and X are integral functions of the 
coefficients that occur in yjti and yjr^, each divided by a product 
of factors of the forms 

n + mfi, n + (m + 1) fi - fa- 

Moreover each of the coefficients k and I, thus determined, 
contains il as a factor. 

It now is necessary to prove that the series for p and t, the 
formal expressions of which have been deduced, are converging 
series. For this purpose, we construct dominant equations as 
follows. 

Let a region of common existence of the functions yjti and yjr2 
be defined by the ranges 1 f | < r, | -^i | < n, | /) | < a, | t | < ^ : so that 
yiti and -^a are regular functions of their arguments within these 
ranges. In this region, let Mi be the greatest value of | "^i |, and 
M2 the greatest value of | "^2 h "^^ ^ denote the greater of the 
two quantities Mi and J/a. Further, since the quantities n + m^i, 
n+(m+l) fi— ^2* do not vanish for integer values of m and n 
such that m + n > 1, there must be a least value for the moduli of 
the quantities for the various combinations of m and n ; let this 
value be rj, so that 

in all instances. Also let | -4 | = A'. Then the dominant equations 
are chosen to be 

v{P-A') = vT 

Clearly P—A'=^T: their common values are given as the 
roots of the cubic equation 

= JL 1 A' + r z' Jl + J _ ^:fL^ _ T» ^5-1 
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When t = and Zi = 0, the term in this equation independent of 
T vanishes : but the term in the first power of T does not vanish 
because 17 is not zero. Hence there is one root, and only one root, 
of the cubic equation which vanishes when t — and -^i = ; it is 
a regular function of t and Zi in the immediate vicinity of ^ = 0, 
over a region which is not infinitesimal. Actually solving the 
equation for this root, we find 

T = f - H Z1J + higher powers of t and Zi ; 

and then 



P = ^' + 



MA'/t A' 



A. ft A \ 

— [-•\ zA-\- higher powers of t and z^. 



Now knowing that such a solution of the dominant equations 
exists, we can obtain its formal expression otherwise. Let 

substitute these values in the dominant equations, expand their 
right-hand sides in the form of regular series, and equate coeflBcients 
of z^t^ on the two sides. We find 

r— V 

say. Instead of actually evaluating K'rani tbe analysis used to 
determine 7mn can be adopted. To this end, construct the value 
of |7wn| and, in its expression, effect the following changes in 
succession : — 

i. Replace every modulus of a sum by the sum of the 

moduli of its terms : 
ii. Replace each denominator-factor 

\n-\-ml^y\ and |w + (m + l)fi-f2| by 17: 
iii. Replace the coefficients of p'^r^^zf^i^^ in ^1 and <^a by 
M-T- a^^lS^^riP^r^^, for all values of mi,ni,piy q^: 

iv. Replace \A\ by A\ 

The final expression, so modified, is K'mn' But the effect, upon 
the initial expression for |7win|, of each of these changes is to 
appreciate the value: hence, taking the cumulative result, we 
have 

I ymn I < *■ win* 

Similarly 

\\nn\<rmn. 
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But the series 

converges for a finite region round the origin f = 0; hence the 
series 

likewise converge: that is to say, the formal expressions p and 
T have significance, being regular functions of Zi and t The 
equations accordingly have integrals 

of the characteristics indicated. 

This completes the firet stage of the proof. 

176. For the second stage, let 

t^^pz,-\-T^, t2=-TZ,-\-T,; 
the equations for Ti and T2 are 

^ ^ = f 1 Tl + <^ (P^l + T, , TZ, + T,,t)-<I>, (pZ, , TZ, , t) 

after substitution for p and t. Here yjrj and ^2 are regular 
functions of their arguments and vanish when 7^ = 0, Ta = ; they 
contain no terms of aggregate dimensions lower than 2 in Ti, T^, 
Zi, t In accordance with the statement in § 174, it has to be 
proved that these equations possess solutions of the form 

2\=^201, ^2 = ^202, 

where ©i and ©a are regular functions of t, Zi, z^: it will appear 
that ©2 = -B (an arbitrary constant) and ©1 = 0, when ^ = 0. 
Substituting these values for T^ and Ta, we find 

^^- + ri^i|~+r«^2^ + (r2-fl)0i=/l(0i, 02, ^1,^2,0 

the functions fi and /j are regular in their arguments, every term 
involves ©i or ©2 or both, and a term involving ©1 and ©2 in the 
form ©i^©a'* has also a factor -2^2^+'*" ^ 
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If quantities ©i, ©a exist, which are regular functions of t, z^ 
z^y and satisfy these equations, the substitution of expressions of 
the form 

in these equations must lead to identities. Accordingly, equating 
coefficients of z^zi^V^ on the two sides of both equations, we have 

{n + (Z-l)fi + (m + l)f2}Pi»m = 7r'imn, 

where tt'j^^, k'i^^ are linear functions of the coefficients in f^ and 
f^, and are integral functions of the coefficients 'pn^^' and jcmn', 
such that 

Owing to the forms of /j and/j, we have 

^ 000 = 0, /e 000 = 0. 

Hence pooo = 0, and gooo is left undetermined ; we take 

9ooo = -B, 

where £ is an arbitrary constant. Moreover, no one of the 
quantities 

w+ (i- 1) fi H-mfa, n + Zfi + (m- 1) fa, 

vanishes for values of Z, m, n, such that n + Z + m > 2 ; hence in 
the equations for pim,n> 9vmn» ^^ one of the coefficients of pimn, qimn 
vanishes when w+Z+m>l. The equations can therefore be solved 
for all the coefficients p and q after po^^, g'ooo* They are most 
conveniently solved in groups for the same value of n + Z + m, and 
in succeeding groups for increasing values of n + l + niy beginning 
with 1 ; the results are 

where ttj,,^, Ki^^n ^® sums of integral functions of the coefficients 
in fi and/a, each divided by products of factors of the types 

w + (Z- l)fi + (m + l)|2, n + ifi + mfa. 

Expressions are thus obtained as formal solutions of the 
equations: it is necessary to establish the convergence of the 
infinite series. As before, we construct dominant equations for 
this purpose, as follows. 

p. III. ^ 
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Let a common region of existence of the functions /i and f^, 
which are regular in their arguments, be defined by the ranges 

|^|<r, |-?a|</>i, l-^aKpa, \^x\<<T^. | ©a | < <r, : 

and within this region, let N denote the maximum value of |/i | 
and \f^\, so that i\r is a finite quantity. Also let 17 denote the 
least among the values of 

for the various combinations of the integers Z, m, n such that 
l-\-m-\-n^\\ and let \B\^ B\ Then the dominant equations 
to be considered are 

The common values of 4>i and 4>2 — -B' are determined as roots of 
the cubic equation 

When ^ = 0, -STj = 0, z^ — 0, the term in this equation independent 
of <I>i vanishes: but the term in the first power of 4>i does not 
then vanish, because 17 is different from zero. Hence there is one 
root, and only one root, of the cubic which vanishes when ^ = 0, 
^j = 0, ^2 = 0: and it is a regular function of t, Zi, z^y in the 
immediate vicinity* of ^ = 0. Actually solving the equation for 
this root, we find 

<I>i = ( - + ~ + — — I + terms of higher orders ; 

Vp^i V^ pi p2<rj 

and then we have 

<!>« « B' H ( - + ~ + - — J + terms of higher orders. 

^/)2<^a V^ P\ p^f^J 

* It remains a regular function, so long as \t\ is less than the least of the 
moduli of the roots of the discriminant of the cubic. 
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As in the preceding stage of proof of the main theorem, we 
can obtain the expression of these particular quantities 4>i and 4>a 
otherwise. Knowing that 4>i and <I>2 — B\ equal to one another, 
are regalar functions of t, z^, z^, let 

substitute in the dominant equations, expand the right-hand side 
in the form of regular series, and equate the coefficients of z^z^t^ 
on the two sides. We find 

But instead of actually deriving Ilimn from the equations so 
obtained, we can utilise the analysis that leads to the quantities 
'"'imny fcinm, as foUows. Coustruct 1 7r/„»n | and, in its analytical 
expression, effect the following changes in succession: — 

i. Replace every modulus of a sum by the sum of the 
moduli of the terms : 

ii. Replace each denominator-factor 

|w + (Z-l)fx + (w + l)fa| and |n + Zfi + wf,| by v' 

iii. Replace the coefficient of %^^^%^Zi^^zj^t^ in /j and /a 
by i\r -4- a^^a^p^^pjl^r^, for all values of mi, Tn,, Wj, n^y p : 

iv. Replace |£| by B\ 

The final expression, after all these modifications have been made, 
is Uimn- But the effect, upon the initial expression for | irimn], of 
each of the modifications is to appreciate the value ; hence taking 
the cumulative effect, we have 

1 '"'Imn I < n^jjin. 

Similarly | /cimn | < ^imn- 

Now the series for ^a, when Pimn is replaced by 11;^^, con- 
verges for a finite region round the origin; hence the series 

01= XXtirimnZi^z.n'') 

0a = jB + Xl^KMnZi^Z^'^n 

also converge for that region. Consequently the modified equa- 
tions have integrals of the character 

^1 = ^201, 2; = ^202: 

6—2 
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and therefore the original equations have integrals 

where p and t are regular functions of t and Zii and 0i, ©a are 
regular functions of 

This completes the proof of the main theorem with the 
specified conditions. 

Ex. 1. Consider the equations 
dx 

where §1, §2> Qz *"^ regular functions of z which do not vanish with z, their 
expansions being 

Qi=qi-\'Zri'\-z^8i-\'..., 
for 1=1, 2, 3. 

The critical quadratic is 

«-l)(f-^2)-^i=0. 
Let the roots of this quadratic be f i and f g : and assume that neither |i nor f g 
is an integer, that ^i-fg i® ^^^ ^ero nor an integer, and that the real parts of 
f 1 and I2 8^6 positive. The further conditions in the theorem are that 

do not vanish for positive integer values of X, /x, i/, such that 

X+;* + i'^2; 

these also will be assumed to be satisfied. (The final result shews that, for this 
particular set of equations, they cease to provide conditions additional to those 
specified: though they are necessary for the general case.) 

It happens that, owing to the form of the equations, the integrals can be 

obtained so as to shew explicitly the double infinitude of non-regular solutions. 

Take 

z du 



then the first equation gives 



x=^- ~j- 
u dz 



dx . „ 

~~u dz^ ' 



When these values are substituted in the second equation and the result is 
reduced, it is found that i« is to be determined so as to satisfy 



a linear equation. 



d^u 2-^2 <^^^ Qi(^u Qs 

dz^ Z dz^ «2 dg g2 
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What is desired is the expression of the values of x and y in the vicinity 
of 2=0; accordingly, the value of u in that vicinity must be obtained. The 
fundamental determining equation for 0=0 is 

m(m-l)(m-2)+(2-5'2)m(wi-l)-g'im-0, 
of which one root is m»0, and the other two roots are given by 

m«-(l+g'2)m+^,-5'i=0: 
that is, the three roots are 0, (i, (2- Having regard to the limitations which 
have been imposed upon (^ and (^t ^^ '^^^''^ ^i^ the ordinary theory of linear 
differential equations that three linearly independent solutions of the equation 
in u are provided by 

where 6^^, O^y O^ are r^ular functions of «, which do not vanish when «— 
and can be constructed in the usual manner; and consequently that its 
complete solution is given by 

where ^, ^, (7 are arbitrary constants. Hence x and y are 

respectively. These integrals clearly vanish when z=0\ and they constitute 
a double infinitude of solutions, for they contain the two ratios of the 
arbitrary constants. 

When 5=0, C=0, the solutions are regular functions; with the assumed 
properties of f ^ and fa* ^'^7 ar© the only regular functions when A is not zero. 

When ^=0, C=0, the expressions become regular functions, and they are 
solutions of the equations; but they do not vanish when 2=0, and therefore 
they do not satisfy the conditions. Similarly for the solutions that arise from 
the assumptions A^O^ Bs^O, 

The solutions, corresponding to the values pz^ and rz^ in the text for the 
modified variables in § 173, are easily seen to be given by 

^= ^o+i ? 2x^x '^ 

= ^^^ i^,^(^,^Rz,G,) ^ 



y 



where K=-: 
A 
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Similarly, for the solutions corresponding to the values zfii and zfi^ ^^ ^^^ 
last set of dependent variables in § 173, we have 



X 



where ^^-jt ■^"■J- 



«,- 



The quantities <i and t, are 
^o.v (tn^ '^^i\^T Itrt . <'<5'A <^G'o 






Co 



being of the forms indicated. 

Ex, 2. Consider the equations 

dy 

where Xi and Xg are subject to the same restrictions as f ^ and fj iii the text. 

Proceeding, as in § 174, to obtain the expansions of x and y as regular 
functions of «, d, fg* where 

we find 

where the unexpressed terms are of higher dimensions in z, f^, fj than two ; 
and Af B are arbitrary. 
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Taking^the parts which contain d as a fiEtctor, we have 

^1 ~ CiP " f 1 (-^ + ^^' + terms of second and higher orders), 

shewing that p^A, r^O when z^O, Similarly for the parts which contain (^ 
alone. 

The only way to secure a solution, which makes Ci a factor of a?, is to take 
^bO ; and then f| cannot be a fiactor of y. Similarly, the only way to secure 
a solution, which makes (% & &ctor of y, is to take ^1*0; and then f^ cannot 
be a Victor of x. 

This is the example referred to in the note (p. 47 of this volume) to § 165. 
K5nigsberger's investigation seems to imply that the non-r^ular integrals of 

when the real parts of X| and X^ are positive, are 
so that a?^* is a factor of Fj and a^ a factor of Fj. 



Case I (b) : one root of the critical quadratic is a positive 
integer, the other is not a positive integer, 

177. Let the integer root be denoted by m, the non-integer 
root by f ; the equations can be taken in the form 

du ri / 

t-T7^niu + at + 0{u,Vy t) 

dv 

tj^ = ^ + j3t + <l>(u,v,t) 

where d and are regular functions of their arguments, which 
vanish with u, v, t and contain no terms of dimensions lower than 
two. The same transformations as were used in § 168, viz. 
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can be applied m — 1 times in succession : and ultimately we have 
equations 

where k, = f — m + 1, is not a positive integer, the functions fi 
and /a are regular fiinctions of their arguments of the same tjrpe 
as and <f) above, and the integrals ^ and ^ are to vanish with t 

It has been proved that there are no regular integrals of the 
equation vanishing with t unless a is zero: and that, if a = 0, 
there exists a simple infinitude of regular integrals satisfying 
the equations. We proceed, not in the first place to the complete 
theorem but only to a partial theorem, by shewing that when a is 
not zero, there exists a simple infinitude of non-regular integrals 
vanishing with t, these integrals being regular functions of t and 
t\ogt: and when a is zero, these non-reguiar integrals do not 
exist 

To establish this result, we proceed from equations 

dx 
t-^ = ax + at + ffi(x, y, t) 

«^ = «2/+6< + ^,(«, y, t) 

where <r is taken to be a real positive quantity, a little less than 
1 initially and equal to 1 ultimately : and, as the explicit forms of 
Oi and 0t are required, we suppose 

0i{x,y,t) = tl1aijpa^yHP, 

e^^x, y, t) = -ZtlbiipX^tP, 
With these equations, we associate a set of dominant equations. 
Let 

then the dominant equations are 

t^-<rX + At = &,iX, Y, t) 

t^ - kY ± Bt = @,(X, Y, t) 
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where 

e, (X, Y, t) = 222 BijpX<YitP. 

If X be real, not being a positive integer, we choose that sign for 
the term ± Bt, which makes 

B 

K-1 

a positive quantity; if /c be complex, we choose a term +Bt, 
such that 

B 

K-1 

is a real positive quantity, and | £ | > { 6 1. 

By the theorem of § 175, we know that solutions exist, which 
vanish with t and are expressible as regular functions of t and ^. 
Let a new variable be introduced, defined by the equation 

and, in the solutions indicated, replace t"^ by t + (l—a)6; they 
then become regular functions of t and 0, expressed as converging 
power-series. To obtain their coeflBcients in this form directly, 
let 

where aoo = 0, 6oo = 0; then since 



we have 



and 






i ^ = SSa^n {nO'^t'' + me^-H'' {ad - 1)} 

= 2^ {(n + am) ^^« - m0^H''-^'} a^n, 

dV 
^ ^ = S2 {(n + am) e^P" - m^-^^~+^} hmn- 



Substituting in the difierential equations and comparing 
coefficients, we have 

(w + crm - cr) a„»n - (m+ 1) a^+i, n-i = ^m, n| 

(n + crm - ic) bmn''(m+ 1) bm+i, n-i = ^m, n) ' 
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where Hm^n ai^d Km,n are sums of terms of the form 

'^ijp^hnxni • • • ^tiMiM ^mi'ni • • • ^tn/ti^ > 

and similarly for Km^nt such that 

i+j+p>i\ 

|> + rii + . . . + ni + Wi' + . . . + w/ = n J 

As regards the initial coefficients, we have the following 
expressions. 

For m + nasO, so that mssO, w = 0; then 

aoo = 0, 6oo = 0. 

For m + n = l, so that m^l, n^O: and m = 0, n = l; then 

. Oio = 0, (<r~ K)bio^O', 

(1 - (r)aoi - aio == --4, (1 - /c)6oi - 6io = hF 5; 

so that 

aio«(l-(r)aoi + il, (1 -/c)6oi = hF-B, 6io = 0; 

thus aoi is undetermined and therefore can be taken arbitrarily, 
say = C, where C is positive. Thus aoi, Oiot hi are positive. 

For m + n = 2, so that m = 2, n = 0: m=l, nssl : and m = 0, 
ri=5 2; then 



(2(r-^)6ao 



<raao = -42ooa*iol 



ttu — 20^0 — 2-4.200^10^01 + -^lloC^O^oi + -0.101^10 I 



6oi + -0.0021 
&01 + -Booj) 



(l + tr— k) bii — 2620 = 2Baoo«io«oi + -BiioC^o^oi + -BioiC^io , 
(2 — a) ttoa —Oil = -4aooCt^i+-4iioaoi6oi+-4o2o6V+-4ioi^oi+-4oii^o] 

(2 — /c) 602 — 6u = •S2ooaV + -Siioaoi&oi + -Bo2o&'oi+-Sioiaoi+-Boii&o] 

And so on, taking in succession the groups of terms for increasing 
values of m + n, and taking, in each group, the equations for 
increasing values of n beginning with zero. The result is to give 

where Omn aiid <f>mn are sums of a number of terms ; each term is 
a quotient, the numerator being a positive integral function of the 
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coefficients of 0i and 0^ and containing Oio*^ as a fetctor, and the 
denominatior being a product of quantities of the form 

n + oTn — (T, n +• trm — k. 

It can be proved, by an argument precisely similar to that in § 71, 
that the number of quantities entering into the denominator 
product for each of the terms in d^n ^nd ^mn is 

< m + 2n - 1. 

On account of the theorem of § 175, establishing the existence of 
the integrals as regular functions of t and f, it follows that the 
series 

2tamn0^, ^^bmn0^ 

converge. 

Now proceed to the limit in which tr increases to, and ulti- 
mately acquires, the value unity; then becomes — ^log^, the 
differential equations become 

and the integrals change to 

where a',^ and b'^ are the values of a«^ and 6«»„ when <r is 
replaced by 1. 

In 0^^, let T be any one of the terms, and let T' be the value 
of T when a is replaced by 1. As regards the numerator in T, it 
is the sum of a series of positive quantities : and it is unaflTected 
by the change of <r, except that Oio is replaced by A, that is, by 
a diminished quantity; hence the numerator of T' is less than 
that of T. As regards the numerical denominator, each factor 
n + ani'-'a' is replaced by w + m— 1, which is a greater quantity 
than the factor it replaces, unless m vanishes; but when m = 0, 
then 

T < 2 - (T, 

n— 1 

because then n > 2. Also every factor n + (rm — /c is replaced by 
n + m-'Ki the imaginary portions (if any) of these two are the 
same, but the real part of the new factor is greater than that of 
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the old except when m = 0, and then they are the same. The 
number of factors in the denominator is not greater than 
m + 2n — 1 : hence 



n 



n + am — o- n + am — k 
1 n + m^ 1 ' n-hm^ K 



< (2 - <7)'»+a»-i 

< (2 — <r)*^+»*. 



The changes made have diminished the numerator of T ; thus 

n + am — a n + am — te 



T 



Iw+m — 1 n + m-ze 

<(2-<7)»^+»*. 



Remembering that d^n is a sum of terms T and bearing in mind 
the character of T, we have 



Similarly 

Now the series 






< (2 - ay^-^^. 



^ j < (2 - a)^-^^. 



l^arnn^t^, ^^bmn0^t^ 



converge for a finite region round the origin. Let this be 
defined by \t\^r, \0\^s; and let Mi, M^ be the respective 
maximum values of the moduli of the series within the region. 
Then 






and therefore 



\Ctmn\< 



Ml 



1(2 -a)4 



r 
.(2-"~a)»J 



\V„,n\<- 



M, 



Consequently the series 

converge for a finite region round ^ = 0. 
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If the original equations . 

dx ^ 



> 



possess integrals, which vanish with t and are regular functions of 
t and t log t, these integrals may be assumed to be 

when substituted, they must satisfy the equations identically. 
Choose /oi so that 

\A\ = c, 

where (7 is the arbitrary constant in the integrals of the preceding 
equations. 

When the relations that arise from the comparison of the 
coefl&cients are solved so as to give /mm gmm i^ is easy to see that 
the same results are obtained as would be given by changing, in 
a'mn and Vmn> -^ ^^^o — a, B into T 6, Aijp into aijpj and Bijp into 
bijp, for all values of i, j, p. Bearing in mind that 

|a| = ^, |61<|5|, |atip| = ^»ip, \hijp\=Bijp, 

it is manifest that the real positive quantities | a\nn \ and \ b'mn \ are 
superior limits for \fmn \ and \gmn\j ^^hat is, 

iJmn I "^ I ^ mn \ > | ffmn 1*^1^ mn \ • 

But the series 

converge : hence the series 

also converge, and the equations accordingly possess integrals 
as stated in the theorem. 

I^ote. If a is zero, then a'lo = ; a'ao = 0, a u = ; and it is 
immediately obvious that 

ofmn = 0, 

for all values of m > and all values of n. Similarly 

b'mn = 0, 
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for the same combinations of m and n. In this case, disappears 
entirely from the expressions 

so that the integrals become regular functions of t, which are 
known to be solutions of the equations when a = 0. 

178. The main theorems as to the equations 
t^^ U + at-^-MU, U. OJ 

so far as concerns the non-regular solutions, are : — 

When a is not zero, so that the equations do not possess any 
regular solutions that vanish with t, they possess non-regular 
solutions that vanish with t If k have its real part positive, not 
itself being a positive integer, there is a double infinitude of such 
solutions; they are regular functions of t, V^ and t log t. If k 
have its real part negative, there is only a single infi/nitude of such 
solutions; they are regular functions of t and t\og t 

When a is zero, so that the equations possess a single infinitude 
of regular solutions vanishing with t, then if k have its real part 
positive, not itself being a positive integer, there is a single infini- 
tude of non-regular solutions vanishing with t which are regular 
functions of t and f^ ; but if k have its real part negative, 
the equations possess no non-regular solutions vanishing with t. 

These theorems can be established by analysis and a course of 
argument similar to those which have been adopted, wholly or 
partially, in preceding cases. The actual expressions for the 
integrals, when a is not zero, are 

t,^ae + At + l.ltgimn ^6^t'' \ 
t, = Yzr^ t + B^+ ttthimn ^e^t""] ' 

where the summation is for values of I, m, n, such that 
Z + m + n > 2, the coefficients A and B are arbitrary, ^ denotes 
t" and denotes Uog^. 

When a is zero, all the coefficients gimm himn for values of 
m > vanish ; so that disappears from the expressions for ^ 
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and t|. The resulting expressions then can be resolved each into 
the sum of two functions: one a regular function of t which 
involves A, the other a regular function of t and ^ which involves 
B and vanishes when B^O. 

It may be noted that a slight degeneration occurs in the 
solutions, when k is the reciprocal of a positive integer ; a regular 
function of t and ^ is then merely a regular function of ^. 

When the equations in their first transformed expression eire 
t'^'^mu + at + 0{u, V, t) 

the general results are the same as above; the value of k is 
f — m + 1, and the critical condition, which is represented by 
a^O, is stated at the end of § 168. 



Case I (c) : tiie roots of the critical quadratic are unequal, 
and both are positive integers. 

179. Denoting the roots by m and n, of which m may be 
taken as the smaller integer, the equations can be transformed so 
as to become 

du ri f ^\ 

^ — =s mu -\-at-\-Q \u, V, t) I 
,dv 



dv ,^ . , V I 



They can be modified by substitutions similar to those adopted in 
the preceding case ; such substitutions can be applied m — 1 times 
in succession, leading to the forms 

where /c, =w — m+1, is a positive integer greater than 1, the 
integrals ^ and t^ are to vanish with t, and the fimctions /j, /a are 
regular functions, which vanish with their arguments and contain 
no terms of dimensions lower than two in tx,t^,t combined. 
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It has already been proved (§ 169) that the equations possess 
no regular integrals vanishing with t, unless two relations among 
the constants be satisfied ; one of them is represented by a = 0, 
the other by (say) (7=0, where (7 is a definite combination of a, 6, 
and the constant coefl&cients in/i and^. The theorem as regards 
the non-regular integrals is : 

The eqimtions in general possess a double infinitude of non- 
regular integrals which vanish with t; they are regular functions 
of t, and t log t If both of the conditions represented 6y a = 0, 
(7 = are satisfisd, the equations possess no non-regular integrals 
vanishing with t : they are known to possess a double infimtude of 
regular integrals which vanish with t 

The method of establishing this theorem is similar to that for 
the case when k is unity, so that the critical quadratic has a 
repeated root. As that case will be discussed later in full detail, 
we shall not here reproduce the analysis and the argument, which 
follow closely the corresponding analysis and argument in that 
later discussion. 

The conditions for the equations 

du 
t-n = ^^ + at + (u, V, t) 

dv ^ 

t-^ = nv + 0t + <l>{u, V, t) 

represented for the modified forms by a = 0, (7=0, have already 
been given (§ 169). 



Case II (a) : the critical quadratic has equal roots, 
not a positive integer, 

180. It has been proved that, in this case, the original 
equations possess regular integrals vanishing with t : and therefore, 
in order to consider the non-regular integrals (if any) that vanish 
with t, we transform the equations as in § 172, and we study the 
derived system 

tjl = ^t,^-4>,{t,,t,,t) 
t^ = et, + ^t, + <i>,(t^,t,,t) 
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where ^ and ^ are regular functions of their arguments ; they 
vanish when ^ = 0, <2 = 0, and contain no terms of dimensions less 
than 2 m ti,t2,t combined. The integrals ^ and ^ are to be non- 
regular functions of t, required to vanish with t 

The non-regular integrals are given by the theorem : 
Wfien the repeated root ^ of the critical quadratic has its real 
part positive, and is not itself a positive integer^ there is a double 
infmitvde of non-regular integrals vanishing with t, these integrals 
being regular functions of t, if, if log t. 

When the theorem is established, there is an immediate 
corollary : 

If the real part of the repeated root f of the critical quadratic 
be negative, then the equations do not possess non-regular integrals 
vanishing with t; the regular integrals possessed by the original 
system of equations are the only integrals that vanish with t 

The forms of the theorem and the corollary are indicated, by 
proceeding towards the limit of the theorems for the case of I (a) 
when the roots of the critical quadratic are equal to one another. 
If f 2 = ^j -f 8, where 8 is infinitesimal, then 

tf« = ^i(l + 8 loge +...), 
so that a function of t, t^\ t^* becomes a function of t, t*s ^^ log t ; 
but further investigation is needed in order to shew that, in 
passing to the limit, the functions under consideration continue 
to exist. Instead of adopting this method of proof, we proceed 
independently. 

It is convenient to take 

f=^, ^7J=^tf\0gt 

If therefore integrals of the character indicated in the theorem 
exist, they can be expressed in the forms 

t,= ^^'£bimn^'v'^V' 

and these values must, when substituted, satisfy the differential 
equations identically. Now 

so that <^* '^^ 

t J (X^rTV^) = (n + Zf + mf ) ^^rfV" - mf'+' rf^H\ 

p. III. 1 
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,}■ 



Hence equating coefficients of ^rji^^ on the two sides of both 
equations, after substitution of the assumed values of ^ and ^, we 
have 

fn + (? + m - 1) ^} a^inn - (w + 1) a^-l. m+i. n = a'ifim 

{n + (Z + m - 1) ^} bimn - (m + 1) 6j_i, ,»+i, n = Oaimn + ^Imn I 

where a'lmny ^imn* being the coefficients of ^rj^^i^ in ^ and ^2 
respectively, are linear functions of the constants in ^ and <f>2, 
and are integral functions of the coefficients ai'^f^', ^^wn', such 
that r^ly m'^m, nf^n, I' + mf + n' <l + m + n. 

Assuming that the real part of f is positive, but that f is 
not itself a positive integer, we see that no one of the quantities 
n + (Z + m— 1) f can vanish if i + m + n > 2. 

If {sm^nsO, then a'lmn — O, 0imn'='O; hence 

aooo = 0, 

For values such that i + m + n = l, we have 
0.0010 = 0, that is, Ooio^-K", 
aooi = 0, 
0.0100 — 0010 = 0, that is, Oioo = -4, and -£" = 0; 
. 6010 = ^ . ttoio = 0K^0, that is, 6010 *= B ; 
hm = ff» ctm = 0, 
. 6100 — 6010 = ^ • ctioo = 0A, 
The last equation shews that 

which determines L; and then 6010, &100 are arbitrary; that is, we 
have 

Ooio = U, Oooi = v), Ojoo = A J 

6010 = B, 6001 = 0, 6100 = C. 

To obtain the terms of dimension two in f, 97, t in ^1 and ^, we 
require the explicit expressions of ^1 and </>2 : let them be 

<pi = 0^1 + bUi + 0^1^ + ^^1^2 + A:^^+ ... , 

<l>2 = 0Lttj + fitU + yti"-^ €tit2 + /ct2^ + ... . 
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The terms in ^ and ^ of dimension one, obtained as above, are 

so that, as far as terms of dimension two in ^^ and ^s after 
substitution, we have 

il>^ = (c^« + eAC + kC^) ^ + {eAB + 2kBC) ^rj + Jfc5^» 

+ (aA + bC)^t'\-bBvt, 

+ (aA+fiC)^t + /3Br)t 
Accordingly, for Z + m + w = 2, we have 

^a^^kB", a^ = bB, (2-f)ao(« = 0, 
Oioi-cLoii- oA + bC, ^auo-'2aoao = eAB+2kBC, 
foaoo - Ouo = c-4' + eAC+kC^ ; 

f6o2o = '«-B2+^a(ao, b^i = l3B-\-0ani, (2- ^)6oo» = ^aoo2, 
ftioi - 6011 = glA + /8(7 + ^Oioi, f &110 - 26oao = eAB + 2/c£(7 + ^Ouo, 
fftaoo • .6110= 7^" + €-4(7 + kC^ + 0a^. 

These relations, taken in succession, determine the values of 
the coeflBcients aimn, hf^ny such that l + m+n = 2; when the 
values are substituted, we obtain the terms in ti and ^, which 
are of dimensions two in the arguments f, 97, t And so on, for 
successive groups of terms. 

The equations, when solved in groups for the same value of 
I + m + n beginning with a zero value of I, and solved in success- 
ive groups for increasing values of l-^-m+rif give values of ai^^, 
bij^y which are sums of integral functions of the literal coefficients 
of ^ and ^, and of the arbitrary coefficients B and C, each such 
integral function being divided by a product of factors of the 
form 7i + (Z + m— 1)^. Let the values thus obtained be 

As in § 174 for the former case, it can be proved that 

(loop = V, Ooop — v), 

for all positive integer values of p, so that there are no terms in ^ 

7-2 
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or in ^, which involve t alone; every term involves either f or 
rj or both f and rf. 

To establish the convergence of the series thus obtained, we 
proceed in two stages as in the corresponding question (^ 175, 
176), when the roots of the critical quadratic are unequal. 

Extract from ti and tj all the terms which are free from rj ; 
as each of them involves f, their aggregate can be taken in the 
respective forms fp, fr. The remaining terms then have 77 for a 
factor, so that we may write 

It will be proved, first, that solutions of the form 

^1 = 5p, ^2 = ?T 

exist, where p and t are regular functions of t and f, p vanishing 
at ^ = and t having an arbitrary value there : so that the 
functions involve one arbitrary constant, and there consequently 
is a simple infinitude of such solutions. 

Then substituting 

it will be proved that functions ©i and ©2 exist, which are 
regular in their arguments f, 77, ^, and involve an arbitrary 
constant G; 0i vanishes at ^ = 0, and ©2 acquires the value C 
there. Thus for an assigned value of B, these will represent 
another (and an independent) simple infinitude of integrals. 

In each stage, the details of the analysis follow the detailed 
analysis of the former case somewhat closely : it therefore will be 
abbreviated for the present purpose. 

181. Substituting ti = ^p, ^2 = ?t in the equations for ti and 
^2, we find p and t determined by 

d h 
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where the general character of -^i and -^j is as before. If these 
are satisfied by regular functions of t and f, their expressions 

when substituted in the above equations, must satisfy them 
identically. Accordingly, comparing coefficients of f^** on the 
two sides of both equations, we have 

(n + m^)jf^ = J'mn + Okfnn, 
where K'mn, J^mn are linear in the literal coefficients of p and t, 
and are integral functions of k^'n', jm'n't such that m' < m, ti' < n, 
m' + 7i'<m + 72. Also, from the form of -^i and yfr^^ K'oo = Oy 
J'qq = 0; hence we have 

koo = 0. 

But joo is undetermined, and it can therefore be taken arbitrarily : 
let its value be B, where B is any arbitrary constant. 

When the equations for k^n and jmn are solved, in groups for 
the same value of m 4- n and in succeeding groups for increasing 
values of m + n, they lead to results of the form 

'^mn ^^ ^mn> Jmn ^^ ^mm 

where Kmn, t^mn are sums of integral functions of the coefficients in 
yjti and -^a* divided by products of factors of the form n + m^. 

The dominant functions are constructed as before. Let e 
denote the least value of | n + m^ \ for integer values of m and n, 
80 that € is a finite (non-vanishing) quantity ; and let | ^ | = 0, 
\C\ = C\ Also, let a common region of existence for the functions 
i/ti and i/ra be given by the ranges |^| < r, |f| < r-j, |p| < A, 1t| < &; 
within this region, let M be the greatest of the values of j-^il and 
of l^^al. Consider functions P and T, defined by the equations 




,T^.C'^SP.l\ 1 ^ 



-^)(-g)(-5) 

t hvi ^ kr^ 



^.m?^-m''^\ 



1- 

r 



I- 
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Clearly 

(6 + 0)P = e(r-(7'), 
that is, 

The value of P is a root of a cubic equation which, when ^ = 
and ?=0, has no term independent of P, and has a non- vanishing 
term involving the first power of P : so that it has one and only 
one root vanishing with t and f, and this root is a regular function 
of those variables. To obtain its expression without actually 
solving the cubic, we take 

where Kqq = : we expand the right-hand side of the dominant 
equations as a regular function of t, f, P, T, and compare co- 
efficients. The analysis, that leads to the values of /Cmm f'mny can 
be used to obtain the value of Kmn> by making appropriate 
changes similar to those in the earlier corresponding case. These 
changes are now, as was the case before, such as to make 

and therefore, as the series 
converges, the series 

also converge. The existence of the integrals, connected with the 
first stage, is therefore established. 

182. Now writing 

where p and r are the regular functions of t and f as just deter- 
mined, the equations for @i and ©2 are 

where /i and /a are regular functions of their arguments, which 
vanish when 0i = and ©2 = ; the coefficients of the first powers 
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of 01 and ©a vanish when ^ = 0; and any term, involving ©i and 
6j in the form ©j^©/, contains ly^+'^-i as a factor. 

The method of proof and its general course are the same 
as before (§ 176). The regular functions of f, 17, t, which are the 
formal solution of the equations, are proved to converge, by being 
compared with the functions, which satisfy the dominant equations 
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e^j = €|(7| + |^|4)i + - 
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and are such that, when i=0, ?=0, ^ = 0, then 4>i is zero and 
4>a = |C|. There exists a single quantity ^1, satisfying these 
equations and vanishing with t, which is expansible as a regular 
function of ^, f, 77 in a non-infinitesimal region round t ; the power- 
series, which is its expression, is consequently a converging series 
within that region. And therefore ^a* being given by 



«J>, = |(7| + (l + 'i-l)*„ 



is also expressible as a regular function of t, f, 77 which, when 
^ = 0, acquires the value \C\. 

A comparison of the coefl&cients of l^^rf^t^ in ©j and ©2> with 
those of the same combination of the variables in ^^ and 4>2, is 
easily seen to lead to the inference, that the moduli of the former 
are less than the modulus of the latter ; consequently the former 
series converge and therefore integrals of the equations, defined 
by the specified conditions, are proved to exist. Their explicit 
expressions, as power-series, are obtained as in § 176. 
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Ex. Consider a special (degenerate) form of the equations in Ex. 1, § 176, 
given by 

The critical quadratic is 

(O-l)(O-i)+J=0, 
that is, 

(0-^)8=0, 

so that the roots are equal, the common value not being an integer. 

To find explicit expression for the integrals, we can take 

__z du _z^ cPu 

and both equations are satisfied by these values, provided u is determined as 
a solution of 

What is required is the complete solution of this equation, expressed in the 
vicinity of 2s=s0. 

The fundamental determining equation is 

m(w-l)(m-2)-f^(m-l)-f^=s0, 
that is. 

Hence, by the usual theory of linear differential equations, three linearly 
independent solutions are given by 

J, . KZ \ {KZf . 1 (itg)S . 

W ^3.3/ \3.3.3y 

Here 

5.12 ?JL?(2!)2 5^idl(3!)2 
3 3.3^ ^ 3.3.3'^ '' 

and iZg is a regular function of z that vanishes with 2, its expression being 
where 

— — '- '— iin(i\ 



(w!)2 



and-5o=0» 



Accordingly, the complete solution of the equation in u is 
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and therefore the integrals of the original equations, which satisfy the require- 
ment of vanishing with 2, are given by 

z du __2* cPn 

A brief discussion of these expressions shews that the theorem in the text is 
verified. 



Case 11(6): the critical quadratic has a repeated rooty 
which is a positive integer. 

183. Denoting the repeated root by m, the equations are 

du /, , V 

t -^ = mu + at + 0{u, V, t) 

dv rx » r \ 

t-^ = /cu + mv + pt + <f>(UfV,t) 

where the functions 0, ^ are regular ; they vanish with u, v, t, and 
contain no terms of dimensions lower than two in their arguments. 

The equations can be transformed as before (§ 171) by the 
appropriate substitutions ; and this transformation can be efifected 
m — 1 times, leading to new equations of the form 

^^' = ^ + a^ + ^i(^,^,0 

t ^ = Kti + ^2 + &^ + ^2(^1, ^2, t) 

where ^ and i^ are to vanish with t; and 0i, 0^ are of the same 
type and properties as 0, (f> in the first form. 

There are two sub-cases according as ^ is zero, or k is not zero. 

184. First suh-case: k = 0. The equations can be taken in 
the form 

t'^ = x + at + 0i(x,y,t) 



t^^^y + bt + 0,(00, y.t) I 



the integrals are to vanish with t; and the functions 0i, 0, are 
regular functions of their arguments, which vanish when x = 0, 
y = 0, ^ = 0, and contain no terms of order lower than two in 
X, y, t combined. 
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The integrals, which vanish with t, are defined by the theorem : 

The eqyxUions possess, in general, a double infinitude of non- 
regular integrals vanishing with t, which are regular functions 
of t and tlogt; and it is known that there are no regular 
integrals vanishing with t If however, both a = and 6 = 0, the 
equations do not possess non-regular integrals vanishing with t; 
the only integrals vanishing with t are the double infinitude of 
regular integrals which the equations are known to possess. 

This theorem can be established, as in other cases, by the 
construction of dominant equations and comparison with their 
integrals which are actually obtained in explicit expression. 

For this purpose, consider the equations 

t^-aX + At = 2S2 Aijp Z» THp 

t^-pY + Bt ^tXtBi^X'YHP 

where i 4- j + p ^ 2 in the two triple summations. The quantities 
a and p are real, positive, and less than unity : ultimately, they 
will be made equal to unity. It follows, from the theorem of 
§ 173, that there is a double infinitude of integrals, which vanish 
with t, these integrals being regular functions of t, t^, t^. 

Let two new variables and <f> be introduced such that 

r = ^-(<r-l)5 + ((r-l)2<^, 

we easily find 

^§"^^'"^ = ^^"^^^^"^^* = ^*! 
t^^^0 = {<T^p^l)4> = a<f> 

where a and ^ are constants which, when /> = 1, 0-= 1, are equal 
to 1 and respectively. 

The regular functions of t, V, t^ are expressible in the form 
of converging power-series ; when t'' and t^ are replaced by their 
values in terms of and <^, the new functions are regular functions 
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of t, 6, <f>. To obtain their expressions in this last form directly 
from the differential equations, we substitute 

in the equations which are to be satisfied identically. Now 









= 222 {(l + m + an)himnt^0^<f>'' 
hence, comparing coefficients oftf0^<f>^ on the two sides, we have 

{l + m+an- <t) hmn - (m + 1) A^i,m+i,n - (n i- 1) Ai,m-i,n+i 

+ (^ + 1) ^K m+i, n-1 = a'imn • 

Similarly 

(Z + m + an - /[>) kim,n - (m + 1) A:^_i,m+i.n - (w + 1) Ai,m-i.n+i 

+ (m + 1) ^A;i,,»+i,n-i = ^Imn- 

Here a'i»i»> ^imn are expressions which are linear in the coefficients 
Aijp, Bijp respectively, being an aggregate of terms of the form 

-^ijp i^l^m^nx ••• "'lirmni ""li mi Til ••• f^l/m/n/t 
-tSijp 1^1^ m^nx • • • i^li mi m ""ly rwx' n/ • • • ^i/' m/ n/ » 

respectively; the subscripts are subject to the relations 

7/ii + . . . + mf 4- mi' + .* . + m/ = m ^ 
^1+ ... + 7ii-f w/+ ... + w/ = n 
p + Zi+...+ Zi+Z/+...+ Z/ = Z 

In particular, we have 

"000 ^ ^> "^OOO ^^ ^» 

When Z4- w +w= 1, the equations for the coefficients in X are 

(1 — <t) Aioo — Aoio = "- -Ay 

(1 - 0-) Aoio — Aooi = 0, 
(a - <r) Aooi + l3hoio = 0, 
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which are satisfied by 

Aoio = (1 - 






'*001 ' 

and Aioo is arbitrary. Similarly, 

A?oio = (l-p)A^ioo + 5j 

"'001 — (1 ~* /^) "'010 J 

and ^^oo is arbitrary. 

When i + m 4- n = 2, the equations for the coeflScients in X are 

(2-<7)Aoao-Aoii = a'oao 

(1 + a- <7) Aon + 2^Aoao - 2Aooj = a'on 

(2a - <7) Aoo2 + ^Aou = O'ooa 

(2 - a) Aijo — 2Aoao - Aloi = a'no ] 

(1 4- a - <7) Aloi - Aoii + ^Aiio = a'loi J ' 

(2 — <r) Aaoo - Alio = a'aoo- 

The first three equations, when solved, determine Aoao» Km hm\ 
when the values of Aoao aiid Aou are substituted in the next two 
equations, they determine An©, Aioi ; the last equation then deter- 
mines the form of h^. 

Similarly for the coeflScients in F. 

For values of l + m'\-n'^2, the equations can be solved in 
a similar way. They are solved in groups for the successively 
increasing values of i + m + n. In each group, say that for which 
i 4- 7W + n = iV (so that the coeflScients Km'n', hmn't such that 

are supposed known), the convenient method is to arrange the 
equations in sets, determined by the values of /, and in sequence 
according to increasing values of I beginning with : in each set, 
the equations are arranged in sequence according to increasing 
values of n beginning with 0. In each set, we use the equations 
in succession, to express himn in terms of Ai,jvr-i,o and previously 
known coeflScients and constants; when the first N—l equations 
in the set have thus been used, the remaining equation, on 
substitution of the values of hi^o^^-h ki,i,N-i-i> then determines 
hi^N-1,0 and so also the values of all the coeflScients Ai,m,ni such 
that m+n = N—l. Likewise for the coeflScients kimtf 
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And then, as the solutions are known to be regular functions 
of t, 6, <f>, the series 

with the values of himny hmn which have just been obtained, 
converge. 

As regards the forms of the coefficients himn* kimn> they are 
the aggregates of positive terms T. The numerator of each 
term T is the sum of a number of positive quantities: it is a 
polynomial function of the coefficients -4^^, Bijpi it is also a 
polynomial function of those quantities hi+m+m h+m+n, for which 
l + m + n=l. The denominator of the term T is of the form 

P + QA 

where P is the product of factors of the types 

l + m + an — a, i + m + an — />, 
and where Q is an aggregate of quantities, each positive and 
similar to P but containing two factors fewer than P. 

As regards the number of factors in P, being a part of a 
denominator in a term T in himn or kimm it can be proved, by an 
amplification of Jordan's argument used in § 71, that this number 

< 3Z + 2m + n. 
It is known that, so long as o- and p are diflPerent from unity, 
the convergence of the power-series is absolute: hence this will 
be the case when 

(r = l — €, p = l— €, 

where e is a real positive quantity that can be taken as small 
as we please. Proceed therefore to the limit in which a and p 
acquire the value unity, so that e passes from small values to 
zero. The eflFect is to give to and the values 

^ = -^log^, <^ = i^(logO^ 
to change the dififerential equations to the forms 



and to change the integrals to the forms 

X = IXth'imnt' (- t log 0"* {i^ (log 01~ 1 
Y = ^Xtk'imnt' (- t log tr [¥ (log 0^}- J ' 
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where h'lmn and k'lmn are the respective values of hifnn and kimn 
when <7=1, p = l. 

It is necessary to compare the coefficients h'lmn and himn- 
and likewise the coefficients k^mn and kimn» Let T be one of 
the terms in himn, as explained above : and let T' be its value 
when <7 = 1, p = 1. The efifect of the change on the numerator is 
to replace (1 - <7) Aioo + -4 by -4, Aooi by 0, (1 - p) k^oo + jB by jB, A?ooi 
by 0, in every case a decrease : and therefore, as the numerator is 
a sum of positive terms, the whole eflfect on the numerator is 
to decrease it, that is, 

numerator of T' < numerator of T. 
As regards the denominator of T, in the form 

the quantity ^ is of the second order of small quantities ; Q is an 
aggregate of a limited number of products, each containing a 
limited number of factors; hence Q/3 is of the second order 
of small quantities. Let P' be the changed form of P, obtained 
from P by changing 

l + m + an — o' into Z + m + n — 1, 
and Z + r?i + an — /> into l + m + n — 1. 

Now Z + m + an - o- — (i 4- m + n — 1) = — (2w — 1) e, 
a negative small quantity of the first order unless n=0; so that, 

unless n = 0, 

Z + m + an — (r__- 
l^-m-^ n- 1" "'^' 

where 7 is a positive small quantity of the first order. When n = 0, 

Z + m - <7 - (Z + m - 1)(2 - <7) = 6(2 - Z - m), 

so that, as Z + ni > 2, we have 

where y is a positive small quantity of the first order, unless 
Z4-m = 2, and then 7' = 0. Hence 

P' 1 1 

^ =n— !— n 



2 — 0- 
1 
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the diflference between the two sides being a small quantity of 
the first order. Also 

F 

is a small quantity of the second order, that is, a quantity of an 
order less than the foregoing diflFerence; consequently 

P' 1 

The changes depreciated the numerator of T into that of T: 
hence 

< (2 - o-)»'+^-*^ 

< (2 - o-)»'+*'*+»». 
This result holds for every term in himn\ hence 



Similarly, 



mmn 



l<fi 






Hmn 



Let the region of convergence of the power-series 

be defined by the ranges 

\t\<r, \d\<ru \4>\<r^\ 
and let -Ifi, M^ be the maximum values of the moduli of the series 
respectively within this region ; then 






M, 



consequently 

"■Imn < 



l(2-<r)»| 1(2 -,t)»| 1(2 -<ry] 



""Imn < ' 



l(2-«r)»| \{2-ayi 1(2- 



ar] 
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Hence the series 

converge for values of t such that | ^ i < r. 
The existence of integrals of the equations 

t^ = a) + at-\' 222a^a?*y^ 

e^ = y + 6^ + S226i^pa?y^ 

can be deduced from the preceding result, by choosing 

|a| = -4, \b\ = B, \aijp\ = Aijp, \hijp\ = Bijp, 

as the quantities A, 5, Aijp, Bijp which occur in those dominant 
equations. The expression for the integrals is 

where Himn is derived from A'^mn, and Ki^n from k'lmn* by 
changing A into — a, B into - 6, Aijp into a^^, and Bijp into bijp. 
The efiPect of these changes is to give 

\-^lmn\ < f^lrrm'i 

and therefore the series for x and y converge. 
The actual values are 

fl? = a< log ^ + C^t + 222 Hir^n tfd^<f>''' 

y=btlogt'\-Gj; + 222 Ki^^n t^0^<f>V ' 
where ^ = — ^log^, <f> = ^t(\ogty, the summation is for values of 
I, m, n such that l + m + n^2, and the coefficients (7i, Og are 
arbitrary constants. 

But the formal expression is more general than the actual 
value. The equations determining the coefficients are 

(? + m + n-l)-S'imn — (^+l)-fi7-l, m+l, n— (^ + l)^i, m-l, n+l=-E'i^n) 
(? + m+n-l)Zi^n -(^+1)^2-1, m+l,»-(^+l)^/,m-l,n+l = 

also 

-" 100 = ^1 > -"010 — ^J -^001 — ^y 
-^100 ^^^2» -^010^^ ^i Ji.Qoi^\), 






184.] REPEATED Il^TEGER ROOT 113 

It is clear that, when Z + m + n = 2, 

JS^Zmn = 0, -Fi^ = 0, if n=l, 2; 
hence Hhnn> ^imn both vanish for Z + m + n = 2, if n = l, 2. 
ThusforZ + m4-n = 3, 

Eimn = 0, -Ffo«n = 0, if n = 1, 2, 3; 
hence also Him,n» ^imn both vanish for i + i?i + n = 3, if n = 1, 2, 3. 
And so on : all the coeflScients Hir^nt J^imn vanish, if 

n>0; 
that is, the quantity (f> does not actually occur in the expressions 
for X and y, which accordingly are regular functions of t and 
t log t 

The theorem is therefore established. 

Note 1. Any term in x and y is of the form 

^r(^logO^ 
that is, Kt^-^ (log t)^ ; and therefore the index of log t is never 
greater than the index of t 

If, however, the equations were 

t^=^x + at + ct\ogt + 121,laijpq xyt^ {t log ty 

t-£=^y-\-bt + &t\ogt + 222S6yp5 x^t^ (t log 0^ 

where i+j + p + g'^2 for the summations, then the values of x 
and y satisfying the equations are 

a? = - J^cf (log ty + at log t-\-C{t + ll^lHimn t^0^(t>''\ 
y = - ^c't (log 0' + ht log t + Cji'\- lSlKi^nt^e^4ri ' 
where t, 5, <f> have the same values as above, and the summations 
are for values of I, m, w, such that Z + m + n ^ 2 : the coefficients 
Himn, Kimn are determinable as before. Any term in x is 

that is, the index of log t is not greater than twice the index of t. 

Note 2. If a vanishes but not 6, the solutions are still non- 
regular functions of t ; likewise if 6 vanishes but not a. In these 
cases, it is known that no regular integrals, which vanish with ty 
are possessed by the equation. 

p. III. '^ 
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If a = 0, 6 = 0, then Hi„, = 0, Kim^O, if m>l: that is, flog ^ 
disappears from the expressions for x and y, which then become 
regular functions; they are the double infinitude of regular integrals 
that vanish with t In this case, the regular integrals are the only 
integrals vanishing with f, which are possessed by the equation. 

185. Second sub-case : k not zero. 

The theorem is : 

The equations possess in general a double infinitude of non- 
regular integrals vanishing with t, which are regular functions of 
t, tlogt, ^t(\ogty; and it is known that there are no regular 
integrals which vanish with t If however a = 0, then the integrals 
can be arranged in two sets; one is a simple infinitude of non- 
regular integrals vanishing with t, which are regular functions of t 
and t log t ; the other is the simple infinitude of regular integrals 
vanishing with t, which the equation is known to possess, (It is 
necessary that the constant k be diflFerent from zero: otherwise 
some of the coefficients in the second set are infinite unless b 
also is zero, in which form we revert to the first sub-case already 
considered.) . 

The method of establishment is similar to those which precede : 
it need therefore not be repeated after the many instances of it 
which have already been given. 

The initial terms in the integrals of the equations, as taken in 
§ 180, are 

ti = a0 + At+..., 

t2 = /ca(f> + {fcA + b)0 + Bt + ...y 

the unexpressed terms being of higher order in. t, 0, (f>: here A 
and B are arbitrary, = tlogty and (l>=^^t(logty. Any term in 
the expansion of ^i or ^, which involves ^, contains k in its co- 
efficient ; the disappearance of the terms in (f> from the integrals 
in the first sub-case is thus explained, for k then is zero. 

Ex, Consider the equations 
where p and p' do not vanish. 
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Let $ denote t log t. The equations have no regular integrals, which vanish 
with t The non-regular integrals, which vanish with t, are regular functions 
of t and 6, in the form 

a?=crf+;>^+M2 + t*3-f... = Wi + W2-|-t^+.,., 

where ?«» and v^ denote the aggregate of terms in x and y, which are of 
dimensions ti in ^ and 6; and a, fi are arbitrary constants. Now 



so that 



Hence 



d d .d d 



(»-l)«^+^^=terms of order n in (a, 6, cJwi+W2+...> Vi+t;2+...)^J 
and similarly 

(n-'l)Vn+t^=^ (a', 6', cT(2^i + W2-|-..., i;j+t;2+...)2. 

Therefore 

= (a, 6,cJ;?^+a^,y^ + /3^)2, 
so that, if 

^^2=^^+2^l^«+J2^^ 
we have 

Af^={a,bycipyp')\ 

^+2Ji=(a, 6,c3(a,0)2. 
Similarly, if 

^2 = A^e^ + 2A^6t + A^fiy 
we have 

^' + 2^/ = (a',6',cT(a,0)2. 
For the terms of order 3, we have 

2^3+^ ^=(a, 6, cj^i, i;l5?^2, ^2) 



and so on. 



8—2 
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Concluding Note, 

186. Some sub-cases still remain over from Case 1(a), when 
the roots fi and fa of the critical quadratic do not satisfy the 
conditions that (§ 173) prevent some one (or more) of the 
quantities 

(X-l)fiH-/^f2 + i', Xfi + (/^-l)f2 + i', 

from vanishing, for integer values of X, /x, v such that \ + /a + 1' > 2. 
The real parts of fi, fa are supposed to be positive. 

The instances, that can occur, are obviously for \ = in the first 
set, and /a = in the second set ; both are included ia.the form 

f = /A77 + I/, 

where f and ^ are the roots of the quadratic, and /a + z/ > 2. The 
cases /A = 0, /A = 1, have already been discussed. For the remaining 
cases, we have the theorem : The double infinitude of non-regular 
integralSy which vanish with ty are regular functions of t, t"^, 
^'?+»'log ty where fi and v are integers. It can be established in the 
same manner as the similar theorems in the preceding sections. 

Corresponding Results for a System of any number of 

Equations. 

187. It is clear that a number of theorems, merely the 
generalisation of those in the preceding investigations, can be 
stated concerning a system of n equations, which involve n 
dependent variables in the form 

Z-^=-CrZ-\- ^armO0m + (l>r{ZyOCu ...yXn), (r=l, ...,n), 
az m=l 

where the functions <^r are regular functions of their arguments 
and contain no terms of dimensions lower than two. The general 
character of the integral system depends upon the roots of the 
critical equation 

= 0, 



ttn-n, 


Ois , 


Ois , 


... , 


(hn 


aa , 


Oaa-fi, 


ttas , 


... , 


aan 


asi , 


032 , 


(133- n. 


. . . , 


asn 


dm , 


dni y 


dns , 


. .. , 


dnn-i^ 



of degree n, which will be supposed to have no zero roots. 
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I. If no one of the n roots be a positive integer, then the 
equations possess integrals, which are regular functions of z and 
vanish with z ; such integrals are uniquely determinate. 

II. If m (where < m ^ n) of the roots be positive integers, 
then in general the equations possess no integrals, which are 
regular functions of z and vanish with z. It may however happen 
that certain m relations among the coefficients of the differential 
equations are satisfied ; if so, the equations then possess integrals, 
which are regular functions of z, which vanish with z, and which 
contain m arbitrary constants. 

III. If the n roots of the equation are distinct from one 
anothei", say fli, ..., ftn> and if Hi, ..., [Im have their real parts 
positive though they are not themselves positive integers, while 
the real parts of fl,»+i, ..., fin are negative or zero (provided that, 
in the latter case, there are imaginary parts of the roots), then in 
addition to the integrals which are regular, the equations possess 
a system of integrals, which vanish with «, which are regular 
functions of 

Zy A ..., z^, 

and which contain m arbitrary constants. 

The integer m may have any value from to n. 

IV. If the n roots of the equation are distinct from one 
another, say Hi, ..., H^; if Hi, ..., 12^ be positive integers, if 
^m+iy •••> ^p have their real parts positive though they are not 
themselves positive integers, and if fip+i, ..., ftn have their real 
parts negative or zero (in the last case, the imaginary parts must 
not vanish), then in general the equations (known by II. to possess 
no regular integrals vanishing with z) possess integrals, which 
vanish with z, which are regular functions of 

Zy zlogZy z^^^\ ..., z^p, 

and which contain p arbitrary constants. 

If however the m relations among the coefficients, indicated in 
II., be satisfied, then the non-regular integrals, which vanish with 
z, are regular functions of 

z, z^^^\ ..., z^, 

and contain p — m arbitrary constants. 
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The integer m may have any value from to n ; the integer p 
(if distinct from m) may have any value from m + 1 to n. 

V. If a root fl have a multiplicity k\ if ftu+i, ..., n^ 
be positive integers, if ft«+i, ..., ftp have their real parts 
positive though they are not themselves positive integers, and if 
flp+i, ..., ft» have their real parts negative or zero (in the last 
case, the imaginary parts must not vanish), then in general the 
equations possess integrals, which vanish with z. These integrals 
are regular functions of 

Z^ Sf^y Z^XOgZy ZlOgZy Z^^^\ ..., Z^y 

if the real part of fl be positive though ft is not itself a positive 
integer; these integrals contain p arbitrary . constants. But if 
certain m-K relations among the coeflScients of the dififerential 
equations be satisfied, so that there then exist integrals, which are 
regular functions of z and vanish with z, the non-regular integrals 
are regular functions of 

Zy Z^y Z^lOgZ, Z^^\ ..., Z^y 

if the real part of ft be positive though ft itself be not a positive 
integer ; these integrals contain p — (m — /c) arbitrary constants. 

If the real part of ft be negative, then z^ and z^ log z must be 
removed from the arguments of the non-regular integrals, when 
they are expressed as regular functions of non-regular arguments. 

If ft be a positive integer, then z^ and z^ log z must be replaced 
by z log z among the arguments of the non-regular integrals, when 
they are expressed as regular functions of non-regular arguments. 



Remaining typical forms of Chapter XI. 

188. It is not proposed that any discussion of the alternative 
typical forms in Chapter xi shall here be made: a few remarks 
only will be devoted to one of them, as being associated with a 
possibility rejected in the preceding discussions. 

The assumption has been made throughout, that no root of the 
critical quadratic Q (5) = is zero. 



188.] 
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or the form 



Now suppose that one root is zero and that the other is fc\ 
then the equations have the form (or can be changed to the form) 

doc 
z^ = a^ H-6iy + <^(ic, y, z) 

z^ = a'z + /cy + (f>i(x, y, z) 

dsc 
z-^='az-\'4>^{x,y,z) 

z^ = a'z-^a^x+Ky+<l>^(x,y,z) 

where <^ and <^ are regular functions of their arguments, and 
contain no terms of dimensions lower than two. By taking 

X = /ea? - 6iy, 
the former can be changed to 



-^ = a'z + Ky + 4)2 (X, y, z) 



dz 
by taking 

Y=a2X+ Ky, 

the latter can be changed to 

zj-=^az + ^i(x, F, z) 
dY 



^|J = a"^ + /cF+<I>2(^, F,^)J 



effectively the same as the transformation of the former. 

Next, suppose that both roots of the critical quadratic are 

zero: the equations have the form 

dx - / V 

z-^^az -{• cy •\' 4>^{x,y, z) 

2!-£ = bz + (l>^(x,y,z) 

where <^i and <^2 are regular functions of their arguments and 
contain no terms of dimensions lower than two. 

In ea<5h of these cases, we have one equation of the type in 
§ 159, as leading to distinct typical reduced forms: if, in the last 
case, c = 0, then both equations are of this type. 
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Ex, 1. Prove that the equations 

possess integrals, which are regular functions of z and vanish with z, provided 
c is not a positive integer ; but that, if (^ is a positive integer other than zero, 
then the equations possess no regular integrals, which vanish with z. 

Prove also that, if the real part of c be n^ative, the regular integrals are 
the only integrals of the equations which vanish with z\ while, if 6=0, c=l, 
the equations possess an infinitude of regular integrals that vanish with z. 

Also that, if the real part of c be positive, then the equations possess an 
infinitude of integrals, which vanish with z ; they are regular functions of z and 
«*, when c is not an integer, and are regular functions of z and zlogz^ when c is 
an integer. 

Ex. 2. Obtain the characteristic properties of the regular int^rals and 
the non-regular integrals (if any), which vanish with 2, of the equations 

z^^bz'^cx+<f>2{x, y, z) 

Ex, 3. Discuss the integrals, which vanish with z, of the equations 

0* ^=pz+aa^'\'2bxi/-^ci/^ 

^^^qz-^ax^-^^Pxy+yf 

first, when #c=l, secondly, when <c=2. 

Ex. 4. Discuss the integrals (if any), which vanish with «, of the 
equations 

^dx_ {a, by c,f, g, Kjx, y, zf 
dz \x+fiy+pz 



z 



dz X'x+fi'y-^-v'z 



CHAPTER XIII. 

Systems of Equations with Multiform Values of the 
Derivatives;. Singular Solutions*. 

Integrals of Systems of Equations in the Vicinity 
OF Branch-points. 

189. The equations in the preceding chapters were such as 
to enable us to express the values of the derivatives explicitly in 
terms of the variables. The non-ordinary points that arose for 
consideration either were accidental singularities of the first kind 
or the second kind, or were essential singularities, of the values of 
the derivatives ; in every instance, the derivatives were expressed 
as uniform functions. 

We next proceed to the consideration of equations such that, 
in the explicit expressions for the derivatives, branch-points may 
occur among the non-ordinary points and, in consequence, those 
explicit expressions are multiform functions. It will be assumed, 
as in the corresponding instance for a single equation, that the 
number of forms for the derivatives is limited in number ; the 

* The theorems investigated in this chapter are established chiefly in connection 
with a system of two equations of the first order and any degree; it is manifest that 
the method is immediately applicable to systems of any number of equations, and 
corresponding theorems for such systems are stated in one or two instances. The 
main object is the discussion of the solutions as defined by initially assigned 
conditions. The development of the argument leads to the consideration of 
singular integrals; but such integrals (when they exist) are considered almost 
entirely from this point of view, and only slightly as derivable from a complete 
integral. 

Beference may be made to papers by Mayer, Math, Ann.y t. xxii (1883), 
pp. 368—392; Goursat, Amer, Joum, Math., t. xi (1889), pp. 329—372; Fine, 
Amer, Joum. of Math., t. xn (1890), pp. 295—322; and Dixon, Phil. Tram. 
(1895, A), pp. 523—566, who gives numerous illustrations. 
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most general case, on this supposition, is that in which the 
dependent variables, say y and z, the independent variable x, and 
the derivatives p and 5, where 

_dy _dz 

satisfy two equations 

F(x,y,z,p,q) = 0) 
G{x,y,z,p,q) = 0) 

The equations ^=0, 6? = 0, will therefore be regarded as rational 
in both p and q; they usually (though not necessarily) will be 
regarded as rational also in y and z\ they may be merely 
analytical in a?. Further, it will be assumed that the system is 
irreducible : that is, on the one hand, that no equation of the form 

E(x,y,z) = 0, 

involving only the variables and not their derivatives, can be 
obtained by algebraical elimination between ^=0 and G = 0: 
and on the other hand, that the system is not resoluble into a 
number of systems of equations of lower degrees in p and q. 

The variables are taken to be complex. But when the 
variables are restricted to have only real values, it is possible 
to associate geometrical interpretations of configurations in 
ordinary space with the differential equations; this sometimes 
will be done, but chiefly for the subsidiary purpose of illustration. 

190. From the general existence-theorem it follows that, if 
the equations 

F{a, 6, c, /8, 7) = 0, G (a, 6, c, /8, 7) = 0, 

determine values of ^ and 7, whether they be simple or multiple 
roots, there exist solutions of the equations 

F(x, y, z, p, 5) = 0, G (a?, y, z, p, q) = 0, 

determined by the condition that y and z acquire assigned values 
h and c respectively, when x = a. In order to understand the 
character of the point a; = a in relation to the integrals, we 
consider their expression in the immediate vicinity. For this 
purpose, take 

x = a-h ^y y = b-\-rj, z = c + ^, 



190.] HIGHER THAN THE FIRST 123 

SO that rj and f are functions of f , which vanish when f = 0. 
Because -^ and -^ are equal to ^ and 7 respectively, when f = 0, 
we have 

where H and Z are of order greater than unity in f , for values of 
I f I that are sufl&ciently small. Also 

where H' and 71 vanish when f =0, and are of small modulus for 
sufficiently small values of | f | : also H and Z are of order higher 
by unity than H' and Z' respectively in powers of f . Substituting 
these in the original equations and noting the equations that 
determine )8 and 7, we have 

where -5- is the value of ^ F(x, y, z, p, a) when, after diflferentia- 
da ox 

tion, the initial values a, 6, c, 0, 7 are substituted for x, y, z,p, q: 
and similarly for the other coefficients. Write 

- dF^^dF^ dF\ 

dG . ^dG . dG 

then, if /i and g^ are distinct from zero, the equations take the 
form 

0=/.{+Hf+Z-»|+..., 
It may happen thatyi and g^ are zero. In any case, let 
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for all values of n : so that the equations take the form 

the unexpressed terms involving H', Z', H, Z, and being of order 
higher than H', 71 in the small quantities. 

It will be assumed that not all the coefficients / and g vanish. 
Such evanescent coefficients would arise, for parametric values of 
a, 6, c, )8, 7, if the original diflferential equations were of the 
forms 

a generalised form of Clairaut's equation; and they might arise 
for special values of a, 6, c, )S, 7, or of some of them, e.g. if /3 and 7 
were zero, and F and Q were explicitly independent of x. The 
latter cases will be discussed separately. 

There is a fundamental distinction between the forms of the 
integrals according as J, where 



is not zero, or is zero. 



T^^dG _dFdG 



191. When J is not zero, the equations can be solved linearly 
for H' and Z', so that 

•"'^?.(-/»i^'"i)f"+-=«- 

Because not all the coefficients / and g can vanish, and because 
J is not zero, not all the coefficients of powers of ^ alone in the last 
forms of the equations can vanish. Suppose that f^ is the lowest 
term in the first equation which survives, and ^ is the lowest 
term in the second ; then our equations become 

Z'=£p +...)' 
where on the right-hand side higher powers of H' and Z' may 
occur, and also the first powers of H' and Z', if multiplied by 
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coeflBcients that vanish with f, H, Z. Solving, therefore, so as to 
obtain H' and Z' explicitly, we have 

H' = ^f-+/(f.H,Z)^ 

Z' = £r+5^(f,H,Z)f 

as the general type of equations for determining H and Z : the 
functions / and g are regular functions of their arguments, and 
they contain only terms of higher order, in powers of f and small 
quantities, than are H', Z', p*, ^. 

The general existence-theorem can be applied to them, the 
determining conditions being that both H and Z must vanish 
when ^ = ; hence 

where P (f ) and Q (f ) are regular functions of f , which do not 
vanish with f. Accordingly 

y-6 = ^(a.-a) + (a?-a)^^P(a;-a) 

£f - c = 7 (a? - a) + (a? - a)'*+^ Q (^ - «) 

so that y and z are regular functions : the assumptions made are 
that J does not vanish, and (tacitly) that ^ and 7 are finite. 

Manifestly there are as many regular integrals of this tjrpe, as 
there are distinct sets of values ^ and 7, which keep / different 
from zero. For each of them, the combination of values a, 6, c of 
the variables a?, y, z is ordinary for the equations. 

Secondly, suppose that one of the two quantities /S and 7 is 
infinite and the other finite, say 13= 00; then at f = 0, we have 

and therefore, at f = 0, 

drf ' drj 

Accordingly, we take rj as the independent variable; using the 
result in the preceding case and assuming that the corresponding 
J is not zero, we have 



a?- a = (y-b)'^+^Pi(y - b)] 
^-c={y-by+'Q, 



l(y-b)]^ 
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and therefore 

1 _i_ 

n+l _J_ 

^ - c = (a? - a)"*+i Qa {(a? - a)"»+i}, 

where Pj and Qa are regular functions of their argument, and do 
not vanish with it. Manifestly a? = a is an algebraical branch- 
point for both the integral functions, because m > 1. 

Thirdly, suppose that both the quantities ^ and 7 are infinite, 
so that, at f = 0, we have 

and therefore 

dv ' dv ' 

where /c is determined from the equations on making rj the 
independent variable. If tc should be infinite, then we make ? the 
independent variable : and we have, at ^= 0, 

It therefore is sufficient, in the former case, to take /c = 0, or 
/c = a finite quantity ; to secure this, we choose f or 17 as the new 

independent variable, according as -^ or -^ is found to be the 

greater infinity. Again using the result of the first case, and 
assuming that the corresponding / is not zero, we have 

^-a = (y-6)"^+iP,(y-6), 

and therefore 

1 1 

3/ - 6 = (« - a)'~+i P, {{x - a)'^+i}, 

1 1 

« - c = (a; - a)"^-^! Q^ {{x - a)'^+i}, 

where Pa is a regular function of its argument, which does not 
vanish when its argument is zero, and Qa is also a regular 
function of its argument, which may or may not vanish when 
its argument is zero. Manifestly, a; = a is an algebraical branch- 
point for both the integral functions, because m > 1. 
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192. Next, suppose that J"=0 for the initial values con- 
sidered: there are several sub-cases. 

(i) Let «/=0, while none of the first derivatives of F and 
G vdth regard to ^ and 7 vanish. Then we may take 

dF_^dF dG_^dq 

where 5 is a finite quantity ; and the equations for H' and Z' thus 
become 

0=2 fn^ + (^H' -f- Z') 1^ + terms of higher orders in H', Z' 

+ other higher terms ]■ . 

0=J^Sr„r + (dH' + Z')^ + i 

Hence 
0=2 (fn Y-9n^^)^ + terms in H', Z' of order > 1 

+ other higher terms. 

In this last equation, let the term of lowest order in H', which 
survives when Z' is replaced by — ^H', be of degree I ; and of the 

coefficients /» ^ 3^^ * ^^^ ^^^^ which is given by n = Z' be the 

first which does not vanish for successive values of n, (For 
simplicity, it will be assumed that/n = 0, gfn = 0, forn = 1, . . ., Z'— 1 : 
in point of fact, all that is necessary is that 

.dO dF ^ 

for n=l, ..., Z' — 1. The diflference between the two assumptions 
lies in the more complicated analysis, which leads to the expressions 
in the latter case.) We then have 

Z' + ^H' = ^^'' -f- higher powers -f- terms in H, Z 

V 

H'=£f^-f- +termsinH,Zj 

so that we infer 

r L 1 r 
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[192. 



where P and Q are regular functions of their argument, which do 
not vanish with it, and which are such that 

Q(0) — 0P(py, 

and /and g are regular functions of their arguments. Now let 
then 



dH 

dt 

dZ 



= i<f+'-» P it) + 1^^ fit. H, Z) 



^: = i«f+^-(2(«)+^<^-.5,(f, H,Z) 

also, H and Z must vanish when a; = a, that is, when t = 0. Hence 
H^f+tp.it) 

= (a,-ay*'P,{(x-a)^}, 

where Pi and Qi are regular functions of their argument, which 
do not vanish with it, and which are such that 

(2.(0) — 0P,(O). 

Consequently 

y-6 = /3(a;-a) + (a?-ay'*"'A{(a;-ay}, 

2: — c = 7 (a? - a) + (a? — a) ^ Qi{(x - aY}. 

Because i > 2, the point a?= a is manifestly an algebraical branch- 
point for the integral functions. 

The simplest case arises when 1 = 2; and then 

y — h — ^{x — a)-\- /c (a? — a)5 + Xi (a? — a)2 -I- . . ., 

2r — c = 7 (a? — a) — ^/c (a? — a)^ + ^2 (ic — a)2 H- .... 

As the integrals now are known, by the existence-theorem, to 
occur in this form, the coeflBcients can be determined by actual 
substitution of these expressions in the equations. 

(ii) Next, supposing still that / vanishes, let one of the first 
derivatives of P or vanish : say 

dF 



ayS 



= 0; 
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then, since tTsO, we have either ^^==0 or ^—'=0: so that there 

op oy 

are really two alternatives, viz. 

^=0, ^ = : the results of this case can be applied, mvtatis 
mutandis, to the case when 

dy "' dy "' 
^ = 0, ^ = : the results of this case can be applied, mutatis 
mutandis, to the case when 

dfi "' dy "• 

In the first of the alternatives, the equations determining H' and 
Z'are 

0= 2 /»f» + P'z' +/(f. H. Z. H'. ZO" 

0= 2 srnf»+^ Z' + 5r(f, H, Z. H', Z')) ' 

where the terms in the regular functions / and g are of order 
higher than Z'>in powers of ^. There are many varieties of forms 
that arise firom relations among literal coefficients, or from vanish- 
ing coefficients : they all can be treated in a manner sufficiently 
indicated for the simplest of them, which is as follows. Suppose 

that no one of the quantities fi, g^, fi^'^Qi^ vanishes, and 
suppose that, in the regular function 

.dO dF 

H'* is the lowest power of H', which occurs free from the other 
variables; then solving the equations for H' and Z' under these 
conditions, we find 

H' = /if* + higher powers of f *, and powers of H and of Z ) 

z'=/>f + f», H zr 

Taking f = ^, these give 

JTT 

-j- = 2/At* + higher powers of t, and powers of H and of Z, 

dZ ^ 

= 2p^+ , 



dt 

F. Ill, 
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the right-hand sides being regular functions of t, H, Z. The 
variables H and Z are to vanish when x^a, that is, when ^ = ; 
hence solutions of these equations exist, and they have the form 

= |M(a;-a)»P{(a;-a)*}, 

where P is a regular function of its argument such that P(0) = 1, 
and Q is a regular function of its argument such that Q (0) is not 
zero. The solution of the original equations is then given by 

y-ft = ^(a? - a) + l/i (a? - a)»P {(a? - a)*}, 

jj — c = 7 (a? — a) + i (^ "" ^y {(^ "" ct)*}. 

The point a; = a is manifestly an algebraical branch-point for the 
functions y and z, defined by the diflferential equations. 

As already stated, many of the cases included in the general 
form adopted can be treated almost exactly as by the foregoing 
method. Others, however, arise which can be dealt with only by 
a subsequent method (§ 195) : a remark which applies also to what 
follows immediately. 

In the second of the alternatives, the equations determining 
H' and Z' are 

= ^2 /nf- +/(f, H, Z, H', Z0| 

0=J^^nr + H'p + Z'^ + ^(f,H,Z,H',Z')J 

In this instance, as in the last, we shall not deal with all the 
possible forms that may arise. We shall discuss only the simplest 
of them, viz., that in which /i and gi are not zero, and the terms in 
/ and g, of lowest dimensions in H' and Z' alone, are of the second 
order, say 

/(f , H, Z, H', Z') = aH'» + 2/3WZ' + r^TI^ 

+ terms in f , H, Z, H', 71 of higher order, 
g (^, H, Z, H', 71) = a'H'« + 2/3'H'Z' + iZ'^ 

+ 
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Then we have 



where 



q ^p \a^-2fipq + yp'\' 



m 



jp-fiq-^p + aq 

^ g, (ag» - 2fipq + ijf) -/, (ay - 2ffpq + y'y* ) 
(aif-2^pq + yp*y 

and i' *= 53 » ? = oi > ^'^^s H' and Z' are regular functions of f *. 

H, and Z. Take f = ^, so that 

-TT = 2Ai* + regular function of t, H, Z ) 

w-«^^ : 

Now H and Z are to vanish when ^ = ; hence 

H=iXt»P(0 = |X(a?-a)»P{(a;-a)*}, 

Z = JZ^ Q(0 = §Z (^ - a)l e {(x - a)*l. 

where P and Q are regular functions of their argument, and each 
of them becomes equal to unity when their argument vanishes. 
The solution of the original equations is then given by 

y-6 = /3(a?-a) + |X(a?-a)»P{(a?-a)*}, 

^ - c = 7 (a: - a) + |Z (a; - a)»0 {(a? - a% 

The point a; = a is manifestly an algebraical branch-point for the 
functions y and z, defined by the differential equations. 

(iii) Lastly, suppose that J vanishes because both the first 
derivatives of F and of vanish. The equations for H' and Z' 
then take the form 

0=2/nr+/(f,H,Z,H',ZO, 

0=2 sr„r' + 5f(f H.Z.H'.Z'), 

where / and g are regular functions as before, now containing no 
linear terms in H' and Z' alone. Again, we consider only the 
simplest case, viz. that in which /i and gi ar^ not zero, and /and g 
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contain terms of the second order in H' and Z' alone ; then we 

have 

H' = pf * + ..., 

where the expressions for H' and 71 are regular functions of f*, H, 
and Z. The condition, that H and Z vanish when a? = a, deter- 
mines the solution of these equations in the form 

Z = §<r(a?-a)»Q{(a?-a)*}. 
The solution of the original equations is then given by 

2r — c =s 7 (a? — a) + §<r (a? — a)*Q {(a? — a)*}, 

where P and Q are regular functions of their argument, and 
each of them becomes equal to unity when a? = a. The point 
a? =s a is an algebraical branch-point of the functions, defined by 
the original differential equations. 

It has been tacitly assumed that the values fi and 7, which 
make jP, G, /, simultaneously vanish, are finite. For values which 
are infinite, we change the independent variable as in § 191, say 
to y ; and write 

^- P ^-O 

so that the values of P and Q, which make F^ 0, J vanish, are 
finite : (one of them is zero). Then 

1 Q 

so that, if 

P'^Fix, y, z, p,q)-=<l> (x, y, z, P, Q), 

P^O(x, y, z, p, g) = 7 (x, y, z, P, Q), 
we have 

Thus when one of the original equations is of the second degree 
at least, so that, in order to make (f> and 7 integral in P and Q, 
m'\'n must be equal to 3 at least, the new Jacobian is zero 
because J=0. The same investigations shew, as before, that in 
the respective cases the point is an algebraical branch-point of the 
functions, defined by the differential equations. 
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193. These results may be summarised as follows : 
Solutions of the equations 

F{^, y» -8^. P, ?) = 0, O (a?, y, z, p, q) = 0, 

exist, determined by the condition of assuming values y = 6, ^ = c, 
when ^ = a. 

If f = i8, 17 « 7, be finite simultaneous roots of 

^(a,6,c,f,i7) = 0, G(a,6,c,f,i7) = 0, 

then 0? s a is an ordinary point of the functions y and z in those 
solutions, provided f = )8, 17 = 7 does not make / vanish, where 

but if f=i3, 17 = 7, does make / vanish, then a; = a is an alge- 
braical branch-point of those functions. 

If the equations 

F(a, 6, c, f, 17) = 0, G(a, 6, c, f, i7) = 0, 

possess roots ^ and 17, one at least of which is infinite, then x^^a 
is a branch-point of the functions y and z in those solutions ; but 
taking that variable as independent which is associable with the 
greater magnitude of the roots f and 17 under consideration, say y, 
then (unless the Jacobian J vanishes) y = 6 is an ordinary point of 
the functions x and z, determined by the equations as functions 
of y. If however the Jacobian J does vanish, then the set of 
initial values (whichever be taken as the independent variable) 
constitute an algebraical brauch-point of the functions. 

In every case where the point is an algebraical branch-point 
for the functions, the first derivatives of the various branches, 
which circulate round the point in a cycle, are equal to one 
another at the point. 

Oeometrical interpretation when the variables are real. 

194. When the variables x, y, z are restricted so as to have 
only real values, they can be taken as the coordinates of a point 
in ordinary space ; the diflferential equations then are equations of 
twisted curves in three dimensions. 
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Between the three equations 

Fix, y, z, p, gr) = 0, G (x, y, z, p, q) = 0, 

let p and g be eliminated. This can be done by obtaining the 
simultaneous solutions of ^= 0, G = 0, say N in number, regarded 
as algebraical equations in p and q : these are to be substituted 
in J, giving values 

t/j, t/a, ... , Jy, 

say : then the eliminant is 

© = «/i«7a... «/y, 

so that, after the sjrmmetric functions on the right-hand side have 
been evaluated, 6 is a function of x, y, z*. Thus 6 = is the 
equation of a surface, which may be called the focal surface. If 
a, 6, c be a point on it, so that © (a, b, c) = 0, then one at least of 
the quantities «/i, ... , /y vanishes ; if a, 6, c be a point not on the 
sur&ce, then no one of the quantities «/i, ... , «7if vanishes. 

First, let a, 6, c be a point not lying upon the surface = 0; 
no simultaneous roots fi and y of the equations 

F(a,b,c,lv) = 0, (?(a,6, c, f,97) = 0, 
make 

vanish : the point represents an ordinary combination of values 
for the differential equations. Through such a point, there pass 
N curves in space ; their directions at the point are independent 
of one another, being determined by the equations 

As the point a, 6, c moves about in space, this cluster of N curves 
also moves about ; and so long as the point remains off the focal 
surface, the directions of the N curves remain distinct from one 
another, while they change as the point moves. 

Secondly, let a, 6, c be a point lying upon the surface © = ; 
then at least one of the quantities J vanishes, and more than one 

* See also, for another method, Cayley, Collected Math, Papers, vol. i, 
pp. 370—374. 
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may vanisL Let Ji,..., J„ vanish; and let t/^+i,..., Jj^', not 
vanish, where, if m^ represent the multiplicity of the roots making 
Ji vanish, we have 

Let the value Jt arise through the values ^^ Pi,ri^rft\ so that 

the sets of roots, which make J vanish, are A, 71 : /Sg, 7, : . . . : )8«, 7«. 

Through the point there still passes the cluster of N curves ; but 

for the rrti curves determined by ^i and 7^, the rrii branches touch 

one another, the common tangent at the point of contact being 

distinct in direction from all other tangents to curves through the 

point. We thus have 

(i) TOi branches of curves through the point, with a common 
direction at the point given by 

this holds for i = 1, ..., /e, the respective common tangents 
having different directions : 

(ii) N—X mi other branches through the point, each with its 

own direction, which is different from directions of all 
the other branches, and from the common direction of 
the sets of branches above. 

Further, the normal to the surface B = at the point a, 6, c has 
its direction-cosines proportional to 

30 ae ae 

da' db* dc' 

and any curve of the cluster through the point has its direction- 
cosines proportional to 

.1, A 7. 
Hence, unless 

the direction of that curve of the cluster does not lie in the 
tangent-plane to B = at the point. In general, this is not the 
case ; and therefore, in general, the directions of the curves of the 
cluster are not tangent-lines to the focal surfisuie. 
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But denoting 

3© 3© 30 
dx ^ dy ^ dz 

by K, and the values of K for the N roots of i^=» 0, G = 0, by 
K,, ..., Zn, let 

so that, when the symmetric functions are evaluated, ^ is a 
function of a, y, z. If then a, 6, o be a point on the surface ^ = 0, 
some one at least of the quantities K vanishes ; that is, some one 
at least of the quantities 

36 30 38 
3a "^^36 ^'^ dc 

vanishes. Hence at any point on the curve of intersection of the 
focal surface by the surface 4> = 0, some one (or more than one) of 
the directions of curves of the cluster through the point must be 
a tangent-line to the focal sur&ce. 

When the moving point a, 6, c passes off the focal surface, the 
directions of all the curves of the cluster again become different 
from one another. 

Note 1. It was seen that, if either )8 or 7 or both (as 
simultaneous roots of the algebraical equations) be infinite, the 
value 07 = a is an algebraical branch-point for the functions y and 
z : but that y or ^, as the case may be, is an ordinary point for x 
and the other of the two, when J does not vanish. The geo- 
metrical significance is, that the corresponding curve of the cluster 
has its direction at a, 6, c perpendicular to one (or to two) of the 
coordinate axes; and if the point lie off the focal surface, that 
curve is not touched at the point by any other curve of the 
cluster. 

Note 2. The simplest case of all, when the algebraical roots of 
i^=0, (? = 0, satisfy also ,7=0, is that in which the multiplicity 
of a root-pair is merely double. For each such root-pair, two 
branches of the cluster of curves touch : for the two branches, 
being then part of one and the same curve, the point is a cusp. 
There then are as many cusps as there are root-pairs of double 
multiplicity; the cuspidal tangents are different from one another in 
direction, and they are different fi^m the tangents to all the curves 
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of the cluster arising through simple root-pairs. The focal surface 
then is a locus of cusps of the integral twisted curves. 

Note 3. In connection with the integral of the two differential 
equations considered, there are a couple of arbitrary quantities, 
viz. the values arbitrarily assigned to y and z for a specific value 
of X. If the integral can be obtained by quadratures, it will 
have the form 

f{x, y, -er, a, yS) = 0, g(x, y, z, a, )8)=«0, 

where a and fi are the arbitrary constants in the integration, 
determinable by the conditions 

/(a, 6, c, a, )8) = 0, g{a, 6, c, a, p) = 0. 
The equations 

fix, y, z, a, )8) = 0, g{x, y, z, a, P) = 0, 
define a congruence of curves ; the further equation 

defines points on each curve of the congruence, which are called 
focal points. The locus of the focal points for all the curves of the 
congruence is called the focal surface, and its equation is obtained* 
by eliminating a and P between 

The parallelism of the analytical processes, which lead to the surface 
= 0, is the ground on which that surface in the geometrical 
interpretation is called the focal surface of the differential equa- 
tions : but the parallelism is restricted to the analytical processes, 
and does not, in general, extend to the relations between the 
curves and the focal surface. 

Note 4. The whole discussion of the integral of the equation 
has been made to depend upon the assignment of initial values 
and their relation to = 0. Nothing has yet been indicated as 
to singular solutions, if they exist: they will be considered 
immediately after some examples of the preceding general theory 
have been given. 

* Darboux, Thiorie ginirale des surfaces, t. ii, pp. 1 — 6; Goursat, American 
Joum, Math,, t. xi, pp. 843 — 844. 
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Method of determining a solution when the initial valties 
make the equations evanescent 

195. In all the preceding forms, a tacit assumption has been 
made that the values of ^ and 7 can be actually determined in 
association with assigned initial values a, 6, c. This assumption 
would be justified by the event when a, 6, c are parametric values, 
which have no special relation to the form of the diflTerential 
equations ; but when they have particular values, it may happen 
that many instances can arise — allusion has been made to some of 
them — in which the determination is difficult or even impossible 
by the methods suggested. Such an instance would occur when 
the values assigned, as initial values for x^ y, z, make the equation 
evanescent without regard to the values of fi and 7. 

The method of space-diagrams (§ 157) can be applied to this 
case, in a manner similar to that by which (plane) Puiseux- 
diagrams were applied to the corresponding situation in the case 
of a single equation. For simplicity, we assume that 0, 0, are 
the initial values assigned to the variables : in.eflFect, this is merely 
replacing them by x — a, y—b, z — c respectively. In order to 
secure the most general form of equations, we take them to be 

2222s Am^„^n,n,xrfr^p^Z^q^ = 

22222 B^rn^^^'n^x^y^^p^z'^^'q'^ 
solutions y and z of these equations are required, which vanish 
when 07 = 0. We shall assume that there is no term in either 
equation which is free from all the variables ; for when there are 
constant terms in the equations, the discussion at the beginning 
of this chapter is adequate for the full determination of the 
integrals. 

Since y and z, if they exist, are to vanish with x, it may be 
that, for sufficiently small values of | a: |, they can be asymptotically 
represented by their most important terms in the forms 

y = px^, z = <TX^, 
where \ and /Lt are quantities having their real pai-ts positive. 
When the method is effective, it determines \ and /Lt as real 
positive quantities ; should such determination be impossible, the 
inference is that integrals of the form indicated do not exist for 
sufficiently small values of | a? |. The values of ^ and q are 
p = Xpos^~^, q = fiax*^' 



'.' = 0)' 



tt— 1 . 
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bat these are not necessarily finite or zero when w^O. When 
these values are substituted, the order of the typical term in the 
summation in the first equation is 

r-ina-Wa + \(ini + ina) + /Lt(wi + n,), 

=M, say; we suppose that the order of no term in the equation 
after substitution is lower than if, though several terms may be of 
this order. Gathering together the terms which involve the same 
power of ar, we have 

x^ 222S2 ^nwiiminn, X^p^^'^^fi^a'^'^ + higher powers of 0?= 0, 

where the summation in the coeflScient of x^ extends over all 
those terms in the original equation for which the substitutions 
give the lowest index M. 

Similarly, for the second equation, let 

/ - Wla' — Wa' 4- X (Wli' + ma') + fl (n/ + Wa'), 

= lf, say, be the lowest index for the substitutions, so that the 
equation takes the form 

^SSSSS-B/^/^'n,'na' X"^ p^^''^^ fjS a'^^''^'^ + higher powers of a? = 0. 

To obtain the proper values of \ and /Lt, we take three per- 
pendicular coordinate axes ; we mark all the points 

X = r — w, — ng, F=mi + ma, iZ^ = Wi + r?2, 

for the first equation, and all the points 

-X^ = 7*' — 7?la' — /la', Y = m^ + m^^ Z =ni -\- Wa', 

for the second equation. By means of these points, we construct 
a configuration, as in § 157, consisting of a broken-plane figure 
everywhere convex to the origin. Each plane portion determines 
positive quantities \ and fi by its direction-coordinates, and 
contains all the points of the tableau, which correspond to the 
terms giving rise to the power of x that is lowest for the 
substitutions 

y cc x^, z QC xf^. 

Having thus obtained \ and fi, the values of p and a are given by 

2S2S2 ^„.,^n,n. x^p^^^^fi-^a-^-^-* = I 
22222 £^wwn/n,'^"^»>'"»'-^'"«>'*«V-i'+-»' = Oj ' 
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where the summation extends over the terms that give rise to the 
index M, Denoting a pair of non-zero roots by />i, Ci, we write 

substitute in the original equations, and proceed in the customary 
manner to determine the critical characteristics of u and v. 

If the resulting equations for u and v indicate that functions 

and V exist, which vanish with x, branches of the integrals will 

thus arise, in connection with each root-pair p^ and Ci, and with 

the associated values of \ and /l6. In similar circumstances, groups 

of branches will arise for each determination of X and /a. 

The tableau of noted points may be such that definite 
determinations of \ and ii are not possible. It then frequently 
occurs that the equations, which determine p and a in general, 
cease to determine those quantities, but may give values of X and 
/L6 ; then the quantities p^ and ai are arbitrary. 

Exavn/ples^ 

196. Ex. 1. Consider the equations 

x-\-py-\-qz=Q, 

i^{{qa!-zf-{'(j>X'-yY}={qy-pzf. 
Taking 

F=^ K^ {{qx - zf + {px -yf} - {qy -"pz)\ 

0^x-\-py-\-qz^ 
we have 

after slight reduction. Solving F=^Oy G=Oforp and q, we find 

80 that 

\J=^K{a^-^y^+z^) (yH«2- ic2^)*, 
and therefore 

There are two sets of values of p and q ; there are therefore two branches 
of the integral function. Let arbitrary initial values h and c be assigned 
to y and z^ when x=a. 

If a, 6, c be such that neither of the equations 

a2+62_|.c2=0, 

62+c2-ic2a2=o, 
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is satisfied, then the two branches of the integral are distinct from one 
another; they are given by the equations 

(cy- 6«)««ic« {(cm;- aF)«+ (6a?- ay)2} J 
If a, 6, c be such that the equation 

is satisfied, the two branches of the integral touch at the point a, 5, c : in fact, 
they become one and the same, given by 

If a, 6, c be such that the equation 

6«+c8-ic«a2=0 

is satisfied, the two branches of the integral touch at the point a, 5, c : in fact, 
they become one and the same, given by 

6y+<»— ic*aa?=0 J 

The geometrical interpretation, that arises when ^, ^, z^c^b^c all are real, 
is quite simple. Noting that the equation 

(cy — bz)^ = K* {{az — ca:)* + (6a? — oy)'} 
is equivalent to the two linear equations 

^(:-0-M!-9-^e-?)<''-^'^-"->'' 

we see that, in the most general case, the two int^ral curves through the 
point a, by c are the sections of the sphere 

^+y*+«*=a*+6«+c8 

by these two planes through its centre. In connection with this sphere, 
construct the cone 

the intersection of the sphere and the cone is composed of two small circles. 
When the point a, 6, c on the surface of the sphere lies in the belt between 
the small circles, the int^ral curves are the two great circles drawn through 
a, 6, c touching the small circles: this is the first case. When the point 
a, 6, c lies outside the belt, the integral ciurves become imaginary ; they are 
conjugate imaginaries ; but the impossibility of drawing them, in spite of their 
functional existence, is one drawback in limiting the variables to have only 
real values. When the point a, 6, c lies on the cone, and therefore on one or 
the other of the two small circles, the integral curve becomes the single great 
circle touching the small circle at the point (and touching also the other small 
circle at the diametrically opposite point) : the tangent to the great circle is 
a tangent-line of the cone. This is the third case. When the point a, 6, c 
is the origin, the integral curve becomes a single point-circle at the origin : 
this is the second case. 
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Ex. 2. Consider the equatious 

z^qx-k-iipq) 
where X and /a are constants. 
The values otp and q are 

2Xy^= -^-/i^+Xz+e*) 

where 

e«(^+My+x«)2- 4X/iy«. 

Also taking 
we have 

The values of p and q which make t/'ssO, there being two sets of them, must 
be determined by initial values satisfying 

e=o, 

which accordingly is the focal equation. 
If a, 6, c be initial values such that 

(a2+/i6+Xc)«-4X/i&c 
is not zero, then two branches of the integral of the equation are given by 

z^Bx+fxABy 

where A and B are determined by the equations 

b=Aa+\AB\ 

c^Ba-^fiAB) 

But if a, by c satisfy the equation 

(aHAift+Xc)«-4X/i6c=0, 

the two branches are one and the same. The values of A and B are given in 
the former case by 

2X^a= -a2-/i6+Xc+{(a2+/i6+Xc)«-4XAi6c}*, 

2/*i4a= -a«+M^-Xc+{(a2+/ift+Xc)*-4X^6c}^ 

the same irrational value being taken for A and B in each determination, and 

the two irrational values leading to the two determinations. The single set 

of values of A and B in the latter case is given by 

2X^a=-a2-/ii6+Xc, 
2fiAa = - a* +fib — Xc. 
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The geometrical interpretation can be obtained as before, when x, y, z have 
a, 6, c, as assigned initial values. We have 

e = (^+/iy +X?)« - 4X/Ay«=0, 

which is a quartic surface. The equations 

z^Bx -\-iuAb] 
represent a straight line; this straight line touches the surface 6=0 in the 
point 

^=0, y=^\ABy z^'fiAB, 
and in the point 

x= -fi.A'-XB, y^—fiA^ «=— XiB": 

that is, it is a bitangent of the quartic surface. 

When the point a, 5, c, through which the integral (line) curve passes, lies 
off the surface, there are two sets of values of A and B; that is, two different 
bitangents can be drawn to the avar&ice through a point, which does not lie on 
it; and their equations satisfy the differential equations. ' 

When the point a, 6, c, lies on the surface, there is only one set of values 
of A and B; only one bitangent can be drawn to the surface through the 
point and satisfying the equations ; it touches the surface in the initial point 
a, by c, and in the point 

Ex, 3. Consider the equations 

F=y-'xp=0 I 

G=x^q^-Q^+^y^Q^+,,y^+p)=o]' 
where X, fi, p are constants. 

The values of p and q are immediately obtainable : there are, in general^ 
two sets of them. Also 

so that the values of p and q, which make J=0 as well as F^O, (7=0, are 
given by 

and, at the same time, 

e=(Kx^+fif)i(Kx^+fif+p)=:0, 

The integral equations are 

y^Ax 

(Zz-By^iXx^-^-^y^+pY, 

where the arbitrary constants A and B are determined by means of the values 
b and c, which are assigned to y and z, when x=aj and satisfy the equations 

b=Aa ) 



04' 
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If the initial values a, 6, c be such that neither of the equations 
Xa«+/i62 -0, 

is satisfied, there are two branches of the integral of the equation. 
If the values a, 6, c be such as to satisfy 

the two branches of the integral of the equation have the same values of p 
and ^ for ^, y, ^^BO, 6, c: and these values satisfy the equation in p and ^ 
derived from 

for the initial values of the variables. 

If the values a, 6, c be such as to satisfy 

Xa2+/i6«-|-p=0, 

the two branches of the int^ral of the equation have the same values of p 
and q for x^ y, z^a^hyC, but these values do not satisfy the equation in p 
and q derived from 

The geometrical interpretation is obvious. The int^;ral curves are plane 
sextics. Through any point in space, not lying on the cylinder 

nor on either of the two planes 

X^+py*=0, 

two sextics can be drawn not touching one another and satisfying the 
equation. 

When a point is taken on either of the planes 

X^+^y2=0, 

two sextics can be drawn through it touching one another at the point : their 
common tangent lies in the plane. 

When a point is taken on the cylinder 

X^+AiJ^Hp=0, 

the two sextics become branches of the same curve having the point for a 
cusp : the cuspidal tangent does not lie in the tangent-plane of the cylinder 
at the point. 

The cylinder 

X^+pyHp=0 

- is, in fact, a locus of cusps of the sextics, which satisfy the differential 
equations. 

Ex, 4. Discuss similarly the equations 



y-xp=0 \ 



a^q2 

(Qoursat.) 
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Ex. 5. As an instance of equations, which are rendered evanescent by 
the assignment of initial conditions, so that a merely algebraical solution for 
associable values of p and q ceases to be possible, consider 

with the initial conditions that ysO and 2—0 when x=^0. The points to be 
marked in the space-diagram are 



>-o)' 



-2,3,2; -1,3,1 

C ; D 

-1,1,2; -3,3,3 



for the first equation 3, 0, ; 1, 1, ; 

say A ; B 

and for the second equation 0, 3, ; 0, 1, 1 ; 

say B , F , Q , H . 

On constructing the tableau in perspective, it is easy to see that the points 
Bj /*, (? lie in one straight line : that the points E^ 2>, C, ^ lie in one straight 
line: and that these two straight lines are parallel There are accordingly 
only two plane portions to take account of, viz. the plane through the lines 
HCDEy EB, BFQ, its equation being 

and the plane through the lines OFBy BA, its equation being 

f + 2l7 + f-:3. 

Hence there are two sets of values of X and /i, viz. 

X=il X=21 

M=ir M-ir 

and the terms giving rise to the lowest terms for the respective substitutions 
are those, which correspond to points in the tableau lying on the planes that 
determine the substitutions. 

First, consider the orders X=2, /i=l ; so that the most important terms 
in y and z are 

y-^, z=ax, 

p and 0* being constants different from zero. Substituting in the two 
equations, retaining only the lowest powers of x in each (they are the third 
powers for each), and equating their coefficients to zero, we have 

A+2/)^=0, 6+2(rc=0, 
so that 

h b 

Now take 

y=^(p+r), z=x{a+Z\ 

where p and a have the values just obtained, and F, Z must vanish when 
:i;=sO: so that 

p^x(2p^2Y+x^y 

dZ 
q^a+Z-^x^, 

F. III. \^ 
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and x-j-y x-T- are of the same orders in j? as F and Z respectively. 

Substituting in the first of the equations, dividing by x', and reducing, we 
have 

^^+ 2r+ ^|^(4c-6/)x»+higher tenns=0. 
Substituting in the second equation and proceeding in a similar way, we find 

The other terms in each of these forms are r^ular functions of x^ x-r- ^ 

x-j- y Ty Z\ the orders of these terms as small quantities, when \x\v& 

sufficiently small, are manifestly higher than the orders of the terms 
retained. Solving the modified equations, we find 

where B and ^ are regular functions of their arguments, which contain no term 
in X alone of order less than four, and no term in T and Z free from x of 
order less than two. 

These equations are of the class considered in the last chapter. The 
critical quadratic is 

(a+2)(O-l)=0, 

so that one root is imity and the other is — 2 ; and the initial conditions are 
that r=0, Z=0. It therefore follows 

(i) that the equations possess integrals, which are regular functions of x 
and vanish with x ; their expressions are 

where P (a?) and § (x) are regular functions of x^ which become equal 
to 1 when x vanishes : 

(ii) that the equations possess an infinitude of integrals, which vanish 
with Xy and are regular fimctions of x and x log x. 

The corresponding integrals of the original equations, which vanish with x^ are 

Secondly, consider the orders X=^, /*=!. Take 

x^t\ 



196.] GENERAL THEORY* 147 

so that, when y and z are expressed in terms of t^ their most important terms 
for sufficiently small values of | < | are 

where p €knd o> are constants : and then 

Substituting in the equations, retaining only the lowest power of t — ^it is 
^ in each case—and making the coefficients vanish, we have 

from the first equation, and 

ap»+6p<r+icp(F*+ip»a3«0, 
from the second. Rejecting zero values of the coefficients p and c, we find 
g _ , h<r-\r\c^ 

so that there are four values of <r, being the roots of 

cF*(c<r+26)(2/(r+l)-25r(a3+2a)=0, 

and there are two values of p for each value of <r. 

Denoting by p and <r any one of these sets of simultaneous values, let 

y=^(p+r), «=^(cr+Z), 
so that 






After substitution and reduction, the first equation givee 

4A^3 _ 4^ jr^.pS,,^ _.^. »^ e « _ +p3^(4/o.+ i)+higher terms=0 ; 

and the second equation gives 

(c+p«cr)cr«<^+(6+pM)p<^ 

- (rr(46+2c(r)+pZ(26+2c(r+3p2(r2)+higher terms «=0, 
there being no term involving t only in the latter. Solving these for 

dY . dZ « , 

^~di ^"^ «^» wefind 

where O^ and 6^ are regular functions of their arguments, which contain no 
terms of dimensions less than 2 ; and a, jS, y, d, x, X are constants, which 
depend upon the coefficients of the original equations. 
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Hence, in general, solutions of these equations exist, which are regular 
functions of t and vanish with t : a result which holds for each of the (eight) 
sets of values of p and cr. Consequently there are in general eight sets of 
integrals of the original equations, which can be arranged in four pairs of 
sets : they are regular functions of a^, and they vanish with sp. The forms 
of a, /3, y, d determine the possibility of the existence of non-regular solutions 
of the equations, which vanish with x. 

Ex. 6. Obtain integrals of the equations 

such as to vanish when ^7^0 ; likewise of the equations 

a^ ( J»* +9* + 1) « cu/x + hzx-^- cxy\ 
ayq-^-fizp^x ) * 

€knd of the equations 

in each case with the same initial conditions. 



Singular Solutions of Systems of Equations. 

197. It has been seen that, if values of p and q given by 

i^=0, G = 0, 
are such as to satisfy 

at a particular point, then two or more integral curves touch at 
the point ; and that, if (a?, y, -^) = 0, be the result of eliminating 
p and q between -F=0, (r = 0, J^O, then the common tangent 
of those integral curves does not, in general, lie in the tangent- 
plane to BssO at the point. 

It may, however, happen that the common tangent does lie in 
the tangent-plane to = at the point ; then, at the point, 0=0 
provides an integral of the original equations, although it does not 
provide a full solution, because two equations are necessary for 
that purpose. It might happen that, at every point on = 0, the 
integral curves touch, having their common tangent in the tangent- 
plane of = there ; in that case = is an envelope of curves, 
and it provides an integral of the original equations, though (for 
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the same reason as before) it does not provide the full solution. 
It might even happen that B = is a surface on which integral 
curves lie. 

It thus is clear that, in some cases or under some conditions, 
integrals of the equations exist, which are not included in the set 
hitherto considered. Some of the integrals indicated may be of 
the class of particular integrals ; others will be of a class which 
are called singular. We proceed to their consideration. 

Instead of taking 0, which (§ 194) is a product of values oiJ 
for the sets of values of p and q satisfying ^=0 and G = 0, and 
which therefore vanishes when J vanishes, we take 

^=0, = 0, J=0, 
as the three equations. When the values of p and j, given by 
F^O and 6 = 0, are substituted in these two equations, they 
then are satisfied identically ; but «/=:0 is not necessarily satisfied 
identically, and usually it is satisfied only because the point at 
which the values are obtained lies on B s 0, say, in consequence 
of© = 0. Writing 





dF^dF dydF dzdF 
dx dx dxdy dxdz 




dG_dG dydG^dzdG 
dx dx dx dy dx dz 


we have 


„ dF „ dF 


and therefore 


^-o-t^<^'t*<>,t 



6gU- 



^•^- s^.-S'-.-^r 



Now let the values p and q satisfy JssQ: and assuming the most 
general case, let 



Fg^ClFp, G,=xnGj 



p' 
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where fl is not zero, so that 

Then the two equations, from which the terms «^ j > «^^ respect- 
ively have disappeared, become one only, say 

Let 

dF . dF dF 



a dG , dO do{' 



dx ^ dy ^ dz 
and let 

Hence if values of y and z are such that the values of their 
derivatives, given by ^= and G^ = 0, satisfy also J*= 0, then they 
satisfy also the equation 

K=0. 

198. The converse of this result is not necessarily valid : it 
cannot be claimed that quantities p and q, which algebraically 
satisfy the equations 

^^=0, G = 0, J=0, J5r = 0, 

are necessarily such as to be derivatives of the variables y and z 
with regard to x. In order to determine their relations to the 
solution of the equation, we suppose them substituted in the 
equations F=0 and G = 0, which are satisfied identically: and 
in JssO, which is satisfied, but in such a way as to admit of 
derivation with regard to a?, so as to give a relation among the 
derivatives. We thus have 

dx ^ dx ^ dx" ' 



§^^Q ^+G ^-0 



dx ^ dx ^ dx 
dx ^ dx ^ dx 
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The first two equations lead to the single equation, free from ~ 

ax 

and ^ , as already obtained in the form 

dF ^ dO „ ^ 

the third equation, combined with either of the first two equations, 
then gives the values of -J- and ^ . In other words, in order that 

the three equations may be consistent in determining -^ and ^ , 
we must have 

Fp, . 



so that 



dF 
dx' 

dG 
dx' 

dJ 
dx' 



Op, Gi 
Jp, J, 



= 0, 



dF 



dO 



dJ 



-^ {QpJ, - Q,Jp) + -f- (JpF, - J,Fp) + J 5- = 0. 



Now 



dx 



dx 



and /=0 : so that the equation is 

(<'.£-^.S)<-'.-'^')-»- 



which is satisfied in virtue of 

dF 



0. 



dx 



^ dO ^ 



Substituting the full expressions for t- and -3-, the equation 

dF „ dG „ ^ , 

T- Orp — -J- jPp = becomes 



Also 



Q^HF,_G) dy d(F,G) ^ dz^ djFG) 
d {x, p) dxd (y, p) dx d (z, p) ' 



= K = F,Gp-G^Fp 



_ d(F,G) ^ djF.G) , J(FO) 
d{x,p)^Pd(y,p)^^d{z,p)' 
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and therefore 

\dx PJ d{y.pV\dx V d{z,p) "• 

This is the only equation of the kind that can be obtained : it 

does not prove that ^ = P a^^d zr = 9' ^^^ i* proves that, if one 

of these equalities holds, then the other necessarily holds. It is 
therefore necessary to establish one of the equalitiea 

Now from ^=0, (? = 0, J=0, it is possible, in general, to 
eliminate any two of the five variables. Instead of eliminating 
p and 9, so as to obtain 6 = 0, let q and z be eliminated : and let 

the result be 

H{x,y,p)=^0, 

so that a value of p (derived from H^O), with the associated 
value of q, satisfies 

dF ^dO_ 

and therefore also 

(dy \ d(F,0) (dz \ d(F,0) _ 
\dx ^)d{y,py\dx V 3(5, !>)"""• 

The equation ^"=0 thus far is only an algebraical consequence of 
the three equations 

^^=0, (? = 0, /=0, 

which involve x^ y, z^p.q: and it is satisfied without any regard to 
(possible) functional relations between />, q, y, z. In order that 
if =0 may have an added significance, we associate with it the 
equation 

that is, we postulate the differential equation 

and we infer from this equation, and from H{x, y, |j) = 0, the 
relation 
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dz 
Consequently, also ^^q: so that the quantities p and q then 

are the derivatives of y and z with regard to x. Hence an 
integral of 

and the consequent value of z given by 

constitute a solution of the original equations. It is a singular 
solution : when the most general integral of ^ = is used, this 
singular solution involves one arbitrary constant. Accordingly, 
we have the theorem: 

Jf values o/p and q aatia/y the equations 

Fix, y, z, p, ?) = 0, Q {x, y, z, p, q) = 0, 

f,_ d{F,0) d(F,0) d(F.O) 
''~dix,p)^Pd{y,p)^^diz.p)' 

''-d(x,q)-^Pd\y,q)^^d(z.qy 

the third and fourth of which are equivalent to one another in virtue 
o/J=0, then the eqimtions ^ = 0, G = possess a singular solution 
involving an arbitrary constant; and the singular solution is con- 
stituted by Hie combination of the general integral of 

which is the eliminant (in z and q)ofF=0, (? = 0, */ = 0, mlJi 

S(x,y,z)^0, 
which is the eliminant (in p and q) of the same three equations. 

199. The analysis, leading to the proposition that has just 
been enunciated, shews that any solution of JT = (whether a 
complete integral or not), combined with = 0, satisfies the 
original equations. As J? =0 is an equation of the first order, 
it may possess a singular solution of its own, which of course is 
not included in its complete integral; and therefore solutions of 
the original equations, distinct from the singular solutions already 
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indicated, are constituted by the equation 6 = and the singular 
solution (if any) of the equation H^O. 

The conditions, which can be associated with the original 
equations, and are alike necessary and sufficient to secure the 
existence of this further class of singular solutions, are obtainable 
in simple form. That fi" = should possess a singular integral, it 
is necessary and sufficient that the equations 

should be satisfied by values of y and p, the third equation 
securing that the values of y and j), as determined by the first 

two equations, satisfy the relation -^^p* Now by the theory 

of elimination*, since H is an eliminant of F, 0, J, we have 

H=-AF+BQ+CJ, 

where AyB,C, are functions of a?, y, z, p, q ; and this relation is an 
identity. Hence, as fi'= 0, we have 

because -— = 0, we have 
dp 

= AFp'{-BGp + CJp, 

dA 7)B dC 
the terms F -^^- + -^ -{■ J i^ vanishing, because the values of p 
op op op 

and q satisfy ^ = 0, (? = 0, J=0; and because fla.= ^ + py =0, 

we have 

O^AFa^ + BG^ + CJoi, 

the terms FAg + GBx + JCx vanishing, because F, 0, J vanish for 
the values considered. From the last two, we find 

= ^ {Fj^Ox - Gj^Fx) -f C (JpGx - GpJx\ 

or, because FpG^ — GpFg = 0, we have 

L = JpGx — GpJx = 0, 
a new equation. 

♦ Cayley, Coll Math, Papers, vol. i, pp. 370—374; Forsyth, Phil, Trans. 
(1883, i), pp. 324—329. 
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Further, we have 

dH 
dp- 



>AFp + BQj, + CJ,: 



and 

because H is explicitly independent of q ; hence 

Accordingly -z- = is satisfied, if either of the equations 

^(P.q)~ ' Hp.q)~ ' 

(equivalent to one another in virtue of J^O) is satisfied: or as 
may easily be proved, if the equation 

F,iG,*F„-2G,G,Fp,^ Gj,'F„)= G,iF,*G„-2F,F,G„+F,^G„) 
is satisfied. This last equation, taken with «/= 0, also leads to the 
(alternative) forms which are the simplest, viz. 

^ = ^ = ^ (= ft). 

Fp (jp dp 

Thus the aggregate of equations is 

^=0, G = 0, /=0, Z = 0, 

Jp Gp\ FpJ 
and this aggregate must be satisfied, if a singular solution of the 
kind specified is possessed by the original equations. 

200. We can prove that this condition is also suflScient. The 
values of p and q satisfy F=Oy G = identically; they satisfy 
«/"= 0, in virtue of 5"= ; hence 

— ^F ^ + F ^ = 
dx ^ dx ^ dx ' 

^ + G ^ + ^ = 
dx ^ dx ^ dx ' 

^ + J ^ + / ^ = 
dx ^ dx ^ dx 
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From the first two, we have 

and from the second and third, we have 

Combining the former of these with iT = 0, we have (after 
subtraction) 

d(p,y)[dx P)^dip,z)\dx y-^' 

combining the latter of them with Z » 0, we have (also after 
subtraction) 

d(p,y)\dx P)^d(p,z)\dx *>/"""• 

The determinant of the coefficients of -^ — jt) and -j — 5 in the 
last two equations is 

^dGd (F,0,J) 

3p ^(p*y»^) ' 

which in general is distinct from zero* ; hence 

dy A ^^ A 

£-p = 0, ^-9 = 0: 

that is, the values of y, z, p, q provided by the equations consti- 
tute a solution of the original equations. We therefore have a 
theorem : — 

If valines of p, q, y, z are found to satisfy ths equations 
F{^f y, -s^, p, ?) = 0, {x, y, z, jp, ?) = 

9 (p, q) 



Fp Gp Jp * \^ / Gp Jp 



* Even if it is zero, another combination of equations can be oonstracted such 

that the corresponding determinant is ^--A-^ — '—T' this could be distinct fh>m 

dp d(p,y,z) 

zero. Bat not all the cases are dealt with in the text. 
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then the values of y and z, as functions of x, constitute a singular 
solution of the equations F = 0, G = 0, distinct in character from 
the singular solutions^ which are determined by the equations 

F^O, G = 0, /=0, F^Op^FpO^^O, 

and involve an arbitrary constant. They are called singular 
solutions of the second class. 

It thus appears that, for a system of two equations in two 
dependent variables, there may be two classes of singular solutions: 
one of them involves an arbitrary constant, the other of them does 
not. A solution which arises from the most general solution, by 
giving particular values to one or to both of the arbitrary con- 
stants, must be regarded as a particular solution; a solution 
which arises from the first class of singular solutions, by giving a 
particular value to the arbitrary constant, must be regarded as 
a particular case of the first class of singular solutions, and not 
as a singular solution of the second class. 

Further, it appears fix)m the analysis that the singular solu- 
tions of the first class are derivable, partly from the original 
equations, but partly also through the solution of a deduced 
differential equation; and that the singular solution of the 
second class is derivable either (i), entirely from the original 
equations without the construction of the intermediate differential 
equation required for the first class: or (ii), partly from the 
original equations and partly from the intermediate equation 
indicated. 

Note 1. The preceding method of discussing the singular 
solutions of a system of equations and, incidentally, the various 
classes of integrals which may be possessed by a system, is based 
upon a direct study of the differential equations, beginning with 
the relation of the non-ordinary points of the equations to the 
integrals that may exist. 

In connection with the deduction of the singular integrals 
from the differential equations themselves, memoirs by Mayer*, 
Goursatf, and Dixon} may be consulted with advantage. The 
last of these memoirs discusses also, with ample illustrations, the 

♦ Math, Ann., t. xxn (18S3), pp. 368--392. 

t Amer, Joum, Math., t. xi (18S9), pp. 329—372. 

X Phil. Trans., (1896, Part i, A), pp. 623—665. 
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derivation of the various classes of integrals from a complete 
primitive, supposed given : this aspect of the subject is naturally 
to be compared with the process of § 207, which leads to the classi- 
fication of integrals. All the memoirs just quoted deal with the 
singular solutions (if any) of a single equation in one dependent 
variable of an order higher than the first. 

Note 2. Throughout the whole discussion of the singular 
integrals (if any) of two equations ^^=0, (? = 0, it has been 
assumed that / = is an independent equation, so that it is not 
satisfied identically, in virtue of the values of p and q derived 
fix)m ^=0, G = : and so also therefore that the elimination of p 
and q, between F=Oy G^ = 0, t7"=0, leads to a definite relation 
between x, y, z of the form 8 = 0. If the equations possess 
singular integrals, then 

e^ = o, 

in virtue of OxFp^FxGp^O, which is satisfied. 

It may, however, be the fact that /= is satisfied identically 
in virtue of -F=0, = 0. Even when this is not the fact and 
when the system possesses singular integrals, it is possible to 
construct an associated system for which this possibility actually 
occurs. For instance, let © = be the result of eliminating p and 
q between F= 0, (? = 0, «/= 0. Let = 0, J=0 be solved so as 
to give p and q in terms of x^yy z\ and let the values be sub- 
stituted in F, the result being, of course, either or a (possibly 
irrational) factor of 0: suppose it the former, and now consider 
the associated system 

^--0 = 0, G = 0. 

In order that this system may possess singular solutions, we 
must have 



Jacobian 



/^-0, 



).«, 



P><1 
that is, because is a function of a?, y, z^ which does not explicitly 

involve p and q, 

J=0; 
and also 

Gp(i'«-0«)-(^p-0p)»« = O. 

But 0» = O, because OpF^-FpGg = 0; and 0p = O. Hence this 
equation certainly is satisfied. Also the three equations 
^-0 = 0, (? = 0, /=0 
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coexist; they merely determine p and q, and they do not lead to any 
relation between x,y,z: that is, the original equations, of them- 
selves and without any limitations by way of added conditions, 
satisfy the requirements for the possession of the first class of 
singular solutions. 

The examination and the significance of this result are left as 
an exercise. 

SSOl. Ex. 1. Consider the equations 

^=. -y+ay +jt?«+g'=0| 

0^-z-\-xq-\-pq =»0j* 

which were first discussed by Serret*, and are again discussed by Mayert, and 
Goursat]:. We have 

J={x-\'2p){x+p)-q, 

Hence, if the equations possess singular solutions, values of p and q must 
exist which make J^»0. But also 

so that the equation 

GpF^-FpG^^O 

is satisfied. Accordingly, the equation £[=0 is to be formed by the elimina- 
tion of z and q between ^=0, 6^=0, J^aO : it is 

-ff'(^>y>;>)= -y+4;?^+^+3p«-0. 
The complete integral of JS^O is easily found to be 

The associable value of « is obtainable by algebraic resolution of -^=0, 6^=0, 
J'ssO : we have, from 6^=0, 

z 



from J^= 


=0; 


that is, 


x+p ^ 

^(x+p){x+2p\ 

z:^(x+pf(x+2p) 


because 


i>= 


= -J(a;+a). Hence 








z^-^a(x-ay 1 








y=- i(^+a)^+a*J 








♦ Liouville, 1" S6r., t. xvm (1853), p. 

t Math. Ann,, t. xxii, p. 382. 

X Amer, Joum. Math., vol. xi, p. 360. 
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constitute a singular solution of the original equations, and the solution is of 
the first class. 

The further equations to determine a singular solution of the second 
class, if it exists, are (as connected with the original equations) 

that is, 
and 

that 18, 

-1^ 1 

that is, 

6p+4a?=0; 

hence both the additional equations are satisfied by 

3^+207-0. 
This gives 

hence, from t/sO, 

from -P=0, 

and from (?«0, 

Accordingly 

constitute a singular solution of the second class. 

The solution g'«0, oi JJjfp—JpO^—O^ does not satisfy J^Fp-JpFq=Q and 
the simultaneous equations ; hence it cannot lead to a singular solution of 
the second class. (Taken with the other equations, it will be found to lead 
to a solution 

which is a particular instance of the singular solution of the first class.) 
The complete integral of the original equations is 

where a and fi are arbitrary constants. 

The equation 9=0, obtained by the elimination of p and q between F^O^ 
Ot=zO, J=^Oy is 

{27(^-^)-2a?(a;«-%)}«=4(a;a+3y)3. 

Ex, 2. Discuss the equations 

(Mayer.) 
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Ex. 3. Shew that the equations 

possess smgular solutions of both classes ; and obtain them. 



(Dixon.) 



Ex, 4. Discuss the equations 

(a;«-l);>«=y-l) 
(a;«-l)^ = ««-ir 
in reference to the various classes of solutions that can be deduced. 



(Dixon.) 



Ex. 5. Obtain the singular solutions of the equations 

(Dixon.) 

Ex. 6. Shew that, in general, singular solutions of the first class exist 
for equations of the form 

♦ (y-jM?, z-qxy p, ?)=0^ 
*(y-iM?, z-qx^ p^ 2')=0j 

where ^ and ^ are any functions of their arguments. 

(Goursat.) 
Obtain the equations which must be satisfied, in order that the singular 
solutions of the second class may exist. 

Ex. 7. The complete integral of the equations 

x-\-py-\'qz=0 \ 

(jt>2+^2.c2)(yH«2)-a;2(l+c«)r 
is given by 



4- 



5+tan-i^=iclog4 

Z xL 

Discuss the relation, to this complete int^ral, of the solution 

y=^ax, z=hxy 
where a«+62+l=0. 

(The difierential equations can be interpreted as the equations of rhumb- 
lines on a family of concentric spheres.) 

Ex. 8. In the general investigation, it has been assumed (for analytical 

simplicity) that .7=0, while no one of the quantities ^, ^, ^, ^ 

vanishes. It would be useful to discuss some of the more important cases, 
when at least one of these quantities does vanish. 

P. III. \\ 
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[202. 



System of any number of Equations. 

202. The preceding results, which belong to a system of two 
equations in two dependent variables, suggest the results, which 
belong to a similar S3n9tem of n equations in n independent vari- 
ables, in the form 

-^r(a?,yi, ..., yn,l>i, ...,Pn) = 0, (r=l, 2, ..., n), 

where i), = ^\ 

Such equations are known/ by the general existence-theorem, 
to possess complete integrals, that is, a set of n equations among 
the variables x, yj, ..., yn, involving n arbitrary constants. 

It can be proved, as in §§ 197, 198 for the system of two 
equations, that, if values p^p^, •••> JE>n satisfy the equations 



3(^1, Fi, ..., Fn) 



where 



u — 


3(l>i. 


p. 


» ..., Pn) 


^ 


Fjxt 


Fip^ 




-^ijp,, •••» 


F.^ 


F^, 


^*.. 




f'tp^* •.., 


Fn>. 



F„ 



npi» 



np,» 



F 



np. 



= 



y. 



dFi » dFi 

and if among the n + 1 equations -Fi = 0, ..., -F'n = 0, J' = 0, the 
variables pn and yn be algebraically eliminated, with the result 

Gsixyyi, ..., yn-i,pi, ...,pn-i) = 0, (5 = 1, 2, ..., n-1), 



and if 



®(^, yi, ..., yn)=o 

denote the result of the algebraical elimination otp^ ..,,pn among 
the same n + 1 equations, then any set of integrals of the equations 
Og = 0, combined with = 0, constitutes a set of integrals of the 
original equations, not included among (and therefore distinct 
from) the complete integrals of the original equations. 

We know that, in the instance of a single equation in a single 
dependent variable, there may be one class of solution not included 
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in the complete solution, viz. the singular solution. We have seen 
that, in the instance of two equations in two dependent variables, 
there may be two classes of solutions not included in the complete 
solution, viz, one class, involving a single arbitrary constant, 
another class, involving no arbitrary constant and not included 
in the former. We thus infer inductively that, in addition to the 
complete integrals belonging to a set of n equations in n dependent 
variables, there may (but not necessarily must) exist n other 
classes of solutions not included in the complete integrals. The 
first of these classes contains n - 1 arbitrary constants : the second 
of them contains n — 2 arbitrary constants and is not included in 
the first; the sth contains n — s arbitrary constants and is not 
included in any of the preceding ^ — 1 classes ; and the last class 
contains no arbitrary constant, and is not included in any of the 
earlier classes. 

In order that the first class of these additional solutions, 
which will be called singular solutions, may be possessed by the 
equations, certain conditions must be satisfied. For the system 
of n equations, the conditions are that the values of pi, pa, ",Pn* 
which satisfy 

^•, = 0, F, = 0, ..., ^^^ = 0, 

must also satisfy the equations 

\\Fia, Fip^, Fip^y ..., -Fip,j| = 0. 

The last equations are obtained by equating to zero the determ- 
inants of order n that can be framed from this array: it is not 
difficult to shew that they are equivalent to a couple of inde- 
pendent conditions. 

In order that the second class of singular solutions may be 
possessed by the original equations, certain additional conditions 
must be satisfied. Let 

G^i = 0, (?2 = 0, ..., 0^1 = 0, 

denote the result of eliminating pn and y„ between 

^1 = 0, ^2 = 0, ..., ^n = 0, 

the second class of singular solutions of the original equations is 
the first class of singular solutions of the equations G = 0, and in 

11—2 
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CLASSES OF SINGULAR SOLUTIONS 



[202. 



order that these may exist, two independent conditions attaching 
to the equations 6^0 must be satisfied : these are the additional 
conditions for the original equations. 

And so on, for each class of singular solutions in succession : 
the existence of each additional class requires that two additional 
conditions shall be satisfied. If at any stage the two additional 
conditions are not satisfied, then not merely does the corresponding 
class of singular solutions not exist, but no one of the remaining 
classes of singular solutions in the succession exists. 



Ex. 1. In connection with the equations 

^(^, yi, ^21 ysi Pu P2y i'8) = 

^(^> yi> y2» y3> jpn p^^ Ps)'^^ 

^(^7 yi» y2» ^3* PU P2»i>8) = 

dF 3 dF, ^ dF 

d(F,0,ff) 



denote 
J denote 



3 



g- + ^^ Pi^ by Fgy ^ hy Fi; and so for G and for S: and let 



^(PiyP2iPs)' 
Shew that, if the equations are to possess the first class of singular 
solutions (involving two arbitrary constants), it is necessary and sufficient 
that the conditions 

/;, F,, F^, F^ =0, 

Gzy Ols 0„ O, 
^xy ^if -fli* ^3 

equivalent to two independent conditions, shall be satisfied by values of 
Pi7 P2f Psi which satisfy F=0, (7=0, ff=0. 

Shew that, if the equations are to possess the second class of singular 
solutions (involving one arbitrary constant), it is necessary and sufficient 
that every first minor of the determinant 

*^Xy Fxj Ox, Hx 

•^1> ^1> ^1> -^1 

«^2> ^2> ^2> ^2 
•^3> -^31 ^3> ^3 

shall vanish, for values of p^y p^, p^y which satisfy F^O^ 0=0, jy^O; and 
that the conditions are equivalent to four independent conditions. 

Lastly, denoting any one of the three Jacobians 

d {J,F,0 ) d(J,0,If) d{J,ff,F) 

a iPv P2» Pz) ' ^{Piy P%y Pz) ' 9 {Pu Piy Pz) ' 
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by /, shew that, if the equations are to possess the third class of singular 
solutions (involving no arbitrary constant), it is necessary and sufficient that 
every first minor in each of the determinants included in the array 

/«> ^x% ^x> ^x> Sx ; 

•^ij ^i» ^i> ^1 






./j, F^^ 6^2> ^% 

•^3> ^3> ^3» ^Z 



shall vanish, for values of ^j, /?2, Ps that satisfy /"— 0, G'-sO, J5r=0 : and 
that the conditions are equivalent to six independent conditions. 

Ex. 2. Discuss the singular solutions (if any) of the equations of motion, 
of a heavy body moving round a fixed point, when they are taken in the form 

0- |(v<r-p«) J-(X<r - MP) if}*- i5f {<r (2«M + X) -p (ap + /3j + yr)}«, 



ivhere 

p^Aap+B^+Cyr, 

R=:a{B-C)qr+p(C-'A)rp+y{A^B)pqy 
ff= 1, X, A* 

X, y, p 

fly p, <r 

and A, By Cf a, fi, y, A, «, X, <r are constants. 

(Mayer.) 

jKr. 3. Shew that, in general, there are six distinct sets of integrals of 
the equations 

2/2=P2^'^P3Pir 

2/3'==P3^+PlP2) 

determined by the conditions that y^, i/^y y^ must assume values 6^, 62, 63 
respectively, when a;=a. 

Shew further that the equations possess the first class of singular 
solutions : and associate them with the equations 

Q 



where 






Do the equations possess any of the other classes of singular solutions ? 
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Ex. 4. Discuss the classes of solutions possessed by the equations 

Ex, 5. Shew that, in general, the equations 

yi^PiX-\-fi (pi, />,, ps), (t = 1, 2, 3), 

possess the first class of singular solutions, provided the functions /< are not 
linear functions of their arguments. 



Analytical Relation between Singular Integrals 
AND Complete Integral. 

203. The relation of the singular integrals, if they exist, to 
the complete integral can be exhibited in a different analytical 
form : and some tests can be obtained, in order to settle whether a 
given solution is a particular case of some class of integrals, or the 
general case of some more special class of integrals. It will be 
sufficient to deal with the case of a couple of dependent variables, 
determined by a couple of equations which may be taken in the 
form 

F{x, y, z, p, ?) = 0, G (ic, y, z, p, q) = 0. 

In association with these, we take 

and assuming that J does not vanish solely in consequence of 
F=0, G = 0, denote by jff (a?, y, p) = 0, the result of eliminating 
z and q between i'= 0, (? = 0, t7'= 0. Let 

y = ^, p = P = ^, 

denote a solution oi H=0', then since H = is s, consequence of 
F=^0, (t = 0, t/'=0, it follows that, when a solution of 5^ = is 
actually used, the other three equations are equivalent only 
to two, say -P=0, (t = 0. Accordingly, they then determine the 
two outstanding unknown quantities z and q, say in the forms 
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where Q is not necessarily eqaal to -p . We have to discriminate, 

as will be seen, between the case, when Q is not equal to -T^,and 

the case, when Q is equal to ~ . 
Now take 

then, in order that y and z may satisfy the original equations, we 
must have 

F{x,fi + Y, (r+^, P + t^, Q + v) = 0, 

G(d7, 17+F, (r+Z, P + t4, Q + v) = 0. 
But also 

i^(^,i7, ?,P. (2) = 0, (?(«:, 17, ?,P,Q) = 0; 

so that all the terms in the former free from F, Z^ u, v vanish. 
Thus the two equations determine u and v in terms of Y and Zy 
and also of x; among the values thus determined, there must 
be some, which vanish when F=0, Z=0. But when F=0, so 
that zero is a possible value of u because 

H(xyV.P) = 0, 
and when Z=0 so that z^^, then, because P=0, G — 0,H=0, 
we have also J=0: that is, the values, which are obtained for 
u and V as vanishing when F = 0, Z=0, must be of multiple 
occurrence. 

Let 






denote a root-pair which is of simple occurrence ; the functions 
A and B are regular functions of F and Z, which have uniform 
functions of x for the coefficients : let ^r = 6 be any ordinary point 
of these coefficients, so that A and B are regular functions also of 
x — b: also -4, B do not vanish when F= 0, Z = 0. 

Let 

u^f{x,ZZ)) 
v^g{x,YyZ)] 

denote a root-pair which is of multiple occurrence; both /and g 
vanish when F=0, Z = 0: and they are multiform functions of 
F and Z, Let a? = 6 denote an ordinary point of /and g, regarded 
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solely for the moment as a function of x ; then / and g can be 
expressed as regular functions of a? — 6, having for their coefficients 
multiform functions of Y and Z which vanish with Y and Z. 

The point h will, in every case, be regarded as parametric. 
What is wanted is a pair of values of F and Z, which vanish at 
a? = 6, so that y and 17, z and f, have the same value there: the 
argument for this requirement being similar to that in § 104. 

Also 

dY 

ax ax 
When y=i7, -8^= ?, do not constitute a singular solution, so that Q 

dt 

is not equal to -^ , the point 6 is an ordinary non-zero point of 

204. The general character of the functions determined by 
the equations 

f=i,(.,r,^).g-|j 

whether 17, f constitute a singular solution or not, is at once given 
by the application of the existence-theorem. Let A (6, 0, 0) = )8i, 
and let ySg denote the value of 

when d7 = 6, F=0, Z=0; then solutions F and Z exist as regular 
functions of a? — 6, in the form 



= l3,(x-b)S(x-b)]' 



where It and S are regular functions of their argument, which 
become unity when the argument vanishes. The corresponding 
integrals of the original equation are 



y-V = l3i(a^-b)R(x-b)\ 
z--S=^/3,(x-^b)S(x^b)\' 
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There is no special interest attaching to the relation between the 
solutions f], f, and this branch of the general integral 

205. The general character of the functions determined by 
the equations 

g-,(.,r,z).g-|j 

is more difficult to obtain, because no definite algebraical solution 
of the simultaneous equations in u and v is always possible: 
though it may be effected in particular cases. 

When Q is not equal to -r^ , so that 17, f do not then constitute 

a singular solution, one inference from the above equations can 
be made. Since Y and Z are to vanish when x = b, and since 
/{x, F, Z\ g(x, r, Z) vanish when F=0, Z==0, it follows that 

dY ^ dZ (^ d?\ 

when a; = 6 ; hence we shall have 

^=7(^-6)+... r 

where X is a positive quantity (greater than zero) : and so 

Z- 7(a? - 6) = ^ (^ - liy-^^ + ..., 
where /tt is a positive quantity (greater than zero). 

When Q is equal to -^ , not merely at ^r = 6 but for all values 

of X, so that 17, f constitute a singular solution, then the equa- 
tions are 

f=/(.,F.Z). § = </(.. F.Z). 

Now F and Z are to vanish when a? = 6 ; also /and g vanish, when 
F=0, ^ = 0; hence -p , -^ vanish when a? = 6. Accordingly, 

we may take 

F=a(a?-6y+\ Z = /9(a?-6)^+'*, 

for sufficiently small values of |a? — 6|, as the most important 
terms of F and Z, the quantities \ and /a being real and greater 
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than zero. But after this inference as regards the general type, 
it is unnecessary actually to solve the equations 

-F(«?, 17+ F, ?+Z, P + w, Q + t;)- jy^Cor, 17, ?, P, Q) = 0, 

0{x,v^T, K-^Z, P-^u, Q + v)^0(x, 17, C P, Q) = 0, 

so as to express u and v algebraically in terms of Y and Z, With 
the above values of T and Z, we have 

substituting, and securing that the lowest power of a; — 6 has a 
vanishing coefficient in each equation, we obtain two indicial re- 
lations (which determine X and fi), and two coefficient relations 
(which determine a and )8). 

The equations for u and v are 

dF ^ dF ^ ^ 



also, we have 



8(J^,g) _ 



and we suppose that no one of the quantities 5p> 57)» ^» ^ 
vanishes. Then, when we take 

dF_ dF dG_ dO 

the above equations give v + ci* as a quantity of higher order in 
powers oi x — b than either v or i* is : that is, in this case X = /Lt, 
)8 4- ca = 0. This form is the simplest that occurs ; other forms, 
in which even all the four first derivatives of F and Q vanish, can 
occur, and then the method of proceeding is as suggested above. 

The general theory might be developed somewhat on the lines 
of Hamburger's investigations, as sketched in §§ 103 — 108 ; this, 
however, will be left undiscussed, and we proceed to consider a 
couple of examples. 



+" I. 
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206. Ex\ 1. We shall consider the equations 

which are known (§ 201) to possess singular solutions. 

These singular solutions satisfy F=0, (7«=0, •/'=0, H=0; accordingly, 
with the notation of § 205, and using the results of the Ex. 1 in § 201, 
we take 

f=-i«(^-«)*, §=-ia(4;-a); 
and we write 

Then on suhstitution and reduction, we find 

and therefore solutions for u and v are derivable in the form 

u denoting any root of the equation 

w*+i (^- 3a) w« - wF-f--^- i (a? - a) r=0. 

Clearly the root-pair u^OjV=0 (when F=0, Z=0) is of multiple occurrence. 

Let A denote the discriminant of the equation in ?/, viz. 

A=^ (^- 3a)3 Z- jjy (or - a) (or - 3a)3 F 

+-^2_j^7-^+^(24;2+6aa?-9a«)F2-^F3; 
and let 

r=^(^-3a)3+iir-Ja;F 
Then if 

f=[-r + iA*]*, 
,=[-r-iA*]*; 

the three values of w+JKa?-3a) are f +»;, «{+«*!;, •*{ +«!?, where » is a cube 
root of imity. We thus find for the three roots 

«,= _l(..3a)(l + 8|^3+...}. 

where -4 (a', F, 2^, 5 (ar, F, Z), and the unexpressed parts of t^, are regular 
functions of Fand Z, which vanish with Fand Z, and have uniform functions 
of a; for their coefficients. The associable values of v are 

Vr=^aUr-Ur^+ F, 

for r=l, 2, 3. 
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Now 

in the present case; so that we have 

dVr dZr 

for r= 1, 2y 3. The various sets must be examined in turn. 
First, for r=l, we have 

g = t;i = - i (j;-a)(:r- 3a)+(7(a;, r„ZO, 

where E and C are r^ular functions of their arguments in the vicinity of 
a?=6, Fi=0, ^1=0. Of these equations, solutions F^ and Z^ exist in the 
form of r^ular functions of a? - 6, vanishing when a?= 6 : and 

(fL-^'-x'-*-). ' 

The corresponding solutions of the original equations are 

they are such that, for a general value b of x, they are equal to i;(6) and ^(6), 
but the values of their derivatives at the point are not equal to the deriva- 
tives of ri and (, 

Secondly, for r=2, we have 

and values of Y^ and Zg ^^ required, which vanish when a? =6. To find the 
forms of these values, we take 

for sufficiently small values of |a7- 6| : in order to be eflTective, we must have 
w>0. The terms in u^ and Vj, which correspond to the parts A (ar, F, Z) and 
B {Xy T, Z\ are of too high an order ; and the most important term in A is 

Substituting, and equating indices, we have 



206.] EXAMPLES 173 

so that n—2. Equating coefficients, we find 

and therefore 

2X=i(-X)*; 
that is, 

X=+J, ft=+ia. 
Hence 

The corresponding solutions of the original equations are 

they are such that, for a general value h of x^ they are equal to i;(6) and f(6), 
and also the values of their derivatives at the point are equal to the values of 
the derivatives of i; and f. 

Similarly, for r=3, we find 

and the corresponding solutions of the original equations are 

There is the same inference as in the last case. Moreover, it follows that the 
values of the derivatives of the last two sets of solutions are equal to one 
another at x—h. 

To obtain this result by direct verification from the known forms, we 
proceed as follows. The complete integral is known to be 

the singular solution under consideration is 

j;=-J(a7+a)2+a2, f= - Ja(:r-a)2. 

To determine the complete integral which, at a? =6, coincides in value (not in 
form) with the singular integral, we have 

o6+o24-i3=-i(a+6)2+a2\ 
/36+a/3=-ia(6-a)2 /' 

These equations, when solved, give 

o=a-6, i3=-J(6-a)2; 

and a=-i(a4-ft), i3=-i(6-a)a, 

the latter pair being repeated. From the above values 



2_f={/3+i(6-a)a}(^-6)+Ja(a7-6)' 



a (07-6)2/' 
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Taking the simple root-pair, we have 

y-i;=i(3a-6)(a?-6)+i(^-&)«-ri \ 

0-f-J(6-a)(3a-&)(a?-&)+ia(^-6)8=Zj' 

taking the multiple root-pair, we have 






As a matter of fact, T^ and F, are equal to one another for this equation ; 
and likewise Z^ and Z^ : not merely their own values and the values of their 
first derivatives at x^b. 

In the same way it can be shewn that, taking the singular solution 
and choosing those values of the constants in the complete int^rals 

which make them, at x^b^ equal to the singular integral, we have only a 
jEongle root-pair: and the relation is 

Z' 



J- f=}6(a?- 6)8+^(0?- 6)3/ • 



Ex, 2. Discuss similarly the equations 

z^^qx+cpq ) ' 

Ex, 3. Consider the equations 

ff=^2px+apq I 

z=2qx+bpq+cxy 
where a, 6, c are constants. These equations are easily proved to possess no 
singular solutions. 

We have 

J^Ax^ + Qxiaq-^-bp) ; 

so that, taking •/'=0, we obtain 

aq+bp+2x=0, 
-Combining this with the initial equations, so as to eliminate z and q from the 
set of three, we have 

ff{x,i/,p)=i/-^bp^=rO. 
Accordingly 

when these are substituted for y and p, the other quantities are determined 
in the form 

f=M?-l(3*-o)«, 

§=-i(3^-a). 
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Now take 

and substitute in the original equations : we find, after simple reductions 
Y^-r{x-\'a){hu-av)-\-auv 

Z= - ^ (3ar - o) (6t« - av)-\-huv 

Let A denote the expression 

(6r-aZ)«+46a:r(3^- o)4-4<jw?^(^+o) ; 



then 



«=i(6i'-«^+A*). 



also 

SO that the equations for Fand Zare 

g=i(3.-„)-c+jl^(-6r+aZ+A») 

Let /denote an ordinary point for the various coefficients ; that is, /must be 
diflFerent from zero : further, as in § 203, we choose /, so that 3/- a - oc is 
not zero ; and we determine solutions Y and Z such that F=0, Z=0 when 
x=^f. Then we have 

r=;x(a;-/)^i2{(^-/)*}, 

where R and S are regular functions of their argument, which are equal to 1 
when the argument vanishes, and the constants are given by the equations 

ap = y— a — ac 
3a/Je={op (/+«)}»' 
36/M={ap(/+a)}^ 
The integrals of the original equations are given by 

being the integrals which, at j?=/, are equal to rj and f. It is clear that, at 
a:=f, the derivative of y is equal to that of 17, but the derivative of z is not 
equal to that of f : in other words, the quantities 17 and f derived through 
J=Oy H^O do not satisfy the original equations, and so do not constitute a 
singular integral. 
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Classification of Integrals. 

207. The investigations of §§ 197—202 have shewn that, in 
some cases when definite conditions are satisfied by the forms of 
the original equations, those equations may possess more than one 
kind of solution — the number of kinds, other than the complete 
integral, not exceeding the number of dependent variables (§ 202): 
and in each case, the difierent kinds, in their construction, were 
made to depend upon the difierential equations themselves. 

Now it is well known that, in the case of a single equation of 
the first order, the singular solution (if any exists) can be deduced 
from the complete primitive : though, in the course of deduction, 
other equations may be associated with it which are not solutions. 
The argument briefly (and incompletely) stated is as follows. Let 

<^(^, y, c) = 0, 

where c is an arbitrary constant, be the complete primitive of the 
equation 

so that <E> = is the result of eliminating c between ^ = and 

ex ^ oy 

As regards elimination, the constancy of c is not essential to the 
process : the forms of the equations from which the elimination is 
to be made must be the same, if hypotheses as to other forms of c 
be adopted. Suppose, then, that c is such a function of a?, that 
no formal change is caused in the equation which expresses p: 
thus the equation 

dx ^ dy dcdx 
must lead to the same form for p as before, and therefore 

dcdx"^ * 
so that, when c is not a constant, we have 

dc "• 
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This equation must, for the purpose in question, coexist with 
^(^ly, c) = 0: eliminating c, let the result be 

If ^ be resoluble, let 

denote a member of the aggregate of equations, cumulatively 
equivalent to ^ = 0. 

Now the original equation does not necessarily possess a 
singular solution : so that the equation '^ = does not necessarily 
provide a solution. Without entering on the general analjrtical 
investigation as to the conditions, which must be satisfied in 
order that -^ = should provide a solution, it will suffice here to 
point out that the simplest plan is actually to substitute in the 
differential equation, so that the equation 

/ ^J:\ 

must (if i/r provide a solution) be satisfied either identically or 
in virtue of i/r = 0. Moreover, the functional relations between 
01 = 0, the discriminant of the complete integral, and the dis- 
criminant of <I> in regard to p, will not here be considered*. 

Ea;, 1. The primitive of 
is 

where c is an arbitrary constant. Hence 

and so 






d<f>_ a 
9c "~ ~c^' 

The inferred equation <^i(^, y)=0, the eliminant of </)=0 and ;p=0, which 

possibly provides a new solution, is 

* There is a vast amount of literature upon the subject ; see Hill, Proc. Lond. 
Math. Soc, vol. xix (1889), pp. 561—589, and Hamburger, Crelle, t. cxii (1893), 
pp. 205 — 246, where many references are given, and the relations between the 
discriminants are discussed. 

F. III. \^ 
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Thus, from 0i=O, the value of ^ is — : substituting, the original equation is 

9 

satisfied in virtue of <^i=0, and so there is a singular solution. 
Ex. 2. Denoting X'\-y by ^, the primitive of 

is 

0(0?, y, c)=o3(;r-c)(y-f-c)-(a?+y)3=0. 

The eliminant of 0=0 and ^=0 is 

*i(^, y)=(^+y)*(}-^-y). 

Taking 

we have^«» - 1 ; the differential equation is not satisfied. 
Taking 

we have^= — 1 ; the differential equation is satisfied in virtue of V^2="^- 

Hence one of the equations equivalent to 0^=0 provides a solution ; the 
other of those equations does not provide a solution. 

208. The inference, that the complete primitive of a single 
equation of the first order does not, in all cases, include in itself 
all possible solutions of the equation, raises the corresponding 
question as to the comprehensibility of the complete primitive of 
a system of equations. Adopting the natural generalisation of the 
method used for the single equation of the first order, we consider 
two equations of the form 

F{x, y, z, p, y) = 0, G (a?, y, z, p, q) = 0, 

with the customary notation: and we assume that the complete 
primitive exists in some form 



f(oo, y,z,a,b) = 0\ 
g{x,y,z,a, 6) = 0J ' 



where a and h are arbitrary constants which, if necessary, will be 
determinable by means of initial assigned values. In order that 
they may constitute a solution, then the elimination of a and 6- 
between 



dx ^ dy ^ dz 

dx ^ dy ^ dz 
/=0, 5r = 
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must lead to a couple of differential equations which, if not 
actually in the forms F^O, (t = 0, must be equivalent to these 
equations. 

As regards the eliminant differential equations, there is no 
final difference, whether the quantities to be eliminated are 
parametric or variable in their nature; if therefore, a and b are 
made functions of ^, such that the forms of the equations expressing 
p and q are the same as before, then the equations from which the 
elimination is made are unchanged in form, and the final eliminant 
is unaltered. In order that this may be the result, a and b must 
be functions of cc such that 

da dx db dx 

dg da^dg ^^q 
da dx db dx 

Since constant values of a and 6, which certainly satisfy these 
equations, merely give the complete integral, we pass to other 
possibilities. Because a and b are to be functions of x, we may 
regard 6 as a function of a : so that the two new equations can be 
replaced by 

and by either 

|^da + |fd6 = 0, or ^/da + %db = 0, 
da db da db 

the last two being equivalent to one another in virtue of J—0, 

Now from/= 0, g = 0, J=0, which, in general, constitute a set 

of three independent equations, it is possible to consider x, y, z as 

explicitly expressible in terms of a and 6; so that, when their 

values are substituted in either 

da db da ' da db da * 
the result is a single differential equation of the first order 
between a and b. Let 

h (a, 6) = 

represent an integral of this new equation ; if it be the complete 
primitive, it will contain an arbitrary constant ; if it be a singular 
solution of that new equation, no such arbitrary constant will 
occur. 
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There are now four equations, viz. 

/=0, g = 0, J = 0, A = 0, 

involving a, b, ic,y,z; when a and b are eliminated, we have two 
relations between x, y, z, which involve an arbitrary constant if 
A=0 is a complete primitive, and involve no arbitrary constant 
if A = is a singular solution. But it does not follow that the 
two relations thus obtained constitute a solution of the original 
equations : the easiest plan of settling the doubt is actually to 
substitute in the equations. 

One simple kind of source for equations, which may be thus 
obtained and do not furnish solutions of the original equation, 
can be inferred by considering an associable geometrical inter- 
pretation. In the case of a single equation, which has 

<^(^, y, c) = 

for its primitive, the equation, which results from the elimination 
of c between 

<^ = and 1^ = 0, 

includes the locus (if any) of the nodes of the system of curves ; 
and though at any such point the values of x and y are the same 

for the node-locus as for the curve, the value of -y- for the node- 

dx 

locus is not necessarily the same as for the curve, because the two 
need not touch. In the case of a couple of equations, the general 
primitive represents a congruence of curves in space; the equation 
/= is satisfied at every node, and the eliminant of /=0, 5^ = 0, 
/=©, will include the nodes of the system. Thus the integrals 
derived by the further operations may be connected with a curve- 
locus of nodes, the directions of which are not necessarily one of 
the directions of the curves at the node, and the equations of 
which therefore will not, in general, constitute an integral of the 
equations. 

Ex. 1. Consider the equations 

-z-^-hx-^-ah =0j' 
where a and h are arbitrary (Ex. 1, § 201). We have 



J= 



x+2a, 1 
b , x+a 



=x^-{'Sax+2a^-b=0 ; 
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the two equations (equivalent to one another in virtue of J=0) are 

{x-\-2a)da-\-db^0, 
bda-^(x-\-a)db=0. 



Hence 



thus 

so that 
Hence 

so that 



■ -3-««a7H-2a, by the first equation, 

= a - -jr , by the second equation : 
da 



db . /dby 



da 



Substituting in the initial equations, we have 






which are a couple of equations constructed by the method indicated. 
The differential equations of the original system are 

z^qx^-pq y 
on substituting the values just obtained, it appears that the differential 
equations are satisfied, and therefore that the new equations provide a 
solution not included (because h and a are functions of x for the purpose) 
in the original system. 

The equation between h and a possesses also a solution, singular to itself, 
viz, 

a2+46=0, 

so thati ;t-= -ia, and therefore 

x-\-2a=^a ; 
whence 

a=-lx, 

Then 

on substitution, these are found to satisfy the differential equations of the 
original system. 

Ex, 2. Consider the equations whose primitive is 
g=iax^*{-bi/^+2abxi/-a^=0)* 
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where a and h are arbitrary. We have 

y--2a(y«+2aa?y), 
so that 

are values of a?, y, *, derived fi-om /■'O, ^=0, t/=0. Now the two equations 
for variations of a and h are 

0-(^+2&By-3a»)da+(y«+2<My)rf6, 

which, when the values of or, y, « are substituted, are satisfied by 

as constant, 6= any quantity. 
Thus 

is a locus obtained by the method of § 208 : it is a locus of nodes of the 
curves defined by the primitive. That it does not provide a solution of the 
corresponding difierential equations can be seen at once : for one of them is 

which is not satisfied in connection with y=0, «=0. 

Ex. 3. Discuss the alternative relation y+2cM7=0, arising in the last 
example out of t/«0. 

Ex, 4. Shew that, in connection with a complete primitive 
y^ax+fia, 6), z=hx-\-F{a^ b\ 
the singular solution (if it exists) is given by the association of the equations 

„_^/_^^ = -?^^_?^ 
^ db da da db 86 ' 

Sb\daJ '^\da dbjda 8a ~^' 
with the complete primitive. 

(Serret) 
Prove that the equations generally possess a singular solution of the first 
class. 

Ex, 5. Obtain the various singular solutions that are possessed by the 
difierential equations, of which 

y=aa;-962+l8a26-4aM 
z = bx+l2ab^-4a^b J 

constitute the complete primitive. 

(Serret) 

Note, From the general theory, as well as from the firet 

of the examples considered, it appears that a system of a couple 

: equations may possess (though it does not necessarily possess) 

ro classes of singular solutions derivable from the complete 



I 
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primitive. More generally, a system of n simultaneous equations 
of the first order in n dependent variables may, in addition 
to the complete primitive, possess n distinct classes of singular 
solutions derivable from the complete primitive — a result, as 
regards the kinds of solutions possessed, which is in accordance 
with the results of § 202. It is not my intention to discuss the 
inferences again, and to establish their relations with the primi- 
tive: this discussion will be found in a memoir by Serret*, and 
in the memoirs by Mayer, Goursat, and Dixon, already (§ 200) 
quoted. The last of these memoirs discusses some important 
applications to the theory of the bitangents of torses, and to 
cognate questions in geometry. 

In connection with this part of the subject, reference should 
be made to the second part of the memoir by Hamburger (cited 
in § 207), where the functional relations of singular solutions and 
complete primitives of a single equation of the first order are 
investigated. So far as I am aware, there is no complete in- 
vestigation, which deals with the corresponding relations, in the 
case of a system of two or more equations of the first order. 

♦ LiouviUe, !'• S^r., t. xvni (1853), pp. 1—40. 



CHAPTER XIV. 

Equations of the Second Order and the First Degree*. 

Regular Integrals of an Equation w" =/(«/, w, z). 

209. One of the simplest systems of two equations in two 
dependent variables is that, which is the equivalent of a single 
equation of the second order in a single dependent variable. 

When the equation is linear in the derivative of the second 
order, the system is of the form 

dm , 

The general existence-theorem of § 10 can be applied to this 
system, with the following result: — 

Let z = c, w = a^ w' = P be an ordinary combination of values 
for the function /, so that / can be expanded as a regular function 
oiw' — ^yW — ayZ — c'y let )S be finite, so that the function, defined 

by the equations as the value of -^, is regular; and let the 

domain of z round c, within which the function / is regular (with 
the corresponding ranges for w and w), be given by \z — c\^r. 
Then there exists a regular function of z, which is a solution of 
the equation of the second order ; at c, it acquires the value a, and 
its derivative acquires the value yS ; and so long as the variable is 
restricted to variation within the specified domain, the solution so 

* Some references, more or less slight, to the subject of this chapter will be 
found in a few of the memoirs quoted in Chapters xii and xin. Painlev^'s 
Stockholm Lectures Sur la tMorie analytique des iquations diffirentielles, (1S97), 
pp. 394 — 433, may also be consulted. 
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determined is the only solution, which satisfies the assigned con- 
ditions. The expression for the solution is 

t£;-a = )S(^-c) + i(^-c)«/(i8,a,c) + .... 

The sole limitation has been that w' = )8, w = a, -s^ = c, constitute 
an ordinary combination of values for the function fiytf, w, z) : 
in order that w' may be regular in the vicinity of the assigned 
initial value, fi must be finite. 

But as in the case of a single equation of the first order, it 
does not follow that the regular integral thus obtained, though 
unique as a regular integral, is the only solution of the equation, 
which satisfies the initial conditions. Any other such solution will 
be a non-regular function of the variable z ; in order to obtain its 
full significance, it then would be necessary to consider variations 
of z outside the domain of c. 

Thus if w — )S is a factor of the function f(w\ w, z\ the only 
regular solution of the equation is 

w = a -f )S (ir — c). 

If the initial value ^ be zero, and if w — a be a factor of 
f{v)\ w, z), the only regular solution of the equation is 

w = a. 

If the initial value yS be zero, and if f(w\ w, z) be expressible 
in the form 

w'g (w\ Wy z)-\-(w — a)h {v/y w, z), 

where g and h are regular functions in the vicinity of the assigned 
initial values, the only regular solution of the equation is 

w = a. 
But if we admit into consideration the non-regular functions 
of z, some branches of which may at least satisfy the initial 
conditions, it is not difiScult to construct examples, for which 
these special results of the general theorem are not valid. For 
instance, if w=0, and w' = 0, when z = 0, be assigned as initial 
values for the equation 

,2w-l 

Z— 1 

a first integral satisfying* these conditions is 

(z-'l)v/ = w\ 

* A general first integral is {z-l)w'=w^ + A^; the primitive is 
w=Ai&n{B + A\og(z-l)}, 
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and a final integral is 



w = 



.l-log(^-l)- 

If that branch of the (infinitely-branched) logarithmic function 
be taken which can be represented by Log (^ - 1) + 2A:7n, where 
k is infinite, the corresponding branch of w is zero. As in the 
simpler case (§ 15) of a single equation of the first order, it 
happens that this branch coincides, within the domain | ^ | < 1, with 
the uniform branch w = ; but when z is not restricted to lie 
within this domain, then the branches which vanish at « = are 
only a portion of the function. 

More generally, we have the result, analogous to Fuchs's 
theorem (§ 34) for the first order : 

The integral of the equation 

w" ^f{w\ w, z), 

determined as equal to u, a regular functio7i of z, by the assigned 
initial conditions, is the sole integral of the equation determined by 
those conditions, only if the initial value of z is not a point of 
indeterminateness for the equation 

dH j.fdv du . \ j,/dv \ 

Thus for the equation 
d^w 

where i^ is a regular function of its arguments, if the assigned 
conditions are that i^; = )Sc H- ^c^ w' = ^-\-yCj when ^ = c, the 
value z = c is a. point of indeterminateness. 

Note. The existence-theorem, stated at the beginning of this 
section, is deduced as a special instance of Oauchy s general 
existence-theorem (§ 10) appertaining to a system of any number 
of equations each of the first order. The direct application of the 
analysis, which leads to the general theorem, is cumbrous for the 
present case; and it does not appear to be the obviously appro- 
priate analysis. It is desirable to have a direct establishment of 
the theorem, appropriate to the case n = 2 ; the investigation is 
left to the student as an exercise. 
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Integrals of the Equation shxl' ^f{z'w\ w, z\ 

210. Another existence-theorem for an equation, which does 
not satisfy the foregoing requirement as to form, is sufficiently 
important to be treated independently. The equation in ques- 
tion is 

zhv" =^f{zw\ w, z)y 

where / is a regular function of its arguments. Integrals are 
required for values of z in the vicinity of the origin : it will be 
seen that, in certain circumstances, the equation possesses in- 
tegrals, which are finite in that vicinity. 

We assume 

w=ia+ffz -\-yz^ + uz, 
so that 

v/ = fi + 2yz -hu -^-zu ; 

the coefficients a, ^, 7 are constants ; and 7 is to be chosen so 
that, if possible, both u and u' are zero, when z=sO. Let /^n 
denote 

when, after differentiation, < = 0, w = a, ^r=sO; then the equation 

for w is 

272" + «»m" + 1:^ -/(O, a, 0) 

VI ml til 
the summation being for integer values of I, m, ri, such that 
Z -h m + w > 1. Making z = 0, we have 

/(0,a,0) = 0: 
so that a first condition is, that the initial value of w for ^ = 
must be a root of the equation /(O, a, 0) = 0. If this equation is 
an identity, then the initial value of w remains arbitrary. 

Since u' = when ^ = 0, we can regard the order of u' in 
powers of z, for sufficiently small values of \z\j as greater than 
zero, and the order of i^ as greater than unity. Thus there are no 
terms of the first order on the left-hand side : and therefore the 
terms of the first order on the right-hand side must vanish, so that 

giving 

yioo H"yoio 
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Equating terms of the second order in powers of z on the two 
sides, we have 

giving the value of 7. The remaining terms then constitute the 
equation 

f^Xl!' + 2.2%' = ^«m7,oo + Z^ (/joo +/010) + -2*^: + F{2hi!, zu, z\ 
where ^ is a regular function of its arguments : in F, the terms 
are all of order at least equal to four, the orders of u and u' being 
as explained above. Now let 

u = vz, 
so that 

dv , 

the quantity v vanishing with z. Then 

F{z^u\ zu, z) = F{z^y z% z\ 
so that F is divisible by z^ ; the quotient, say ©, is of order at 
least equal to two, because the orders of p and v are not less than 

zero, and, in general, are greater than zero. Thus, since t^'' = -^ , 
the equations in 'p and v are 

^^ = ^^ + (/ioo-2)p + (/,oo+/oio)t; + e 

dv 
'dz^ P- 

where the lowest terms in are of dimensions at least two in the 
variables p, v, z. 

These equations are of the form already discussed in ^ 165 
et seq. ; the general characteristics of their integrals are known. 
The critical quadratic is 

(ft + 2 -/,«,) (ft + 1) - (/..o +/01.) = 0, 
that is, 

n« - n (/loo- 3) + 2 - 2/00-/010=0: 

let its roots be fli and Ha- 
lf the integrals are to be regular, the value of yS must not be 
infinite. Unless fm = 0, this will be the case when /oo +/010 = ; 
so that il may not be equal to — 1, unless /»! certainly is zero : 
and even if this is so, it does not follow that there is a finite value 
for fi. Also, the value of 7 must not be infinite, and therefore 
2 — 2/00 — /oio must not be zero : that is, il may not be equal to zero. 
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From the earlier investigations, we know that, if the equa- 
tions have regular integrals, neither il^ nor flj can be a positive 
integer, unless a certain condition is satisfied among the other 
coefficients; if therefore a root of the critical quadratic be an 
integer, it must be less than — 1, unless a condition is satisfied. 

If neither fii + 2 nor fla + 2 is a positive integer greater than 
zero, then there exists a pair-solution of the equations ; the values 
for V SLTidp vanish with z, and have the form 

p = 2Az-\- ..., 

v= Az+..., 
\^rhere 

^(6-3/;oo-/oio) = /c; 

and these values are regular functions of z. If however the 
critical quadratic has an integer greater than — 2 for a root, then 
this pair-solution (in the form of regular functions of z) does not 
exist, unless a certain condition among the coefficients of / be 
satisfied: when this condition is satisfied, there can exist an 
infinite number of regular solutions. 

The further inferences, proved for the corresponding equations 
(§§ nSet seq.), as regards the existence of non-regular functions of 
z, which vanish with z and satisfy the equations, need hardly be 
restated here. The existence and, if they exist, the character of 
such non-regular solutions depend upon the actual expressions of 
the roots flj and flj of the critical quadratic. 

Assuming then that v denotes the most general value of v 
which, in association with the corresponding most general value of 
p, satisfies the equations for v and p, the value of w is 

w = a -^ fiz + z^ (y+v)y 

where a, y8, 7 have the values as obtained above. Hence it follows 
that the equation 

zW =f(zw\ w, z) 

possesses a solution, determined by the specified conditions, viz. 

(i) that it acquires a value a when z = 0] 

(ii) that ^ and 7 are definite constants ; 

(iii) that its regularity or non-regularity, as a function of z, 
depends upon the roots of the critical quadratic 

«^-«(/ioo-3)-h2-2/,oo-/oio = 0. 
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Ex, 1. Obtain the solutions (if any) of the equation 

«» w" ■= a {zw' - wf 4- hz\ 

which are finite and have their first derivative finite, when z=0. 

Since v/ is not infinite when zbO, therefore zv/' is not infinite for ^=0: 
consequently z^vf' is zero for that value. Thus the equation /(O, a, 0)=0 is 

o2=0, 

that is, the integral must have an initial zero value. In accordance with the 

text, we take 

w=fiz+yz^-\-zu^ 
so that 

zic'-w=z'^{y + ^; 

the equation becomes 

(2y+-?w" + 2w') «2=(W* (y + ^y+6-82. 

Hence 2y=6; and thus 

zu"-\-2u'=az^Uh + ^^ , 



The equations are 



dv 

the critical quadratic is 

(G + l)(G + 2)=0, 

both the roots of which are negative integers. 

It therefore follows that there exists a function, which vanishes with z and 
satisfies the equations. When it is substituted in the expression for tr, it 
provides a solution of the original equation ; this solution is a regular function 
of z. Also, because the roots of the critical quadratic are negative integers, 
this regular function is the only solution of the equation which vanishes with 
z ; the quantity j3, being the initial value of v/, is arbitrary. 

This result may be verified by shewing, through direct quadrature, that 
the complete primitive of the original equation is 

z ajzrjdz 

where 

rj = AJq {ahz) + jB Tq {dbz\ 

jS being an arbitrary constant, and .Tq, Yq denoting Bessel's functions of order 
zero. In order that the imposed conditions may be satisfied, it is necessary 
that jB=0 ; the integral w then becomes a regular function of z. 

Ex, 2. Obtain the integrals of the equation 

227//2 

z^v/'=^2zv/^2wa-w)-'2-^^, 
which vanish and have a derivative that is not infinite, when 2=0. 
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(The complete primitive is 

Ex, 3. Consider the equation 

so as to obtain uniform integrals, which are finite and have finite first and 
second derivatives, when 2*^0, 

If such an integral can exist, and if a be its value when «=0, then we have 

so that either a=0 or o= -mn/c. The general expression in the vicinity of 
z=0 must be of the form 

For this value, we have 

2^ti/' "{m-^-n-'l) ztt/ +mnw=mna'\- 2 {p-m){p-n)dpZP ; 
and accordingly, 

(jt?-m)(^-w)^p= coefficient of z^ in 2kz+{a, 6, c, /, ^, hizv/, w, zy + ... 

= 0p, 

say, the foregoing expression being substituted for w. 

The 12-equation is easily obtained : for 

/ioo=w+7i~l, /oio=-m7i, 
and therefore 

Q^-Q(m+n-4) + 4-'2m-2n+mn=0y 
that is, 

{l2-(m-2)}{G-(w-2)} = 0. 

Hence, if m and n be positive integers, the equation does not vmconditionally 
possess regular integrals of the required type. 

As a special instance, let m= 1, n==2. Then taking the value of a, the 
condition for the possession of regular integrals is 

Similarly for the value - 2/c of a. 

Again, let m= 2, w=3. Then taking the value of a, the condition for the 
possession of regular integrals is 

{a'\-2h+b)k^+2{f+g)k+c=0; 

the value of ^g is given by 

{4a + Sk + 2b+4g+2f) $2+1=0 ; 

the value of 6^ is arbitrary, and the subsequent coefficients are expressible in 
terms of B^. There thus is an infinitude of regular integrals, if the condition 
is satisfied. Similarly for the value — 6/c of a. . 
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Integrals of an Equation z^w^^^ =/(z^-^w^'^^\ ..., zw\ w, z). 

211. A like result holds for an equation, which is of ahy order 
m and of similar form, say 

dz^ -^ \ dz'''-'^ ' dz^-^ ' ' dz ' J 

Let a denote a root of 

/(0,0, ...,0,a,0) = 0, 

in which all the arguments of /, except w, have been made zero ; 
and let/r denote the value of 

3 ^ / •* , d'^^w dw \ 

when, after differentiation, w is made equal to a, and all the other 
arguments are made zero: r having the values 1, 2, ..., m. Also, 
let Em{'^) denote 

1 , Q + l , , ..., 0,0 

, 1 , 04-2 , ..., , 

, , 1 , ..., , 



, , , ..., 1 , Q+m-l 

where the last constituent in the first row differs in form from the 
preceding m — 2 constituents in that row. The expanded form of 
Em(^) is easily obtained ; thus 

E, (ft) = {(ft + 3 -fo (ft + 1) - (2/. +/,)} (ft + 2) + (/, +/,), 
E, (ft) = [}(ft + 4 -/O (ft + 1) - (3/, + 2/,)} (ft + 2) 

+ (2/,+/,)] (ft + 3) -(/,+/,), 

and so on. Lastly, let ft/, fig', ••., ^m denote the m roots of the 
algebraical equation jE*^ (ft) = ; and let ftf=ft/ + m, fori=l, ...,m. 
Then we have the following theorems : — 

If no one of the quantities fti, ..., [1^ is a positive integer, 
then a solution of the equation exists, which acquires the value a, 
when z = 0, and is expressible in the form of a regular function of 
z : but if one, or more than one, of those quantities is a positive 
integer, then, unless a condition is satisfied among the coefficients 
of /, there is no such regular solution. 
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If the roots ilj', ..., fl/ have their real parts positive, though 
they are not themselves positive integers, and no two of them be 
equal, and if fl',+i, ..., fl'm have their real parts negative, (but, if 
actually integers, then each < — m), then there is a /c-tuple in- 
finitude of integrals, which acquire a value a when z = 0, and are 
expressible as regular functions of ^»', ..., ^«', z. If of the roots 
having their real parts positive two be equal, say fl/ and ft/, 
then the arguments ^»' and z^' of the regular functions, that 
express the integrals, are to be replaced by z^^' and ^»' log z, and 
the infinitude of integrals is only (k — l)-tuple ; and likewise if 
more than two of those roots be equal. 

If a root fl' is a positive integer, and if the condition for 
the existence of the (infinitude of) regular functions of 2^ as 
integrals of the equation is not satisfied, then there exists an 
infinitude of integrals, which are expressible as regular functions 
of z and zlogz, and acquire a value a when z is zero. Similarly, 
if two or more roots are positive integers. 

In fact, propositions similar to those in § 210 hold for the 
differential equation; they depend upon the character of the 
root-system of the critical equation 

^^(n)=o. 

Note. The character of an integral being recognised in accord- 
ance with these propositions, its formal expression is obtainable 
(as usual) by substituting an expression in the form of a regular 
function, which possesses that character, and by determining the 
coefficients so as to make the equations satisfied identically. 



Integrals of an Equation zv/'=:f{w\ w, z). 

212. Another class of equations, represented by 

zw"^f{w\w,z)y 

where/ is a regular function of its arguments, can be treated in a 
similar manner, the integrals (if any) being required to be finite 
in the vicinity of -2^ = 0. Let a be an initial value assigned to w, 
fitov/\ then the initial value of w*' will be infinite unless 

/(i8,a,0) = 0, 
p. in. \^ 
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a relation which accordingly will be assumed to be satisfied. 
Now take 

then 

== j/fi + M/« + (^A +/») ^ + terms of higher orders, 
the quantities y and y' vanishing with z. Hence the equations 
may be taken in the form 



\ 



similar to the form discussed in § 210. The critical quadratic is 

(n-/,)ft=o, 

the roots of which are /i, ; so that the character of the integral 
depends upon the quantity /i, which is the value of 

df{w\ w, z) 
dv/ 
when, after diiferentiation, we take w' = ^8, w = a, -^ = 0. 

If fi is not a positive integer, then the equation possesses 
a solution expressible as a regular function of z, such that y 
vanishes with z: and tlie solution is uniquely determinate. If 
the real part of /i is then negative, this solution is the only 
integral of the equation determined by the initial values a and fi ; 
but if the real part of fi is positive, though fi is not itself a 
positive integer, then an infinitude of integrals is determined 
by the initial values a and yS, these integrals being expressible 
as regular functions of z and z-^k 

If /, is a positive integer, then in general the equation 
possesses no solution, which is expressible in the form of a regular 
function of -2: that vanishes with z: but it possesses an infinitude of 
solutions determined by the initial values a and yS, these solutions 
being expressible as regular functions of z and z log z. But if a 
particular condition among the coeflBcients be satisfied, there is an 
infinitude of solutions, expressible in the form of regular functions 
of z and determined by the initial values a and fi : in that case, 
such solutions are the only integrals of the equation determined 
by those initial values. 
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Such integrals are, of course, only a particular class of in- 
tegrals ; and if the initial values a and /8 be such that /(j3, a, 0) 
is not zero, then the subsequent inferences are no longer valid. 
The point z = then usually is an essential singularity. 

Note. There is a corresponding result for an equation 

of order m ; the critical equation has m — 1 roots equal to zero and 
one root equal to/i, where /i is the value of 

3 . (d'^^w 



\ds^^) 



when the initial values are substituted after diflferentiation. The 
results are similar to those for the equation of (Hrder 2, and depend 
upon the value of /i in the same manner as for that lower order*: 

Ex, Consider the equation 

ahvf' = {zw' - w)^ - <?. 

If the int^ral, supposed to be finite when z^Oy has an initial value a, we 
have a*=c2, so that a=±c: and /3 remains arbitrary. With the substitutions 
of the text, we have 

aV=(«y-y){-2a+(^-y)}; 

and therefore, since ^(^y'-y)=«/', the only regular solution of the equa- 
tion is 

that is, with the condition y=0 when 2;=0, we have y=0 as the solution, and 
therefore the int^ral of the original equation is 

w^ ±c+fiZy 

subject to the condition assigned. 

As the equation can be integrated by quadratures, it is possible to 
compare this result with the complete primitive. Let 

, a2 dn 

zvf-w= -T-; 

rj dz 

after substitution, the equation for »; is 

^'^ n^-0 

&0 that 

ez ^cz 

* See also KSnigsberger, Theorie d. Differentialgleiehungen, pp. 411—416. 
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and therefore 



Consequently, 



2ez 



z 



2et 
Ae^'^'Bdz 



Ae"^ ^B 

which is the complete primitive; it contains two arbitrary constants, viz. 
C and the fraction BIA. Denoting this fraction by Ir, we have 

v>__p [{^~^ 4k _ cz \dz 

j-.0-Cj|^-^ + — -^y, -,+ ... I -^, 

so that 

l — k 4k c* 
2^=c .— -T - . ,>g —^zlogz+ a. r^ular function of z, 

this regular function vanishing with z. 

If initially w=c^ then k=0 and the term in 2; log 2; disappears ; if initially 
w==-c^ then ifc=QO and the term in zlogz again disappears; for any other 
assigned initial value of ir, the term in zlogz remains. 



Non-regular Integrals of w" =f(w\ w, z). 

213. The simplest deviation from the previous conditions 
arises, when the initial value assigned to vf is infinite. In that 
case, we make z the dependent variable and w the independent 
variable, so that 

and the equations are 

dw 

The initial conditions now are that -? = c, and z' = 0, when w = a. 

If / s= 0, z — Cy w = a, constitute an ordinary combination for 

the function ^, the preceding existence-theorem applies : and the 

solution is 

z -- c^ \ {w - of g {0, c, 0) + ..., 

so that, if flr (0, c, a) is diflferent from zero, we have 

t(;-a = (^-c)*P{(^-c)*}, 
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where P is a regular function of its argument, and does not 

vanish when 2r = c : and if g (0, c, a) is zero, we have a result 

of the form 

1 1 

where n > 2, and iJ is a regular function of its argument, 
which does not vanish when z = c. But when / is an integral 

factor of g, so that -> g (/, Zy w) is regular in the vicinity of 
/ = 0, z^c, w = a, then we have 

z-c^O 
everywhere in the domain considered : so that no solution of the 
original equation exists, which can express ^ as a function of z, 
unless the combination of values is a point of indeterminateness 
for the equation. 

If, however, / = 0, z=^Cy w = a, constitute a non-ordinary 
combination for the function g, then, instead of making the 
transformation which leaves w as the independent variable, it 
is better and simpler to investigate the existence of the integrals 
(if any) by the methods, which are used in connection with a 
combination of values that constitute an accidental singularity 
of the first kind or of the second kind, taking as the sole initial 
condition that w shall acquire a value a when z=^c, 

Ex. DetenuiDe a solution of the equation 

such that w=a and -j- = oo when 0=c. 
dz 

214. Deviations (other than that just considered) from the 
initial conditions, which uniquely determine the existence of an 
integral of the equation expressible as a regular function of z, 
may occur in various ways. 

It is unnecessary to take any detailed account of two of the 
simplest cases. One of these arises when the initial value of z is 

infinite : we take a new variable z (=- , as usual j , and we have 

zero as the new initial value. The other arises when the initial 
value of t^ is infinite : a similar transformation leads to zero as the 
initial value of the new variable. 
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As regards the possibility of an infinite initial value of vi^ 
sometimes it is a condition that may be imposed upon the 
equation (and the equation is then treated as in § 213) : some- 
times it is a condition evolved by the form of the equation itself. 
Accordingly, in many cases, the assignment of an initial value to 
'oi will be left open. 

The most importemt class of cases is constituted by those, 
in which the assigned initial values constitute a non-ordinaiy 
combination for the function /(w', w, z) on account of its form. 
To the discussion of some of these we now proceed. 

Accidental Singularity of the First Kind. 

215. First, suppose that the values w' = )8, w=a, -er = c 
constitute an accidental singularity of the first kind of the 
function /, so that (Note, Chapter i) / can be represented in 
the form 

-77—, v=P(w;'-)8, w — a, ^-c), 

f{w\w,z) 

where P is a regular function of w\ w, z, which vanishes at /8, a, c. 
In order to discuss the solution, we retain ^' as a variable, making 
it now the independent variable ; so that we have 

^^ = P(w'-/9, w-a, z-c) 
- — ^ =zw F{w — p, w—a, Z—C) 

Suppose that terms occur in P, independent oi w — a and z — c\ 
and let the lowest power of w' — /8 in P occurring alone be 
A {vf — y8)" ; then we have, as in other cases with similar 
expressions, 

^ - a = -^^ {w' - BT^^ S {v/ - B) 

where R and S denote regular functions of their arguments, each 
of them becoming equal to unity when w' = ^, Thus 

1 

Cw 4- 1 I «+I — 
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where Ri denotes a regular function of its argument, which becomes 
equal to unity when z^a; and therefore 

where R^ denotes a regular function of its argument, which does 
not vanish when z^^a. The point z = a ia thus a branch-point 
for n + 1 branches of the integral of the equation, which circulate 
round the point a; they are equal to one another at the point, and 
have their first derivatives equal to one another at the point. 

If however no terms occur in P which involve w' — 13 alone, 
the preceding inference is not justified : the only regular solution 
of the equations is the solution w = a, which requires that jS should 
vanish: so that no regular solution of any kind exists, unless 13 = 0. 
But non-regular solutions may exist satisfying the conditions : the 
characteristics of these will depend upon the form of P. 

To examine the possible cases, we effect a slight transformation 
on the equation. Let 

z — c^x, 

w — a = )8a? + y ; 
so that 

w'^j3 = y\ w'' = y\ 

The equation in the new dependent variable is subject to the 
conditions that y' = 0, and y = 0, when a? = 0. Also, let 

P{w' -fi,w-ay z-c) = P(y\ ^x+y, x) 

so that as, by hjrpothesis, there is no term in P involving w — ^ 
alone, there is no term in Q involving y' alone; the equation 
now is 

^ <3(y'..y.^)' 

where Q is a regular function of its arguments and vanishes with 
them. 

Note. Sometimes, however, it appears that a' solution w may 
acquire a value a, when z = c, but that no definite precedent 
assignment of fi is possible : that, in fact, the equation possesses 
a solution, only if the value of w (for z = c) is determined by the 
form of the equation and not by external added conditions. In 
that case, we take z — c^x, w — a = y, w =y'\ and the initial 
conditions then are that y^O, when x = 0. 
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216. It may happen that Q(j/y y, x) has a fector, which is a 
function of y and x alone : let y —/{x) be a linear fector of this 
function. If /(O) is not zero, then y —f{x) does not vanish 
for the assigned conditions: and therefore the linear factor does 
not contribute to the vanishing of Q, so that it ceases to be 
important for the determination of the leading term in y. If 
/(O) is zero, then we take 

(unless f{x) is zero for all values of a?, and then no change of 
variable is necessary) : v vanishes when a? = 0. The other factors 
of Q may, or may not, together vanish as a product, when v s= 0, 
« = 0. 

To determine the leading term in v, we assume that, for 
sufficiently small values of \x\y we may take 

v = pa?**, 

where /i > 0. For this substitution, let fe/i + Z be the index of the 
lowest power of x occurring in Q, where A; > 1. li k>l,l may be 
negative. Then since 

and if the lowest term in y" is of the same order as the lowest 
term in t/\ we have 

/i - 2 + fe/i + i 

as the index of the lowest term on the left-hand side : hence 

/It - 2 + i/i + i = 0, 

which gives rise to a value of /i. If /Lt be negative, we infer that 
no integral of the specified kind exists. If /a be positive but less 
than unity, then v' is infinite, when a? = ; so that, if only finite 
values of yS are to be retained, again no integral of the specified 
kind exists. If fi be positive and greater than unity, then t;' is 0, 
when a? = ; so that /' (0) is the value of y\ when a? = ; and, if 
this is the value of )8, an integral does exist. And so on, for each 
such linear factor in succession. 

More generally, if, in the case under consideration when 
Q{y\ 0, 0) vanishes whatever value be assigned to y\ there be 
no separable factor dependent upon y and x alone, it is possible 
to use Weierstrass's theorem for the expression of Q, Instead, 
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however, of adopting this process, it is sufficient to take the 
general form of Q. Adopting a substitution 

which is the leading term in y for sufficiently small values of | a; | 
and has fi positive, we determine the lowest index of powers 
of a? in 

for this substitution. This lowest term is made equal to unity, so 
that there is one relation to determine fi, and there is one equation 
to determine c. (Sometimes the relation determining fi is satisfied 
identically ; and the equation for c may then leave c arbitrary, if 
fi is properly determined.) If the value of /i be greater than 
unity, then all the assumptions made are satisfied : if the value of 
fi be positive but not greater than unity, then j/ is not zero with 
Wy and the initial assumption as to finiteness in value of /8 is not 
justified ; if /Lt be zero or negative, the assumptions are not justified, 
and no solution of the required type exists. 

217. Bx. 1. Consider the equation 

1 



w—zuZ — cu/^^ 
as regards solutions (if any) defined by the initial conditions w^O, v/^^O, 
when z=0. 

The reciprocal of the expression for v/' is regular in the vicinity of these 
initial zero values. We have 

dAXf 



so that 
and therefore 



4cT 



the point z=0 being accordingly a branch-point round which three branches 
of the integral circulate. 

As a matter of fact, the integral can be obtained by quadratures. The 
equations are 

dw __ , dz 
d\i "" dvf ' 
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hence 

d^z dz dw 

dvf^ dvf dvf 



and therefore 



^^^-2cuf, 



80 that 
Therefore 



S+— 2--. 



dz^ 
dv/ 

« - 2c - ctr'2 4- J5 (w' cos ir' - sin t£^) + il (cos w' + ?(/ sin w'). 

Now i(f=0, w^O, «=0 are the initial values : hence 

-2c + il=0, 
and consequently 

«= -2c(w'-sinw'), 

w= - 2c (1 - cos w' - w' sin vf)-cv/^, 

and their expressions as regular functions of v/ are 

the summation being for integer values of n. In this form, tif can be regarded 
as an intermediate variable. 

Ex, 2. Required the solution (if any) of the equation 

such that w=0 when 2=0. 

That no integral exists, unless /S (as the initial value of v/) is infinite, can 
easily be seen. For taking sufficiently small values of | ^r |, the most important 
term in a function that vanishes with z is of the form «;=C2**, where n>0 ; 
then vf' =n{n-\) c:^~^ + ,.. ^ ^6 that we must have 

n-2= -3/1, 
that is, 7i=i^. In this case, the most important term in w/ is ^c^"^, which is 
infinite when 2=0 : so that /3 must be infinite. 

The complete primitive can be obtained explicitly in the form 

where a and h are arbitrary constants. If t«;=0 when 2=0, then h^^a^i and 
we have 

aw={2a?z+z^)^, 
or 
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where k^—^. If B he infinite, all the conditions are satisfied: and thus 

there b an unlimited number of integrals (because k is arbitrary) satisfying 
the conditions. 

JSa;. 3. Discuss similarly the equation 

with the condition that w=Oj when 2=0. Prove that no solution exists 
unless the initial value of w' is infinite : and that, if this initial value is 
infinite, a solution can be obtained involving an arbitrary constant. 

Ex. 4. Consider the equation 

"" G {ZV^y w, z) ' 

where 6^ is a polynomial function of its arguments, which vanishes when 
z%o\ Wj Zy vanish. To obtain the solutions (if any) which vanish when ^r=0, 
assume as a leading term 

so that, as /i^2 is the order of w"y the lowest index in G after substitution is 
made must be equal to 2 -ft. This index being kfi-^l, we have 

so that 

2-1 

as /m is to be positive, and k is positive because of the form of G, we must 
have ^ < 2. When fi is reduced to its lowest terms, let it be - ; we then take 

and w will then be expressible as a function of x, the exact form of which 
depends upon G, 

As a special illustration, let the equation be 

"" av^ + bzw'w + cz^ ' 

where a, b, c are constants. For the substitution w^^pz^, the lowest terms in 
G have index 2fi or 2, equal to the smaller of these values : clearly 

/i-2 + 2^=0, 

so that /ui=§. It proves ix>ssible to substitute 

z^^a^, 

and still to keep the terms in the resulting equation imiform in expression : 
and we take a new dependent variable « in the form 

Then on substitution, the equation for u is found to be 

a^u"^lu-^ara'-{'-, — . ..,. o . or — -, — ; — , 
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where tt'=-^ , u"^-^t-^ ; any solution of this equation, which \a not infinite 

when 07 bO, leads to a solution of the original equation. The form is a 
particular case of that considered in § 210. We have, with the notation 
there used, 

The initial value a, of w, is given by /(O, a, 0)— 0, that is, 

a=-3(46+6o)-4; 
and then 

/oio=t> 
/ooi=-c(46+6a)-«. 

Thus when 4?=0, the value of w', being - . ^^ - » is 

/loo+yoio 

( 46 4- 6a)* 
9a + 26 ' 
which remains finite unless b=-^a. 

The critical quadratic determining the character of the solution is 
18a+106 3904086 
^ 3a+26 ^ 6a+46 

the roots evidently depending upon the value of - . If neither root be a 

positive integer, then a solution u exists which is finite, when a;=0, and is a 
regular function of a; : that is, there exists a solution of the original equation, 
which is a regular function of z^. If the roots Q^ and Q^ ^^^® *^®i^ ^^^ parts 
negative, then this solution is the only solution, which vanishes with z ; but if 
their real parts are positive, though they are not themselves positive integers, 
then there exists a double infinitude of solutions of the original equation, which 
vanish with z, and are expressible as regular functions of a*, z^^\ z^^. 

Knowing the character of the actual solutions, their form can be obtained 
by postulating a series of the appropriate character with unknown coefficients. 
When this is substituted, so that the equation must be satisfied identically, 
the comparison of coefficients leads to relations that determine the unknown 
coefficients in the postulated series. 

Ex. 5. Discuss the integrals (if any) of the equation 

{a,bjC,f,ff,hlzw',w,z)^' 
which are finite when 2=0. Consider, in particular, the case when a=0, 
6=0, c=0. 

Ex, 6. Consider the equation 

z^(l-\-2z) 
solutions (if any) are required such that w=0,ti/=^, when «=0. 
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Direct quadrature of the equation leads to the result 

where A and B are constants, arbitrary so far as concerns the quadrature. If 
the solution required is limited by the condition, that the intend is to be 
r^ular, then A must be zero : and then t<^=0, so that, if fi is different from 
zero, no regular solution exists subject to the assigned conditions. 
We have, for the more general solution, 

v/=A{l + 2z)e'^', 

Now the origin is an essential singularity of the integral: so that c~^', by 
making z approach the origin, can be made to have any value there. Let it 
approach the origin, so that e~ ^* in the limit acquires the value fi ; then -4 = 1. 
With this path, we have w^B when ^r=0, so that J5=0 : and thus 

is a solution, which satisfies the conditions, when z approaches the origin in 
the specified way. 

Ex, 7. Is there any solution of the equation 

z^{w-z) ' 

such that w=a when «=a, where a is a constant and a is arbitrary ? 

Taking 

w-z=^y, 

w-zit/=y-zy'f 
v/'^y"'. 

zhf 

11 for sufficiently small values of |2 — a|, the most important term in y is. 
c (« - a)*, where k should have its real part positive if a solution of the desired 
type exists, and c is a constant, then the most important term in y — m/ is 
-a/icc(2;-a)*"\ and the most important term in y" is ic(ic-l)c(2;-a)*'"^* 
Selecting the corresponding terms from 

zhff^a{y-z^)\ 
we have 

a^(^K («- 1) {z- af'-^^aa^K^d^ (z-af''^ 

which is satisfied if only 

k(k— l)=aic*. 

Now K is not zero : thus the only admissible value is 

1 

«== . 

I — a 

If therefore the real part of a is less than -fl, the necessary condition is. 
satisfied. 



we have 



so that the equation is 
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The most important term in \f is kc (2- a)*"^, that is, we have 

= l+«cLim(2-a/"* 

the value of which depends upon the form of a. If, for instance, a«^ (1 +t), 
then 

, — -=*, «« -=l+t; 
1— a 1— a 

and 

K-l|.-=2|c|6-*, 

where ^ is the argument (A z^a as it vanishes, and \c\ is so far arbitrary. 
Hence any initial value can be assigned to vfy and the variable z can be made 
to approach a, so that the assigned initial value is acquired at ^ea : even the 
value tt^==l can be assigned, but then 6 must be inj&nitely great and positive. 
It proves possible to integrate the equation by quadratures. Let 

1 

then 

y-zy^-z^^^- 



J, d fdv\ ^dh 



and therefore 
We find 


dh /di>y 
1 


and therefore 


a 1 




y=^^-(^+&/-; 


the primitive of the 


original equation thus is 

a 1 





If the particular value of a, viz. ^ (1 +t), be adopted, the primitive can be 
taken in the form 

wt=z-\'Cz-^z-ay+\ 

where C is arbitrary, and the condition that w=a when 2= a has been used. 

Ex. 8. Discuss in the same manner the possibility of the existence of 
solutions of the equation 

„ (w-zv/)* 
z^{w-z) ' 
when w is required to assume a value a at the point «=a. 
Ex, 9. Consider the equations 

0/'= —^ 
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with the condition that y=0 when a;=0, for various values of the positive 
integer n. 

To obtain the leading term we assume, as explained, 

so that, for this substitution, we have 

y-^=p(l-fi)^, 

y"=^(;*-l)^-«; 
and therefore 

y"(y-^r= -P**^' (1 -M^'^'V^"'^. 

Accordingly, we take 

' /i-2+n/i=0, 

so that 

2 

and then 

1 _i_ 

p(1-m)=(--) =(- 2-«j ' 

which determines p : the determination being effective unless n=l, when p 
becomes infinite. 

Hence when %>!, a value of y is obtained equal to zero when a;=0 : it is 
such that y' is infinite when a?=0. But, if n=l, the value of p is infinite on 
the foregoing determination. 

The equation can be integrated by quadratxu^s. Since 

we have 

(y-^y)»+i=-i(n+l)ai?2, 
no constant being added, because y and oo^ vanish when ^=0. Thus 

d (y\ ^ ^-y 

dx \x) a^ 

1 

= -|-|(n-fl)| X n+i, 

and therefore 

where A is arbitrary. 

If 7i>l, the value of y* when ^=0 is infinite. 

If w=l, the form obtained ceases to be effective. It is easy to shew that 
a solution of 

^ y-xy" 

y=Ax- ( - d)^ xlogXy 
where A is arbitrary ; evidently y' is infinite when a?=0. 



a 
vanishing when ^=0, is 
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Accidental Singularity of the Second Kind for 

218. Next, suppose that the values ti/ = fi, w = a, z—c 
oonstitute an accidental singularity of the second kind (Note, 
Chapter i) for the function /{v/y w, z), so that the equation takes 
the form 

,,_Pi(w\w,z) 

'Q.(y,\w,zy 

where Pi and Qi are regulai* functions of their arguments, and 
vanish when w' = /8, w = a, ^ = c. Write 

z — c + x, 

w^a-^fix + y, 

w^0 + y\ fi/'^f; 



then the equation is 



P(y,y.a;) 



where P and Q are regular functions of their arguments, and vanish 
when a? = 0, y = 0, y' = 0. As initial conditions, we require that y 
shall vanish with x : frequently integrals exist, though of such a 
nature that y does not vanish with x : accordingly, the condition 
as regards y^ will be left open, so that those cases may be 
included, which make j/ finite (but not zero) or even infinite 
when x = 0: but where an initial condition can be imposed, it 
will be used for the fuller determination of the integral. (The 
alternative, in eflfect, deals with the possibility that ^ may be 
infinite: and the corresponding substitutions would be z — c = x, 
w^oL + y, v/^j/.) 

Without taking, in successive detail, all the more important of 
the forms that thus may arise, consider the most general of them 
all; let 

P (y'f y» ^) = S22 aunnj/^'faf') 

QCy', y> ^) = S22 cx^.y' V^ r 

where Z + m + n > 1 for P, and X + ft + y > 1 for Q. Since y is to 
vanish with x^ let its leading term for sufficiently small values of 
I a? I be denoted by 

y^aaf, 

where ^ is a positive quantity ; if y' also vanishes when a? = 0, 
then will be greater than unity. When such a form is 
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substituted for y in P and Q, let the terms of lowest index in 
powers of ir be selected in both the functions. Let the term in P, 
which has aimn for its coefficient, be one of the terms of lowest 
index thus selected : the aggregate of terms of that index will be 
x^^-^^ •+»-! 222 air^af-^e^, 

the summation extending over all the terms which have this 
common lowest index. Similarly, in Q, let the corresponding 
aggregate of terms with lowest index be 

Now 

hence, equating the indices of the lowest powers on the two sides, 
we have 

and equating their coefficients, we have* 

ad (0 - 1) ttX Cx^,a^+^0^ = 222 air^of^^B^, 
The index-equation gives 

g^ 2+n-;-(i/-\) 
\H-/t + l-(Z + m)' 

In order to obtain the suitable values of ^ as given by this 
fraction, we use a Puiseux diagram as in other cases (§§ 39 — 42). 
Referred to a pair of rectangular axes OX, OY, all the points 
Z + m, 2 + w — i, connected with terms in the function P, are to 
be marked: likewise all the points \ + /i+l, i/ — X, connected 
with terms in the function Q. Through a point of algebraically 
smallest abscissa a line is drawn parallel to YO, and is made to 
turn in the counterclockwise sense until it meets one or more 
points ; then it turns about the last of these in the same sense 
until it meets others; and so on, until it is parallel to OX, As 
before, is the tangent of the inclination, to the direction XO, of 
the line joining the point (i + 7?2, 2 + n — to the point (\ + ft + 1, 
I/ — X); the orders of the corresponding terms in the equation 
y"Q = P, in powers of a?, are 

(X + /i+l)^ + i/-X-2, (Z + m)^ + 2 + n-i-2; 

* The precediDg equation assumes that d is not unity, by taking d-2 for the 
index of x in y" \ the necessary correction, when is unity, is provided in the 
succeeding equation by the factor 1 - ^. So in other cases. 

F. III. V*^ 
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in virtue of the value of 0, these are equal to one another. On 
account of the mode of obtaining the portion of broken line, 
which determines this quantity 0, all other indices of powers of x, 
after the substitution y x ^ is made, are greater than those selected. 

Now 0t unless it is indeterminate, is the quotient of two 
numbers; when this fraction is in its lowest terms, let its 

expression be -. (When is indeterminate, the cause may be 

solely owing to the fact that particular points on the line give rise 

to - as the expression, and other points on the line will (as in 

§ 41) give a determinate expression for : or the cause may be 
that the portion of line is indeterminate, and this will be dealt 
with separately : see § 225.) Equating the two expressions for 0, 
we deduce the relation 

say. 

219. The variables now are changed according to the sub- 
stitutions 

where u is different from zero when t (and x) vanish. Then 

inserting all these values in the equation 
we have 

where the unexpressed terms on the two sides involve powers 
of t that are higher than those in the expressed terms ; and the 



219.] OF THE SECOND ORDER 211 

aggregates of the unexpressed terms are regular fiinctions of u 

and pu-\-t-^, besides involving these higher powers of t Now 

the index of the lowest power of t on the left-hand side in the 
expressed terms is 

= jP - 2g^ + i/g + /AP + X(p- g) 

= jp(l+X + /A) + g^(i;-X-2) = i\r, 

say ; that on the right similarly is 

^nq + mp-\-l{p — q) 

= p(l-\-m)-^q{n'-l) = N] 

and every other index of a power of t in succeeding terms is 
greater than N. Dividing out by t^, we have 






where Ri and R^ are regular functions of their arguments. In 
the summations on the two sides, the included terms correspond 
to points Ijdng upon that portion of the broken line, which 

determines the fraction - and thus gives rise to the transfor- 
mation of variables adopted. 

220. As -u is to be different from zero when ^ = 0, let its value 
be a : also let 

F, (a) = 2S2 c,^ [^Jp (p-q) a*+''+'^ 

^(a) = ^:(a)-^,(a) ^ 

Then a must be a (non-zero) root of the equation 

^(a) = 0. 
First, let a not be a root of -Pi (a) = ; and let 

u^a + v, 
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80 that V must vanish with t. The coefficient of 



IS 



^,(a) + s(«^,t;,«), 



where £> is a regular function of its arguments and vanishes 
when they vanish. Let all the other terms be transferred to the 

right-hand side : their aggregate is a regular function oi t,v,t-^, 
which vanishes when they vanish, say rf^-^-jV, ^j,so that 



+ (2p-3 + l)«T- = 



dt* ^ ^ ^ ' dt „, , „f.dv 



F,(^a)^8[t%,v,t) 



Since ^i (a) is not zero, the fraction can be expanded as a regular 
function of t-r:yV,t which, owing to the form of T, vanishes when 

those quantities vanish: and we manifestly may incorporate the 

dv 
term (2p — g' + 1) < ^ from the left-hand side. Thus the final form 

where / is a regular function of its arguments and vanishes when 
they vanish. 

Secondly, let a be a root of Fi (a) = as well as of F(a) = : 
since -Fi(a) = 0, the expansion that leads to the last form is not 
possible. It is clear that the equation can be taken in the form 

dv 



dH 

dt^ 777^ 



^('dl'"'^) 



W^' 



where g and h are regular functions of their arguments, and vanish 
when their arguments vanish. 

221. Further, it has been assumed that the terms, which, in 
arising out of the equation 
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contribute (after the selected substitution for y) to the lowest 
power of X, are drawn from both sides of the equation. But a 
reference to the tableau of points for the line, by which the index 
of that substitution is obtained, shews that the line may be 
determined by points associated with P only, or by points associated 
with Q only. If this should happen, then the terms contributing 
to the lowest power of x are drawn from one side of the equation 
only : so that the preceding reduced form is no longer obtained. 

Thus suppose that a particular substitution is determined 
solely by a particular group of terms in P, and that all the terms 
in y"Q are higher in index for that substitution than those terms 
in P. Then the corresponding transformation gives 

^f'£-H(2l>-? + l)*|+Ml>-?)«} 

where 5 is a positive integer ^ 1. Now w is to have a value, say a, 
different from zero when ^ = ; hence we must have 

F, (a) = 9» 22Sa,„„ (|) a'+» = 0, 

and we choose a non-zero root of F^^ol) = 0. 
We accoixiingly take 

The numerator becomes 

where T is a regular function of its arguments and vanishes when 
they all vanish. The denominator becomes 

P,(a) + fif(^^,i;,«). 

If the root of Pa (a) = does not make Pi (a) vanish, the fraction 

dv 
can be expanded as a regular function ot t-T7,v, t, which vanishes 

when they vanish. Transferring the terms 

1f\{2p-q + l)t~+p(p-q)(v + a)^ 
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from the left to the right side, and absorbing them in the regular 
function, we do not alter the general character of the latter ; and 
thus the final form of the equation is 

where « is a positive integer ^ 1, and /is a regular function which 
vanishes when all its arguments vanish. 

If, however, the root of F^ (a) = is also a root of Fi (a) = 0, 
the preceding expansion is not possible : and the resulting equation 
for V can be taken in the form 






df 



where g and h are regular functions, both of which vanish with 
their arguments. 

If on the other hand a substitution is determined by a group 
of terms in Q, so that all the lowest terms in P are of an order in 
t higher than those in ^'Q, the equation becomes 

and w is to be different from zero when ^ = 0. If then a be the 
value of u when ^ = 0, we must have 

and we choose a non-zero root of this equation. (If P'^q, then 
a thus far remains arbitrary : in that case, we can remove a factor 
t from both sides of the equation.) We take 

where v vanishes when ^ = : the dimensions of v in powers of ty 
and the form of the equation in v, depend upon the forms of the 
regular functions iJj and iZg. 



222.] THEIR INTEGRALS 215 

222. As regards the form 



d^v ^f dv \ 



where v is to vanish with t, the tests have already been obtained 
in § 210; the first of them being satisfied, viz. that t; = when 
2r = 0, because /(O, 0, 0) = 0. With the notation of that investiga- 
tion, the critical quadratic is 

Xl«-fl(/,oo-3) + 2-2/ioo-/oio = 0. 
Let its roots be Hi and As- 

If neither fli nor Hg is an integer, or if, when either is an 
integer, it is less than —1, then there exists a solution of the 
foregoing equation, which is a regular function of ^ ; it vanishes 
when ^ = 0, and it has 

«. /oqi 
y 100 +/010 

(which is finite or zero) as the value of its first derivative when 
^ = 0. Consequently, in such cases, there exists a solution of the 

original equation, which acquires a value awhen z=c\ it is expressible 

1 
in the form of a regular function of afl, that is, the point ^ = c is a 
branch-point for the integral of the equation. The integral is 
composed of a number of groups of branches : each group consists 
of a single circulating set, the branches of each of the groups being 
equal to one another a,t z = c: the number of groups is the number 
of non-zero distinct roots of the coefficient-equation for u. 

If ill and flgj though not positive integers, have their real 
parts positive, then there is a double infinitude of solutions of the 
t;-equation, which vanish with t and are expressible as regular 
functions of t, t^^, iP* ; so that the original equation then possesses, 
in the vicinity of 2^ = c, corresponding solutions, which Sit z = c 
acquire a common value, and are expressible as regular functions 

1 Oi Og 

of ic9, a?«, a?9. 

If either Hi, or n^, or both Xli and il^, be an integer ^—1, 
then the ^/-equation has no regular solution, which vanishes with 
t, unless a condition is satisfied: but it has an infinitude of 
solutions, which vanish with t and are expressible in the form of 
regular functions of t and t log t The original equation then has 
an infinitude of solutions, which acquire a common value at 2r = c 
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1 1 

and are expressible as regular functions of afi and ofiXogx. If 
however the condition is satisfied, the equation possesses no 
solutions of this non-regular class : but it then possesses an in- 
finitude of solutions, which acquire a common value at 2: = c, and 

1 

are expressible as regular functions of afl, 

Ex. 1. Consider the equation 

,,_ avf •\-hw-\-cz 

so as to obtain integrals (if any) such that w=0yV/^0y when z=0. 

When the tableau of points is constructed, the points for the numerator 
are 1, 1 : 1, 2 : 0, 3 ; those for the denominator are 2, - 1 : 2, : 1, 1. It is 
at once dear that there is only one value of d, viz. 6=2; and so we take 

W=Z^Uy 

where u is not to vanish with z. Then 

a(zu' + 2u)+fizu-^y* 
so that, if f denote the value of u when ;e=0, we have 

2f=?^^ 
^ 2af+y' 
and therefore 

4of=a-y±{(a-y)2+4ca}*. 
Now let 

so that V vanishes with u ; we have 

_.y , ,^.. ,g^^ (2«-4a^)^+(^- 2a$)z^+(6^- 2§P)^+(fi-m)_zv 
"^ y-\-2a$+2av + aZi/-\-p^z+(izv 

and therefore, imless y4-2of =0, we have 

-2 V' =/(««/, V, z\ 
where /is a regular function of its arguments and vanishes with them. 

Solutions of this equation are required which vanish with z. Because 
/(O, 0, 0) vanishes, the first test of § 210 is satisfied. The quantities there 
denoted by/100,/010, are 

a - 2ai 

so that the critical quadratic, being 

0'-0(/ioo-3)-2/ioo-/oio+2 = 0, 
is 

O2_o(p-7) + i2-4p=0, 
the roots of which are 

G=-4, 0=p-3. 
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One of these roots is a negative integer. As regards the other, let 

then 

where either sign of the radical can be taken : so that the character of the 
root p — 3 depends upon the value oi p. 

If for either value of p, the real part of p - 3 is negative, then the equation 
possesses one and only one solution (for that value of p) which vanishes 
with z; it is a regular function of z. 

If for either value of p, the real part of p- 1 (=p-3H-2, § 210) is positive, 
though p — 1 is not a positive integer, the equation possesses an infinitude of 
solutions (for that value of p) which vanish with z ; they are regular functions 
of z and ^^. If p - 1 is a positive integer, then the equation possesses* an 
infinitude of solutions, which vanish with «, and are regular functions of z 
and z log z ; but for particular cases, when the appropriate relation among the 
coefficients is satisfied (§ 210), the solutions, which vanish with z, are infinite 
in number (i.e. the solution contains an arbitrary constant), and they are 
regular functions of z. 

To obtain the actual expression of the regular functions, which are 
solutions of the equation, let 

then 

av/ •^hw-{-cz=z\c+2a^-\- 2 {rnak^+hkjn-i)^~^\ 

DISS 

and therefore 

[25+ 2 m(m-l)^,„e«-2][y+2af + 2 {inak^+ fik^-^) z^'^] 

= c4-2a5+ 2 {mak^-^-hkm-^^'^' 

The terms independent of z on the two sides are equal ; by equating the 
coefficients of ^~^ on the two sides, we have 

m(m-l)^,,,(y+2a5)+2f(wa^,^+i3/r,„_i)H-JS'',„_i==ma^,„H-6/r«^i, 

where K'^^^ is an aggregate of coefficients k with suffix less than m, and 
therefore 

mk^{{y\-2a^) (m- l) + 2a5-a}= - K'^^^ + hk^.^^2fi^k^^^ 

— ^m-li 

say. Taking accoimt of the expression for p, this gives 

m (y+2af) {m- 1 -p) k^^r^K^.^, 

and the smallest value of m for which this holds is m=3. 

Now if p - 1 is not a positive integer, p cannot have any one of the values 
2, 3, ...; hence the foregoing equations, for the successive values of m, 
determine the coefficients i&a, ^4, ... uniquely in terms of f. Thus there are 
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two regular integrals of the required type, corresponding to the two values 
off 

If p - 1 be a iKMitive integer, then the coefficient of kp+i vanishes ; hence 
kp+i is infinite, unless 

and this is the condition specified. If this condition be not satisfied, then 
the corresponding integral as a regular function of z does not exist. If the 
condition be satisfied, then kp is arbitrary ; the remaining equations determine 
the succeeding coefficients k, which involve kp : and then there is an infinitude 
of regular integrals for this value of p. (It should be noted that, as the 
product of the two values of p is unity, the eventuality considered can arise 

for only one of them at the utmost.) In particular, if p=2, then f = — ^p' , 
and 

= j^2(a-2y)(3a6-a3+23y), 

so that, if A'2=0, then either 

a = 2y, or a=2y4-— . 

If a has neither of these values, there is no integral in the form of a regular 
function, such that w=0,vf=0, when ^=0 ; if it has either of them, then k^ is 
arbitrary, and there is an infinitude of regular integrals. 

If when p=2, K^ is not zero, then the equation has an infinitude of 
integrals, which vanish with z, and are expressible as regular functions of z 
and zlogz. The form is 

^ = ^-1— Z^-\-d2^\0gZ + 22Cmn^ (^ log<?)*, 
DO 

the double summation extending over values of m and w, such that 

the coefficient 6 is arbitrary and enters into the expression of the coefficients 
Cjnn ' and it must be remembered that, because p = 2, the relation 

2(a + y)2 = 9(ay-ca) 
is satisfied. 

Similarly for higher integer values of p. 

Ex. 2. Discuss in a similar manner the equation 

"""^ "i^'^-2i3%2» 
so as to obtain the integrals w (if any) such that w and ^(f vanish with z. 

Ex. 3. Consider the equation 

„ azv/'\-hw-\-cz 
azvf + fiw '\-yz ' 

to obtain integrals which vanish when z=0. 
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The points to be marked in the tableau as belonging to the numerator are 
1, 2 : 1, 2 : 0, 3 ; and those to be marked as belonging to the denominator 
are 2, : 2, 0: 1, 1. There are seen to be two possible values of d, viz. 2, 1. 

First, let ^=2, and write 

w—zhi ; 
then the equation for u is 

y + 03 + 2a) 2t* 4- 02 V 
Let 

2y 

then the equation for v is 



jfe+ 2a-- (iS + 2a)l z(^-^v\'\-(a^- ^ zH' 



«V'+42?2/4-2i 

y+(/3 + 2a)^ + (i3 + 2a)0i; + aeV 
Ay 

so that 

zh/'=f{zv^y v,z), 

where / is a regular function of its argimients and vanishes with them. The 
quantities denoted by /joq, /ojo are 

/ioo= ~ "*> /oio= "" 2 ; 
so that the critical quadratic is 

o2+7o + i2=0. 

Efich of the roots is a negative integer less than — 1 ; hence there is one 
integral of the equation in the form of a regular function of z, which vanishes 
with z; and this solution is the only solution (for the value ^ = 2), which 
vanishes with z. Accordingly, knowing that a regular solution exists of which 
the leading term involves z\ we take 

substituting in the original equation and multiplying up by the denominator, 
we find 

(2i&2+6V+12VH...){y+2(/3+ma)^,„^-i}=cH-2(6H-7/ia)^,„2^-i, 
which must be an identity. Hence 
c=y 2^2» 

(fe+2a)^2=y 6/r3+(i3+2a)^2. 2^2, 

(64-3a)/r3=yl2^4+(i3+2a)^2- 6^3+0+30)^3.2^2) 

and so on : these equations determine the coefficients k in succession. 

Secondly, let ^ = 1, and write 

w=zu : 
then the equation for u is 

y + {a+fi)u + azu 
Let 

u —p + qz-\-r^ + V0, 
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choosing p^ q^ r, so that vz is of the third order at least, that is, so that v and 
tf vanish when 2s=0. Accordingly, we substitute and equate terms of lowest 
order on the two sides : we find, from terms of order zero, that 

^ y+(a+/3)^- 
from terms of order imity, that 



3r=j'{; 






and then the rest of the equation is 

«*t/'-|-4?i/+2i;= regular function of «t/, v, «, 

the regular function containing no term in zv^ alone, or in v alone, or in z 
alone. The critical equation therefore is 

024.70+12=0, 

the same as befora Thus there is only one solution of the equation in v, 
which vanishes with z and the derivative of which vanishes with z : and thus 
there is only one solution (for the value ^=1) of the original equation which 
vanishes with «, this solution being regular. Moreover, p is arbitrary, and 
this is the initial value of v/ ; hence the integral is made determinate 
uniquely by assigning an initial value to tt/. Knowing that such a solution 
exists, we can obtain its formal expression as in the former case for d=2. 



Remaining Reduced Forms of § 221. 

223. As regards the form 

z'+hu" =f(zw\ w, z)y 

where 5 is a positive integer greater than zero, it is easy to see, by 
taking one of even the simplest forms of the equation, that ttie point 
z^O is an essential singularity of the complete primitive, and the 
equation does not unconditionally possess an integral, which is a 
regular function of z and vanishes with z. Thus consider the 
simple form 

^-m/' = czw' — 2civ + P (z), 

where P (z) is a regular function of z, say in the form 

P (z)=ai2^+ 2a.22^ + Sa^+ ..., 

the power-series being supposed to converge. We have 






P(z) 

-3-^ dz = a^z H- a^z^ + a^z^ + ... 
^ 
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say, so that Q (z) converges. The equation is 

that is, 

and therefore 

e''i^^{wh = A + Q(z), 

where ^ is an arbitrary constant Hence 

_c e e e c 

If 5 be diflFerent from zero, the point 2r = is an essential singu- 
larity of the integral. Also 2r = is easily seen to be an essential 
singularity of the function, which is represented by the integral 

_c c 

If therefore the equation is to possess a regular integral, we must 
have ^ = 0, 5 = 0. 

Further, if R (z) = z^Q (z), the integral, on the assumption that 
A and B are zero, is 

e e 

w — e ^J^z~^R{z)dz 

choosing the constant of integration so that t; = (if it exist) 
when z = 0. But it is known (§ 82) that this series does not 
converge, unless c is a zero of a special function, closely allied 
with R (z). That this may be the case, we must have 

2!'^3!"*" 4! ■*■•••" ' 

a condition (§ 82) which is necessary and sufficient to secure the 
convergence of the expression of w in powers of Zy that is, for the 
existence of an integral expressible as a regular function of z 
vanishing with z. 

Hence, in even a simple case, the equation does not uncon« 
ditionally possess a regular integral that vanishes with z. 
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Ex, Duicuss the possible int^rals of the equations 

(i) ^w"^'^\{y^-zv/\ 

(ii) :?vf'^aw{w-zvi\ 
in the vicinity of «=0. 



224. As regards the other forms which have not been fully 
reduced, such as e.g. 



**^~ 






where g and A are regular functions of their arguments, which 

vanish when t,v,t-Tr all are zero, we adopt the same method of 

the Puiseux diagram as for the first stage in the reduction which 
led to this form : and for the purpose, we should associate the 
factor ^ with the denominator. The following examples will 
suffice to give an indication of the detailed process. 

Ex. Discuss the equations 
(where p and q are integers) : 

(iii) .2^'=_(«^>y?^^^>Li)__. 



so as to obtain the integrals (if any), which vanish and have their first 
derivative not infinite when z=0. 



Discussion of the Indeterminate Case of § 218. 

225. In the initial investigation, one case was deferred (§ 218), 
viz. that in which the deduced value of 6 was indeterminate, 
because there was no determinate piece of line. This can 
happen only when several points in the tableau coincide, and all 
other points (if any) in the tableau are such as, with that 
condensed point, to give negative values for 6, 

As regards the several points which coincide, being those 
which give rise to the common lowest order in powers of x, the 
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index of a? is of the form kd + K) and the index-equation is merely 
the identity 

Now the terms on the left-hand side of the equation 

are such that X + /a + 1 = A?, and those on the right-hand side are 
such that i + m=A?. The coefficient-equation, determining the 
initial coefficient a, is 

ad (0 - 1) S2S c^a^'^'^0^ = 222 ai^a^^O' ; 

so that, since \ + /a + 1 = i and Z + m = i for each of the terms 
included in either of the summations, and because zero-values for 
a are to be rejected, the quantity a* can be removed from the two 
sides, and we have 

0{e^\) 222 Ca^.^^ = 222 air^nO". 

The coefficient-equation thus becomes an index-equation : and the 
leading coefficient a remains arbitrary. Only such values of 6, 
being roots of this equation, are to be retained as have their real 
parts positive. 

Ex. 1. The simplest case in which the index-equation becomes evanescent, 
because the diagram furnishes no line that determines a quantity ^, arises 
when the numerator and the denominator in the fractional expression for y" 
contain only one term each. If, in this form, the equation is 

and the index-equation is evanescent, then 

l + m = \-\-yi.-{-\y 

so that 

;— X=fi—m-f- 1 = 2+71 -V 

say, where q is an integer ; thus the form of equation is 

«y - ;^*i • 

The index-equation is known to be evanescent. Substituting y=^a^^ the 
coeflBcient-equation reduces to 

or, removing the zero-root ^=0 which is to be excluded, we have 

^+i-^(^-l)=:0; 
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only those roots will be retained as admissible, which have their real parts 
positive. 

We shall discuss only the case ^>0. In connection with such a root, 
substitute 

where u is not to vanish when z=0 ; we have 

where P is the quotient, by w«+i, of a regular function of zu' and jc, that does 
not vanish with zu\ if u have a value different from zero. On account of the 
equation satisfied by ^, the terms involving u alone on the two sides cancel ; 
bringing the term in zu' from the left to the right-hand side, the coefficient 

= *c(y+2)(^-l)-2«d 
= «c(j(9-?-2) 

say. Then the equation, on di>4sion by jcf, becomes 

p 

zu"=^pu'+zu'^— : 

JC 

and the character of the solution depends (§ 212) upon the value oip. 

Clearly an arbitrary initial value a, different from zero, can be assigned to 
u ; and the initial value of u' is zero. First, if jo be not an integer, then it 
has been proved (§ 212) that the equation possesses a solution, which is a 
regular function of z, and acquires the value a when z=0: it is not difficult, 
taking account of the form of P, to prove that this solution is ?*=a ; and 
then the corresponding solution of the original equation is 

If, in addition, the real part of p should be positive, there is an infinitude 
of integrals, which acquire the value a when 2=0, and are regular functions 
of z and z^. This is not the case, if the real part of p is negative. 

If jo be a positive integer, then in general the only solution of the equation 
is w=a, leading to the same integral of the original equation as before. 

Note. When g'=0, the equation is 

y 

and the primitive is 

K 

y={az+b)>c'-i, 
a and b being arbitrary : 6 = 0, when y is to vanish with z. 
When j= - 1, the equation is 

// y' 



and the primitive is 

a and b being arbitrary : 6=0, when y is to vanish with z. 



yz=az 'C4-6, 
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Ex, 2. Discuss the equation for negative values of q. 
Ex, 3. Bequired the integrals (if any) of the equation 

which vanish with z. 

The points to be marked in the tableau, corresponding to the three terms 
in the nimierator, are the point % 2 for each of them : and the point, 
corresponding to the term in the denominator, is also the point 2, 2. There 
thus is no line derivable from the tableau : and the index-equation for the 
lowest terms is evanescent. 

The coefficient-equation for the lowest terms, on the substitution y=az» 
where a is not zero, becomes 

^(^-l)=2^-^-l, 
that is, ^=1 or B=^. 

First, let ^=1 : and write 
where u is neither zero nor infinite when z=^0\ the equation for u is 

u ' 
a solution of which manifestly is given by w^ constant. As a matter of fact, 
the index-equation for the lowest term of u (taken in the form Bz^) is 
evanescent; the coefficient-equation becomes 

<^((/)-l) + 2<^=-0a, 
that is. 

The root </>== -^ would make u infinite when z—O-. it is therefore rejected. 
The root ^=0 makes w= J?, when ^=0 : the solution thus obtainable is 

y^Bz, 
a solution which vanishes when ^=0, and the derivative of which acquires a 
finite assigned value when ^=0. 
Secondly, let ^=^ : and write 

z=x^, y=tLX, 
where u is not to vanish when ^=0. The equation for y is 

^(^ ""dx" yVdx ^y) ' 
the equation for u is, on removal of a factor x, 

d^u du_ X /du\^ 
dx^ dx~ u\dx) 

Let a (different from zero and not infinite) be the value of u when .r=0 ; then 
if iS is the value of -r- when ^=0, we have, by § 212, 

and a remains arbitrary. Thus we can write 

w=a-l-v, 

F. III. \ti 
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where v' is zero when a:=0 ; and we have 

d^v dv X /dv\* 
da^'^dx a-\-v\dx) 

The right-hand side is a regular function of v, -r-, x. The quantity /j, of 

§ 212, is unity; so that, unless the appropriate condition is satisfied, the 
equation in v possesses no regular solution. But if that condition be satisfied, 
the equation possesses an unlimited number of regular solutions, which vanish 
with X ; that is, there is a solution involving an arbitrary constant. That 
the latter is the case, can be seen at once : for, since /3=0, a regular solution, 
if it exist, must be of the form 

t? = oa^;^ + «3a,^ + 04 j:r* + . . . , 
J90 that 

d^v dv ^ « ^ 

and therefore equating coefficients in 

,/ d^v dv\ /dvy 

^^^'\^d^^-dxr-''\dx)^ 

the terms in x have disappeared (which is the condition for this case) : and 

then 

803=0, 

8aa4= — 4o2^ 

leaving a^ arbitrary. It is easy to see that all the odd powers of ^ in «; have 
zero coefficients. 

Thus there exists an integral of the original equation in the form 

y=2;*(a + a22+a402 + ...), 
where a and a^ are arbitrary constants. As the equation in v possesses an 
infinitude of regular solutions vanishing with x, there are no non-regular 
solutions vanishing with x ; hence the foregoing integral of the original 
equation is (for ^=^) the only integral that vanishes with z. 

The complete primitive of the original equation can be obtained by 
simple quadratures in the form 

with which both the preceding integrals should be compared. 



CHAPTER XV. 

Equations of the Second Order and Degree higher 
THAN the First*. 

226. In the preceding chapter, the equations of the second 
order were taken to be of the first degree: so that, in every 
instance, the value of w" could be expressed as a uniform function 
of w\ w, z, though not always as a regular function of those 
quantities. For particular combinations of initial values, the 
expression for w' might become infinite or might become in- 
determinate : but the expression, being uniform in the immediate 

* For a very limited portion of the investigations contained in this chapter, the 
memoirs quoted at the beginning of Chapter xiii may be consulted. With hardly 
an exception, the present discussion is limited (as the title indicates) to equations 
of the second order. Some of the results obtained for the second order can be at 
once stated for an equation of the nth order by a mere generalisation of the symbols. 

In particular, the novel method expounded in Chapter vni, for the singular 
solutions of equations of the first order, finds its natural generalisation in the 
present chapter for equations of the second order ; and it will easily be seen that it 
is capable of extension to equations of higher order. 

Moreover, as there is a geometrical interpretation for equations of the first order, 
associated with the theory of envelopes, there is a corresponding geometrical inter- 
pretation for equations of the second order, associated with the theory of osculants. 
A fuU development of this theory (which, so far as I know, has not been attempted, 
either from a geometrical or an analytical standpoint) might be expected to throw 
at least as much light upon the relation of singular integrals to complete primitives 
of equations of the second order, as has the theory of envelopes in the corresponding 
question of equations of the first order. Further, as the circle is the simplest 
curve, determined by three-point contact with a curve, (so that the values of 
y, y\ y" are the same for the curve and the circle), the geometrical interpretation 
of singular solutions naturally leads to the introduction of the osculating circle, and 
thence, as will be seen in this chapter, to the theory of (circular) osculants. 
Similarly, for the equations of the third order, the corresponding' discussion could 
lead to the theory of parabolic osculants (that is, parabolas with four-point contact) 
and associated loci ; and likewise for equations of the fourth order, the discussion 
could lead to the theory of conic osculants (that is, conies with five-point contact) 
and associated loci. 
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vicinity of such values, could be used to indicate the character of 
the integral. 

We shall now consider equations of the second order, which are 
of a degree higher than the first ; they will be taken algebraical 
in w", w\ and generally also in w, but merely analytical in z. The 
first purpose is the determination of the number and the char- 
acter of those integrals of the equation, which satisfy the condition 
of acquiring an assigned value for an assigned value of z. The 
corresponding condition, as regards their first derivative also, 
will sometimes (but not universally) be exacted ; though it may 
happen that the equation and the initially assigned value of to 
may combine to determine a value or values of w' for the assigned 
value of z. The equation will be denoted by 

F {z, w, w\ w') = 0, 
of degree n in w" in the most general case. 

Manifestly it is possible, if it be desired, to make the discussion 
depend upon that in Chapter xiii, which deals with the integrals 
of two simultaneous equations of the first order. For this purpose, 
we take w and (tt;'=)t; as the two dependent variables: the 
equations are 

where F = -7- , W = ^- . The critical function is the Jacobian of 
dz dz 

F and G with regard to V and W : in this case it is 

a? 

which accordingly must play a critical part in the properties of 
the integi-als determined by the equation. The characteristics of 
the integrals are better investigated independently: and associated 
geometrical interpretations (for real values of the variables) will 
be connected with curvature relations of plane curves, instead of 
with tangential relations of tortuous curves. 
As regards the equation 

F{z, w,w\ «;") = 0, 
let ^ = c, i(; = a, t^' = yS be an initial set of values : then if 7 denote 
an initial value of w'\ the whole set of initial values satisfy 

i^(c,a,;8,7) = 0, 
which accordingly is an equation of order n to determine 7. 
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Simple roots 7. 

227. First, let 7 be a root of this equation, which is finite and 
unrepeated. In connection with the original equation, assume 

Z'-C = X, 

w — OL^^x-^ \r^a^ + y, 
^' - /8 = 7a? + y\ 

so that y" = 0, when a? = ; thus y will be of order higher than 1 
in powers of a?, and y will be of order higher than 2 in powers of 
X, for sufficiently small values of \x\. Substitute these values in 
the original equation, so that 

= ^^(0 + ^?, a + y8a? + ^a^ + y, fi + yx + y\ 7 + y") 

where -?r- , . . . are the values of ^r- , ... when, after differentiation, 
dc dz 

the values c, a, /8, 7 are substituted for z, w, w\ w". Now 7 is an 

unrepeated root, so that ^ is not zero : the equation therefore may 

be solved, giving y" explicitly as a regular function of a?, y, y\ in 
the form 

where the regular function / vanishes when a? = 0, ,y = 0, y' = 0. 
Hence this equation is a differential equation to determine y, the 
initial conditions being that y = 0, y'=0, when 07 = 0. By § 209, 
we know that there exists a solution, expressible in the form of a 
regular function of a?, subject to the initial conditions ; also we 
know that this is the only regular solution. 

It therefore follows that a root 7 of the equation 

^(c,a,/3,7) = 0, 

which is finite and unrepeated, determines an integral of the 
equation which, in the immediate vicinity of -s^ = c, is a regular 
function of z satisfying the initial conditions. This holds for each 
simple finite root : so that there are as many such regular integrals 
as there are simple finite roots. 
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Multiple roots y. 

228. Secondly, let 7 be a root of the equation, which is finite 
and of multiplicity m ; then 

g— = 0, (r=l, ...,m-l). 

The lowest power of y" alone, that occurs in the transfonned 
equation after effecting the same substitution as before, is y'^. 

If ^^ + /8x-+7:r3 is not zero, then a term involving the first 
cc ocL op 

power of X alone also occurs. The other terms involve y, or y\ or 

higher powers of x, or combinations of y, y, and x, or powers of y" 

with index < m in combination with x, y, y', or powers of y" with 

index > m, and so on. With the hypothesis adopted, take 

y = a^u, y = XV, 

so that u and v vanish with x ; then the equation becomes 

y"-i2(y'0 + ^S(i;,u,^,y") = 0, 

where R and S are regular functions of their arguments and do 
not vanish when their arguments vanish. This equation can be 
solved for y", with the result 

y" ^x"^ g (v, Uy x^), 

where ^ is a regular function of its arguments, which does not 
vanish when t; = 0, i^ = 0, ar = 0. To obtain the integral, let 

then the equations are 

t-Tr-\-'niv = my'' = mtg (v, u, t) 
^du ^ ^ y' 

(it X 

the initial conditions being that i; = 0, u^O, when ^ = 0. The 
critical quadratic is 

(11 + m) (a + 2m) = 0, 

so that, as m is an integer ^ 2, both the roots of this quadratic are 
negative integers less than —1. Accordingly, the equations for 
u and V have solutions, which are expressible as regular functions 
of t and vanish with t: and they constitute the only solutions 
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determined by the condition of vanishing with t Hence there is 
a solution of the original equation, determined by the initial 

conditions, and expressible as a regular function of {z — c)^ : that 
is, corresponding to the m-tuple finite root, there is a cyclical 
group of m branches of the integral which, at 2^ = c, have a common 
value a and, for their first derivatives, have a common value /8. 
To obtain the form of the expression, let g (0, 0, 0) = p ; then 

m + l'^ ^^ (mH-l)(2m + l)'^ ^^ 

where Q{t) and P{t) are regular functions of t such that P(0) =1, 
Q (0) = 1. Hence the cyclical group of branches of the integral 
is given by 

w — a — P {z — c) -\- i^ {z - cf 

+ 7 Tw ^^ ^' - ^)'^^^ {(^ -^A. 

(l+i)(2 + -) 
\ mj \ ml 

where 7 is the root of multiplicity m, and p is the value of g (0, 0, 0). 

It has been assumed that the term involving the first pow^er of 
X exists in the transformed equation. It is necessary to take the 
alternative possibility into account, and consequently to suppose 
that 

Various cases arise for consideration according as ^3 is not zero, 

cp 

or x-5 = and ^ not zero, and so on. The generally effective 

method for such cases is of even wider application than to these 
immediately: and therefore the discussion of the cases will be 
deferred until that method is discussed (see § 230, Exx. 2, 3, 4). 
It will be seen that the integral is composed of a number of 
branches, equal to the multiplicity of the root 7 of the equation 

i^(c,a,^,7) = 0: 

these branches are such that they acquire a common value at 
z = c, their first derivatives acquire a common value there, and 
their second derivatives acquire a common value there; but the 
third derivatives are not, in general, all equal to one another, 
though they may, in sets, have a value common to a set. 
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Evanescent foi^m of F^O. 

229. Next, it might happen that, for the initial values 
assigned to w and w' when z^c, the equation F(c, a, ^, 7) = is 
evanescent, so that no inference as to the value of 7 can be drawn. 
We then take 

z — c^^x, w — a = y, 

so that w' = y' and ti/' = y", using this form so as to admit of 
possibly infinite values for /3 and 7; and we assume that the 
equation takes the form 

F^ 2222 aia^r.y"^y''}r^ = 0. 
which now ydll be supposed an evanescent equation when a? = 0, 
y = 0. (If /8 is known to be finite, the substitution 

w — a = /8a? + y 

leads to an equation of the same form.) To determine the 
integrals (if any) in the immediate vicinity of a? = 0, which vanish 
with X, we assume 

y = pa^, 

for sufficiently small values of \x\\ and we equate to zero the 
coefficient of the lowest power of x that arises after substitution. 
To this lowest power, let the terms 

contribute ; since the index is the same for both, we have 

A(/A - 2) + i(/A - 1) + m/i + n = A/(/A - 2) + i' (//, - 1) + m> + n\ 

so that 

^ v! - W ^V-.{n-2k'-l) 

^ A + « + m-(A' + «' + w') * 

We mark, in a tableau referred to rectangular axes Of and Ori, 
all the points A + i + m, n — ^k — l, corresponding to the terms in 
the transformed equation ; and with these we construct a Puiseux 
diagram in the usual manner (§§ 39 — 42). If any portion of the 
broken line thus obtained gives a positive value for fi — being the 
tangent of the inclination of that portion to the axis f — such 
value gives an appropriate substitution. 

The coefficient of this lowest term is to be made zero: we 
thence have a relation that determines one or more non-zero 
values of p. 
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Let /L6, the ratio of two integers, be - , when expressed in its 
lowest terms; and take 

where i* is to acquire the (non-zero) value p when ^ = 0. Then on 
removing the lowest power of t, the equation takes the form 

2222 aiamn F"* Y'H^ + tR {t'u\ tu\ u, t) = 0, 

where i2 is a regular function of its arguments, F' denotes 

Y" denotes 

^{^V + (2;)-g + l)^i^'+;)(;)-g)t*}, 

v! and v!' are the first and the second derivatives of u with regard 
to t : and the summation extends over all the terms, that give rise 
to the lowest power of t. Manifestly, the equation determining 

XX«a^jS(S-l)|'g)'^.0, 

and only non-zero roots are to be retained. 

Let /Oi be such a root : and write 

tt = Pi + 1;, 

P P 

then on substituting in R the value for ^V given by the last 
equation, we have 

2222a«^n(£y ||(^-l)pp, + /)*(p, + i; + i^^^^ 

-\'tR^{tv\v,t,J)--0, 

where iJi is a regular function of tv\ v, t, J. This is the equation 
to determine J; we thus obtain the various equations (if there be 
more than one) satisfied by the quantity u associated with pi. 

If pi be such that the quantity 

2222 a«„„ II (|- l)|* gj'w+'+'"-' 
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is not zero, that is, if, for the initial values considered, the 
equation 

is not satisfied, then in the foregoing equation for J, there is a 
term involving the first power of J alone ; and thus it follows that 
J is expressible as a regular function of tv\ v, t, which vanishes 
with its arguments. We then have 

the character of the quantity v (if any) then determined depends 
(§210) upon the coeflScients of tv and of v on the right-hand side. 

If however p^ is such that the coeflBcient of the first power 
of J vanishes, that is, if the equation 

dy" 

is satisfied for the initial values, then the preceding determination 
of J is not efiFective. We then are, in fact, in a position much the 
same as at first, though it is simpler: as will appear, we must 
begin with the equation which determines Ji, again applying the 
method which so far has been applied in this section to F = 0. 

Note. It should, moreover, be remarked that the application 
of the Puiseux diagram, while effective for the case when the 
original equation becomes evanescent for the initial values, can be 
made to cases where the original equation, though not evanescent, 
does not readily lend itself to any algebraical solution for y\ It 
then is frequently convenient to know the leading term, say paf, 
in y, because of the assistance thereby rendered towards that 
algebraical solution ; and accordingly the method is then adopted 
for the purpose, particularly in connection with some of the cases 
left over for consideration. 

Some examples will serve to illustrate in detail the process 
indicated. 

230. Ea^. 1. Determine the integrals (if any) of the equation 

which vanish with z. 

Insertion of initial values makes the equation evanescent. Constructing 
the Puiseux diagram, we mark the points 2, - 3 : 4, - 4 : 0, 1 ; and thus there 
are two values of 6, viz. ^=i, 6 = 2. 
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First, let ^=i ; and write 

z=t\ w=ut, 
so that 

1 d^w 1 dw 
U^ d^ Ai^dt 

where u' and u" are derivatives of i* with regard to t. Substituting, we find 

Now i* is to be finite and different from zero when < is 0: if therefore its 
value be p, we have 

Solving the quadratic for thi" '\-tu' - u, we have 

2a2 {thi" + tu' - m) + {tu' + w)2 w = {v^ {u + tuj + QAaWf]^, 
Let w=p+v; so that 

and therefore 

{u^ (w+<w')*+64a262^} = ±u{u+tu')^ (1 +^§), 

where P and Q are regular functions of t, v, and ^v'. 

With the positive sign, we have 

the" -{-tu' -u= ^^u{u+tuy Q ; 

but p=0 is the only value given by this equation when ^=0: and we 
therefore neglect it. 

With the negative sign, we have 

or taking u^p+v^we have 

where *S' is a regular function, the terms of which are of at least the second 
order in their arguments : and v is to vanish with t The quantities (§ 210) 
denoted by/ioo,/oio,/ooi» are 

/ioo= ~ 3> /oio= ~ 2, /ooi = ; 
so that /3=0 (or v' vanishes with t), and the critical quadratic is 

q2+6Q + 10 = 0, 
having 0= - 3 + i for its roots. The real parts of both roots are negative, the 
roots themselves being complex : hence there is a solution in the form of a 
regular function of ty which vanishes with t. It is the only solution which 
vanishes with t. 

This holds for each of the two values of p, viz. p^±a: it is manifest from 
the original equation that the two values of w, satisfying the equation, have 
their sum zero. 
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Secondly, let ^=2 ; and write 

Then, after removal of a factor 2, the equation for u is 

a*(««w" + 4«tt'+2w)a + («V' + 4tt'«+2i*)(n«' + 2M)«t«»=6«; 
80 that, solving for zhi'\ we have 

zhi" + 4zu' + 2u= ± - +«»/2i {zu\ u, z). 
Clearly 

where v vanishes with z ; and then 

zh/' +4zi/ + 2v=z^R(zi/, Vy z). 
The quantities /joo,/oio,/ooi of § 210 are 

/loo = " 4, /010 = - 2, /ooi = 0, 
so that /3ssO (or 1/ vanishes with 2) : and the critical quadratic is 

02+70 + 12=0. 

As the two roots of this are negative integers less than - 1, there is a solution 
of the equation, which is expressible as a regular function of Zj and vanishes 

with 2;: it is the only solution, (for this value of 6 and with either sign of -J, 
which vanishes with z. 

This holds for each of the values of Uy when z=0: it is again manifest 
from the original equation that the two values of Wj satisfying the equation, 
have their sum zero. 

Thus the solutions of the equation, which vanish with z, are 
w=±az^F{z^) 



[• 



where P (0) and Q (z) are regular functions of 2;, each of which is equal to unity 
when 2=0. 

Ex. 2. Find the integrals vanishing with x (if any) of the equation 

/y'H^y+A^+2ira;/'+^:p3=0, 

where/, g, A, k, I are constants. 

The points to be marked in the tableau are 2,-4 for the first term : 1, - 1 
for the second : 0, 2 for the third : 1, - 1 for the fourth : 0, 3 for the fifth. 
They determine a single line for which ft =3, the first four lying upon it: and 
so we take 

y=ua^y y'=vx\ 

where u and v are not zero when ^=0. We have 

vx^ =y'=x^ {xu' + Zu)y 
so that 

xu' + Zu=v'f 
and 

f=x{x^-\-2v\ 
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so that substituting in the original equation, we have 

/(aV + 2v)2 +^v + A + 2ir (.r j/ + 2i;) + ^ = 0. 

This is merely a quadratic in «/, and so it could easily be solved explicitly : we 
adopt, however, a different method, which is suitable for equations that cannot 
so easily be solved. Let p and a be the values of u and v, when J7=0 : and let 

u=p+U, t;=<r+ r, 

where tTand F vanish when ar=0: then 

3p = rT, 

are the deductions from the first equation. From the second, we have 

/(2<r)«+^<r+A + 2it(2o-)=0; 

a- will be used to denote any root of it. Now let f denote xv' + 2Vf so that 2<r 
is the initial value of ( : then 

/f'+.9^+A + 2ifcf+^=0. 
Hence 

/{f2-(2<r)2} + 2ir(f-2cr)+5r(^-<r) + ^=0, 
and therefore 

^ '''' 2k+f{( + 2<ry 
But 

f-2<r=^F' + 2F, v-<r= V: 
thus 

^^+^^" 2ifc+4>+/(^F' + 2F) 

■" 2ir+4/(r 2ifc+4/cr ^•••' 

the right-hand side being a regular function of x, F, and xV, and the 
unexpressed terms ( = 2^, say) being of at least the second order in j?, F, 
and xV. Writing 

'"^ + 2ifr+4/(r' *~2^ + 4/(r' 
the equations are 

a; r + € F=Z'^+ 2^(^, F, x V')] ' 

and the critical quadratic is 

(O + 3)(Q + €)=0. 

One of the roots, - 3, is a negative integer < - 1 : the other is - *, upon the 
character of which the solution depends. 

If € be a negative integer, then in general (Chap, xii) there is no solution 
of the equation, which is expressible as a regular function of x and vanishes 
with X ; though there may be an unlimited number, if the appropriate relation of 
§§ 179, 180 is satisfied. There is a solution which vanishes with x^ contains 
an arbitrary constant, and is expressible as a regular function of x and 
^log^; but if the relation of §§ 179, 180 appropriate to the existence of 
regular integrals is satisfied, the non-regular integral does not exist. 
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If f, though not a negative integer, has its real part negative, then the 
equation possesses a solution, which vanishes with x and is a regular function 
of X : it also possesses a solution, which vaiiishes with x^ contains an arhitraiy 
constant, and is expressible as a regular function of x and ar-«. 

If f has its real part positive, then the equation possesses a solution, 
which vanishes with x and is expressible as a regular function oi x; it is the 
only solution, which vanishes with x. 

In general, there are two roots of the equation 

/(2<r)2+5r<r-fA + 2^(2(r)=0, 
and each root determines a corresponding quantity « : the above tests must 
be applied in connection with each of the two quantities. 

The solution is, however, ineffective if, for either of the roots (it cannot 
in general hold for both), 

ifr+2/cr = 0, 

which is the condition that, for the initial values, 

when the irrelevant factor x is rejected. We then have 

/(^P + 2F)2=-(^F+^) 
for the one root, the earlier form being valid for the other root. By actual 
substitution and comparison of coefficients, which will be found to lead to 
diverging series, it can be proved that, when I is different from zero, there is 
no solution of this equation which vanishes with x. Hence, for this case, 
there is no corresponding solution of the original equation : and it is only in 
connection with the other root of the quadratic that a solution exists. It is 
easy to see that the case contemplated is a special case, which can arise only 
if the relation 

among the coefficients is satisfied. 

The general value of y is 

y={\<T^-U)x^, 

in connection with the respective values of o-. 

Note. One of the cases, left undecided in § 228, can be made to depend 
upon this result. Let 

IF ^dF dF ^ 

d^F . 
and suppose that ^-^ is not zero : then the equation is 

0=fy"^-hgi/'+hx^+2kxy"-\'Other terms of higher order, 
where 

,32^ _dF 
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All the preceding analysis applies except that, in the equation 

the regular function T is less simple than in the particular result, though its 
general character is the same. 

The quantity c that determines the character of the solution is 

provided the condition, which makes it possible to have k+2f<r—0f is not 
satisfied. According to the form of €, we have the various inferences. In 
every case, corresponding to a solution y, there is a value of w given by 

t^=a+/3(0-c)-Hiy(2'-c)Hy, 
so that the different branches of the integral, that correspond to the (repeated) 
value y, are equal to one another at z=c, have their first derivatives equal to 
one another, and their second derivatives equal to one another : but, in 
general, their third derivatives are not equal to one another. 

We assume for the present purpose that g and k do not simultaneously 
vanish ; otherwise the term 

dF 

would arise for consideration. (This term would affect the characteristic 
form of the solution, only if the terms in a:^ and a:^ were explicitly absent from 
the equation.) 

dF 
If g vanishes but not ky that is, if ^ = without other conditions, then 

€=2: we have the third of the alternatives as giving, for each of the two 
values of <r, the sole solutions of the required type that exist. 

Ea^. 3. Consider the equation 

to obtain integrals (if any) such that y=0,y'—0, when ^=0: the coefl&cients 
/, g. A, k, I being constants. 

The points to be marked in the tableau are 

3, -6: 1,-1: 0,2: 1, -1: 1,0: 
for the terms in succession; there are two values of /*, viz. ;Lt = |, ^=3. 
First, let /Li=f : and write 

07=^2^ y=y^y y'^v^y 
where u and v are different from zero when ^=0. Then 

vf^y'=^^m'-¥b1^\ 

so that 

^i*'-f 5w=2v. 
Also 

y"=\t{tvr+Zv\ 

so that the equation, after substitution and removal of a factor t^, becomes 
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Let u=p, v=tr^ when ^-sO; then 

6p = 2o-, 
and 

J/(3cr)»+5ro-+iit3ir=0. 

Now o-^O, so that there are two roots of this equation suitable, being such 
that 

We have 
and therefore 

Now let 

where £^and 7 vanish when ^=0; then 

J/{27rr«+9cr(ir + 3K) + (^F'+37)2}+iir 

where 7* is a regular function of its arguments. 

The critical quadratic for these equations is 

(O+5)(O + €)=0, 
where 

the conclusions as regards the character of the solutions are similar to those 
in Ex. 2. 

Secondly, let /x=3 ; we write 

We have 

ant'-\-Zu=Vy 
and 

so that, substituting and removing a factor js^^ we find 

fa; (xxf + 2vf +gv + h+k {an/ + 2v) +l'ux=0. 

Let p and a- (both different from zero") be the values of u and v when <=0, 
so that 

3p = (r, 

there thus is one value for a. (It is assumed that h is not zero : for the term 
ha^ in the equation helps to determine the value /i=3.) Let 

so that we have 

xU'+ZU=V, 

a:V'-^{2+g) (7= regular function of ^, v, xv\ 
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The critical quadratic is 

the conclusions, as regards the possible integrals, depend upon the form of 
2+^, and are similar to those in Ex. 2. 

Thus in general there are three kinds of solutions for this equation : the 

first two are such that y=0, ^=0, y"=0, ^"'=00, when ^=0 ; the third is 

2A 
such that y=0, ^=0, y"=0, /"= — -. , when a?=0. 

Note. Another of the cases, left undecided in § 228, can be made to 
depend upon this result. Let 

d^F dF d^F 

and suppose that -^ as well as ^ is zero : but not ^-^ . The equation is 

0=^"8+^y+A^+2iby +^y+higher terms, 
where 

/-l?j^ , a^ dF 

and h, k are as before (Ex. 2, Note). All the analysis of the preceding 
example applies, except that, in the equation 

the regular function T is less simple than in the example, though its general 
character is the same. 

We thus have the various inferences as regards the possible solutions y. 
The corresponding values of w are given by 

so that the three branches of the integral, corresponding to the triple root y, 
have a common value at c, have their first derivatives equal to one another, 
and their second derivatives equal to one another, at that point ; but of the 
third derivatives, two are infinite in value and the third is finite at the point. 

Ex. 4t. Obtain the integrals of the equation 

ff'^-^gy'+hx^+kxy" + ly = 0, 

(where m is an integer >3) such that ^=0, y=0, when ^=0: and discuss the 
relations of the m branches to one another. 

Apply the results to the case, left undecided in § 228, when 
and 

for r=l, 2, ..., m-1, but not for r=m: and indicate the relations of the 
m branches of the solution of the original equation to one another. 

p. III. \^ 
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Ex, 5. Obtain the integrals of the equation 

which are such that w^OyV/^fi, when «=0. 
[The primitive is 



^, c being arbitrary constants.] 

Infinite values of 7. 

231. Lastly, it may happen that, for the initially assig 
values of z, w, w\ the equation 

determines, not m values (equal or unequal in sets or singly), but 
only m — ?i values, of 7: in fact, that it is only of degree m-« 
in 7, though the original difiFerential equation is of degree m. The 
inference is that, for those initial values, n of the values of 7 are 
infinite. In order to take account of the branches of the integral 
(if any) associable with such values, we write 

in the original equation ; and we consider those values of -r, , which 

are zero when 00, y, y' vanish, given by the transformed equation of 
the form 

so that Uq.Ui, ... , ifcn-i vanish with a?, y, y\ 

There are two ways of proceeding. The simplest case occurs 
when 71= 1, so that Uq is the only coefficient that vanishes, when 
x, y, y vanish. Then one value of y" is infinite for these initial 
values : the corresponding root of the algebraical equation is 

1 2*0 ^^0^ "lui^-^-Vr^u^ 



y" n^ y^ ui' 



■Wo' + . 



where P is a regular function of 00, y, y\ which is equal to imity 
when its arguments vanish. Hence 
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where u^jP can be expressed as a regular function of x, y, i/. 
This regular function u^jP is finite when a?, y, \f vanish, because P 
then is unity ; and it is not zero when they vanish, because t^ is 
not zero. Hence 

where p and q are regular functions of their arguments, of which q 
does not vanish and p does vanish when a? = 0, y = 0, y = 0. The 
combination of initial values is therefore an accidental singularity 
of the first kind for the quantity y" thus determined: the character 
of such a combination, in relation to the corresponding integral, 
has already been discussed (§ 215). It is known that, in general, 
the point c is an algebraical branch-point; and the integral 
consists of a number of branches which have a common value 
there, the first derivatives of which have a common value there, 
and the second derivatives of which become infinite there. 

The other method of proceeding applies to the case just 
considered : but it applies also to other and more complex cases, 
when the infinite value of y" is multiple, and when the explicit 
determination of y" in terms of Xy y, y' may be difficult or 
practically unattainable. We assume 

y^pxf", 

as the leading term of an integral for sufficiently small values of 
\x\i and we construct the customary Puiseux diagram. When 
the broken line in the diagram has been obtained, those portions 
of it, for which 1 < )lK 2, correspond to the present case : and the 
method of proceeding is precisely similar to that in preceding 
cases. 

It may be added that this latter method is also suited for the 
discussion of what is practically an omitted case, owing to a tacit 
assumption. The form of the equation may require that integrals, 
which acquire an assigned value for an initial value of the variable, 
have all their derivatives infinite for that initial value : so that /8 
would be infinite. We should then assume 

-2^ — a = y, w' = y\ v/' = y'\ z — c = x: 

and for the transformed equation construct the Puiseux diagram 
in those cases, where it proves impracticable to obtain the express- 
ion of y" in terms xyi x, y, y'. The portions of the broken line, for 
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which < /^ < 1, correspond to this case : the further development 
is as before. 

In the several cases, the point may be an ordinary point, or it 
may be a branch-point for the integrals : the integrals determined 
have a common value at the point, a common value (which may 
be infinite) for their first derivatives, and a common value (which 
may be infinite) for their second derivatives. 

It is unnecessary to add illustrative examples since, in each 
distinct set of conditions, the method of proceeding has coincided 
with one of the earlier methods ; and each of them in its turn has 
been illustrated by special examples. 

Ex, Obtain the integrals of the equation 

(22V-5«tr'+6ir)(a8V-72:tr' + lOtr)+2;2(40V-ia?ti^+15««>)=O, 
which vanish with z, 
[The primitive is 

where a and h are arbitrary constants.] 



Summary. 

232. The results, which have been obtained, may be sum- 
marised as follows for the equation 

taken to be of degree m in w'\ 

When a root of the equation 

i^(c,a,/3,7) = 0, 

regarded as an algebraical equation in 7, is finite and distinct 
from every other, an integral of the equation thus determined is a 
regular function of z, which acquires an assigned value asit z = Cy 
and the first derivative of which acquires an assigned value 13 
there : the second derivative acquires the value 7. 

When a root 7 of the equation is finite, but of multiplicity n 
(where n > 1), then a corresponding integral of the equation is 
composed of n functions, which acquire a common value a at ^r = c, 
the first derivatives of which acquire a common value fi B,t z = Cy 
and the second derivatives of which acquire the common value 7 
at 2: = c : their third derivatives are, in general, not all equal to 
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one another, but may be equal in sets, and all of them may 
be unequal to one another. The functions, which compose the 
integral, may be regular functions or multiform functions of z. 

When a root 7 of the equation is infinite and of multiplicity p, 
(where p > 1), a corresponding integral of the equation is composed 
of p functions, which acquire a common value at -^ = c ; their first 
derivatives are the same there, and likewise their second deriva- 
tives (being infinite) : their third derivatives likewise are infinite, 
but the infinity is not, in general, the same for all. The functions, 
which compose the integral, are generally multiform functions 
of z. 

Combining these results for all the roots, we have the 
composite integral of the equation as determined by assigned 
initial values. 

The test of multiplicity of a root 7 is that it should also satisfy 
the equation 

87 

SO that it is a root common to the two equations 
J'(c,a,/9,7) = 0, 1^ = 0. 

Let A (c, a, )8) be the eliminant of F and ^- ; then if the relation 

07 ' 

A = is not satisfied, the roots 7 are distinct : if it is satisfied, at 

least one of the roots 7 is of multiple occurrence. 



Geometrical Interpretation. 

233. As in the case of an equation of the first order, so also 
in the case of the equation of the second order, it is convenient to 
associate a geometrical interpretation with the analytical results. 
The variables w and z are restricted to have only real values: 
and the integral relation between w and z, involving a couple of 
arbitrary constants when it is the primitive, then represents a 
doubly-infinite system of curves. The quantity w at any point 
determines the direction of the tangent to the curve : and the 
quantity w'\ in conjunction with w\ determines the curvature at 
the point. 
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Denoting any arbitrary point Zy w in the plane by c, a, we have 
a limited number of directions /3 through the point, determined 
by roots of the equation 

A(c,a,)8) = 0; 

let these be denoted by )8i, ... , /S^, among which )8= oo will he 
considered to be included : and let i// = f denote any other direc- 
tion through the point, f being a parametric quantity which can 
range between + oo and — oo . Then assigning a value f to w\ the 
differential equation of degree m and order two defines m integral 
curves, which pass through the point and have a common tangent 
there : but the curvatures of the m curves are distinct fi:om one 
another. As the direction f swings round the point c, a, the 
m curves touching one another move with it; they keep their 
curvatures unequal at the point, so long as f does not coincide 
with one of the quantities yS. But when f is equal to any one of 
these quantities yS, the m curves through the point, which touch one 
another, do not have all their curvatures unequal : one group of 
curves, containing two or more members, will certainly have the 
curvatures of all members of that group equal to one another, so 
that the curves osculate at the point : and there may be more 
than one of such groups, the common curvature of a group not 
being the same as that of another group. Those of the m curves, 
which do not belong to such a group, have each of them its own 
curvature, distinct from all the other curvatures of the curves 
touching one another. When the swinging tangent passes through 
a critical direction yS, and resumes a parametric direction f, the m 
curvatures of the touching curves again become distinct. 

In general, the point c, a is a critical point (such as a cusp of 
appropriate order) for those curves, which have equal curvature, 
and the critical direction ^ for their common tangent: it is an 
ordinary point for the other curves, each with its own isolated 
curvature, which have that critical direction for its tangent : and 
it is an ordinary point for curves through it, which have a 
parametric (non-critical) direction. Not every critical point, 
however, is a cusp: thus it can happen that the curvature is 
infinite (the circle of curvature being a point), and the curve may 
be continuous through the point : such a case is provided by the 
curve 
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when, at the origin, we assign a parametric direction coinciding 
with the axis of z. 

Similarly, a direction through j? = c, provided by )8 = oo , does 
not necessarily provide a critical point on the integral curve, 
though the value z = c may be a branch-point of the integral 
function. For instance, let 

vi'^zOiz), 

where Q{z) \b b. regular function of ^, such that G (0) = 1 ; then 
2^ = is an ordinary point of the curve, the direction coinciding 
with the axis of w. The discrimination in such a case would be 
possible, by making z the dependent variable and w the indepen- 
dent variable : it would be efiFected, as for the other critical values 
if necessary, by consideration of the properties of the difiFerential 
equation itsel£ 

Taking then the point c, a as a moving point, and a parametric 
direction f as accompanjdng the point, the integral curves move 
with them ; they change their curvature, alike with the variation 
of f through the moving point, and with the motion of the point. 



The Discriminant of F = 0\ Singular Solutions. 

234. Instead of considering the discriminant of F{Cy a, )8, 7) 
with regard to 7, consider the discriminant of F{Zy w, w\ w") with 
regard to w" ; and let 

A {z, w, w') = 
be the eliminant of 

F{z, w, w\ w") = 0, ~^, F{z, w, w\ V)") = 0. 

The functional relation of w and w" to w does not arise in the 
course of the elimination: and, in eflfect, all that is done is to 
eliminate q between the equations 

F{z, w, p, j) = 0, g- F(z, w, p, q) = 0, 

with the result 

A (z, w, p) = 0. 

Now when q is determined from i^ = in terms of z, w, p, and 
is substituted in the other equation, the result (being rationalised) 
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is A = 0. When the value of q is substituted in jP = 0, the result 
is an identity, so that 

dF dFdw dFdp^ 
dz dw dz dp dz"^ ^ 

the term in -^ disappearing on account of ^ = 0. Let © denote 

dF dF . dF 

so that 



^ dF f dw\ . 3^ / dp\ 

^^divKP-W^diK^'Tz)' 



dp 
Moreover, the value of p satisfies 

A(0, w,p)^0; 
suppose that p = -p , so that A = becomes 

A {Zy w, v/) = 0, 

an equation of the first order. We now have 

^ dFf dp\ 

_dF( d?w\ 

"apl* dz^j'' 

consequently, if g = w'\ we must have = 0, that is, if a solution 
of the equation 

F{z, w, w\ w") = 
is such as to satisfy 

dF{z,w,w\w") 

dw" ""^' 

then it must also satisfy 

dz dw dw* ' 

and if a value ofw" given hy F=0 satisfies the other two equations, 
the corresponding value ofw' is given by the equation 

A {z, w, w) = 0, 

where A is the eliminant of F and tt—t, . 

•^ dw 

It is clear that, in general, the equation 

dF^ dF^ dF^^ 
dz ^ dw ^ dp 
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is not satisfied solely as a consequence of 

If this were so, the three equations would not determine p, 9, w, 
as fiinctions of z, but would determine only two of them ; that is 
to say, regarded as involving p, q, w, there would be a functional 
relation between Fg, Fq, F, where 

^ dF dF dF „ dF 

and therefore the relation 

fF. Fn, F; 



.(F,Fq,Fg\ 







would be satisfied. This is an equation afifecting the form of F, 
which is supposed quite general ; consequently, it is not satisfied 
by any assigned function F. 

Hence, in general, it is possible to eliminate only two of the 
quantities, say p and q, between jP=0, jPr = 0, Fq = 0: let the 
result be denoted by 

E = E(z,w) = 0, 

235. Suppose that, in a particular case, it is the fact that one 
of the equations 

^=0, Fq = 0, Fg^O, 

say the third, is satisfied in virtue of the other two. To form A, 
one method would be to solve Fq = for q, substitute the various 
roots in i'' in turn, and take the product of the substituted results, 
say 

A = n(jF). 

Let jP' denote the factor F which vanishes (and secures the 
vanishing of F) in virtue of that value of g, which satisfies the 
three equations: and suppose, for simplicity, that no one of the 
other factors of A vanishes. Thus we can take 

A=rn'(F). 
Then 

/ig=F;u'(F)^r[n\F)i. 

But Fg = 0, ^' = ; hence A^ = 0, that is, 

aA^aA^,_^aA^„^^ 

dz dw dw' 
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in virtue of the value of j = w'\ which satisfies the three equations. 
Consequently, if the three equations are definitely satisfied by the 
one value of w" in virtue of A = 0, then also the equation 

aA^3A^^3A^,^Q 
'dz dw dw' 

is satisfied. 

Clearly, if the three equations are not definitely satisfied by 
the one value of w" in virtue of A = 0, then 

8A_^aA^,_^aA^„ 

dz dw dw' 

does not vanish for that value. 

286. Now 

A (z, w, w') = 

is an equation of the first order : if it be of degree k in w', there 
are in general k solutions, such that w = a when z = c; and they 
acquire ySi, ..., 13 ^ as the values of their first derivatives re- 
spectively at z = c, these quantities being the roots of 

A(c,a,/3) = 0. 
Consider integrals of 

F(z, w,w\w'') = 0, 

such that w=-OL, i^' = yS, when z = c\ then the values of w" at c are 
given by 

some of which are equal to one another (while the rest of them 
may be unequal) because A (c, a, ^8) = 0. These values determine 
integrals. Each value 7', whose occurrence is simple, determines 
a regular function of z — c, which has the common value a at c, 
the first derivative of which has the common value )8, and the 
second derivative of which has an isolated value 7' there : also 7' 

is such that r— is not zero, when that value of 7 is substituted. 
^7 

A value 7", whose occurrence is multiple, determines a number 

of functions, which have the common value a at c, the first 

derivatives of which have the common value ^ there, and the 

second derivatives of which are equal to 7" there : also 7" is such 

that ;r— is zero, when that value of 7 is substituted. 
(77 
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^ is not zero, there is no relatiou 

L37jy=y 



Since y is such that 

"between the second derivative of the solution of jP= 0, and the 
second derivative of the solution of A = 0, for the values c, a, /3, 



Next, 7^' is such that 



^- is zero. If 7" be such that 



. aA , ,aA , „aA 

does not vanish for z, w, w\ w" = c, a, )8, 7" — and this is the case 
in general — there is no relation between the second derivative of 
the solution of i^=0, and the second derivative of the solution 
of A = 0, for the values c, a, fi. If, however, 7" be such that 

A,= 

is satisfied for z, w, w\ w" = c, a, yS, 7", then the second derivative 
of the solution of F=^0 is the same as the second derivative of 
the solution of A = ; as this holds for the solution of A = in 
general, this solution can be regarded as a solution of F=0, 
It is a singular solution. 

Now consider the equation 

E(z,w) = 0; 
let c, a denote simultaneous values of z and w, that satisfy the 
equation. Construct a solution of 

A (z, w, w) = 0, 
such that w = a, when z = c: let w', thus determined, have a value 
y8, when z = c. Construct a solution of 

F{z,WyW\w'') = Oy 
such that w = oi, v/ = B, when z = c; let w" have a value 7 at c, 
and suppose that this is one of the multiple roots of 

^(c,a,/3,7) = 0: 
multiple roots of i^= exist, because A (c, a, ^) = 0. Hence 

dy 

f)F 
Now since E is the eliminant of i^, ^— , and [Fz]z^c> and since 

07 

?)F 
E, F, TT- all vanish, it follows that 
(77 

dF dF dF ^ 
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and therefore, as in § 235, that 

dz dw dw' ' 

when z = c. Hence the second derivative of the solution of A = 
is, at the particular point c, equal to the second derivative of the 
solution of jP= : that is, the solutions of J^ = and A = agree, 
at the point c, up to their second derivatives inclusive. The 
solution of A = is then a solution of J^ = at the point ; but this 
holds only at the point, and not for variation from the point. 

237. It has been seen that, if the equations 

are satisfied in virtue of the eliminant of F and ^-r, , say 

A {z, w, w') = 0, 

then an integral of A = can provide a singular solution of the 

equation jP=0. Now for the particular values of v/ given by 

dF 
A = 0, the equations jP = 0, ^-jf = are simultaneously satisfied : 

but, in general, the third equation then is not satisfied. It is, 
however, possible to construct the form of F, for which it is 
identically satisfied : so that the corresponding equation will have 
a singular solution. To obtain these, it is sufficient to regard 

dz dw dw' 

as a partial difierential equation satisfied by the form of F, a 
function involving z, w, w\ w" ; we take the most general integral 
of this formal equation. The subsidiary system is 

dz ^dw ^ dw' ___ dw' 
T" w'^W'^ IT' 

three independent integrals are 

iii==w'\ 

Wg = w"z — w', 

u^ = w"z'^ ~ 2,w'z 4- 2^ : 
and therefore the most general form of F is 

jP= 4> (w'\ w"z - w\ w"z^ - "Iw'z + 2ii;), 
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where 4> is any arbitrary function of its three arguments : say 

To obtain the primitive, we have 

dz \dui du2 du^l ' 

JET 

80 that, as jP= permanently, and therefore -^ = 0, we can have 
w"' = 0: that is, 

where a is an arbitrary constant. Hence, since 
d 



zw''-w'r=.^: 
z^w" - 2w'z 4- 2w = 7, 
2^ = 7 - 2^z + az\ 



we have 

and similarly 

so that 

with the relation 

among the arbitrary constants. 

An equation of this form possesses singular solutions*. 

dF 
Ex, Prove that the alternative equivalent of -^-=0, given by 

— A. ^^ , 2 ^^— 

leads to a singular solution of the original equation. 

(Dixon.) 

238. Only very brief indications have been given as to the 
relation, borne to the original equation, by singular solutions of 
A = 0, when they exist. Such a solution provides a value of w' 
which, with the value of w, satisfies A = ; if it does not also 
provide a value of tv" which, with the values of w and w\ satisfies 
2^=0, it is not an integral of that equation. If, however, the 
condition be satisfied, it is a singular integral of the equation 
of the second kind, 

* This class of equations was obtained, otherwise and (I believe) for the first- 
time, by Dixon, Phil. Tram. (1895, A), pp. 563 — 564. He regards it as an extension 

of Clairaut's form 

4>(u;', zw' -w)=^Oy 

of equations of the first order; and he obtains it for equations of order n. 
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[238. 



Ex. Prove that an equation F{Zy w, w\ fi/')^0 possesses a singular 
integral of the second kind, if the equations 

dF ^ dF 



F=0, 



ati/ 



.=0, 



du/' 



.=0, 



dF . ,dF 



^ 



d^F d^F ^ 

dz* dzdw 

d^F d^F 



dzdv/ 
d^F 



7? + 



d^F 



dzdi^^dw"dw 



< 



ow * 
dF d^F 
^^dzdw" 

d^F 
d^F 



d\F 
d^F 
d^F 



=0, 



dv/'dv/ 

are all satisfied by the same values of v/ and ti/'y in virtue of a single relation 
e(z,w)=0: which relation is, in fact, the singular integral of the second kind. 
Are these conditions necessary as well as suflBcient ? 

239. To resume the geometrical interpretation, we can ex- 
hibit the relations between the equations 

as follows. 

Denote by a; = c, y = a, any point in the plane not lying on the 
curve E = 0. Through that point, there will in general pass a 
(finite) number of curves, which satisfy the equation A = : let the 
tangents at the point be called the critical lines, and the curves 
be called the critical curves. 

Through the point c, a, and touching any line that is not one 
of the critical lines, there pass a finite number of curves satisfying 
the equation F = 0; these curves, which possess a common tan- 
gent, have their curvatures distinct from one another. Through 
the point c, a, and touching one of the critical lines, there pass a 
finite number of curves satisfying the equation J^=0; they all 
touch the critical curve which has the critical line for a tangent ; 
two or more of them have the same curvature, and there may be 
more than one set, the members in a set having the same curva- 
ture, but except for the curves in such set or sets, the curvatures 
are distinct ; and in general, no one of these curves is osculated 
by the critical curve. The condition for osculation is that 
dAdA .dA „ ^ 
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should be satisfied ; since the point c, a is not on the curve JP = 0, 
the condition is not satisfied. 

When the curve ^=0 does not exist, the condition for oscula- 
tion is satisfied identically ; the equation of the osculating critical 
curve then is a singular integral of the original equation. 

The critical curves may have an envelope, so that the envelope 
is a curve satisfying the equation A = 0. Even if the critical 
curves provide a singular integral of the original equation, their 
envelope will not do so, unless it osculates them as well as 
envelopes them. Should the latter condition be satisfied, it pro- 
vides a second singular integral of the original equation. 

Denote by a? = c', y = a', any point in the plane lying on the 
curve E = 0. Through that point there will, in general, pass a 
(finite) number of curves satisfying the equation A = ; let the 
curves be called the sub-critical curves, and their tangents at 
the point be called the sub-critical lines. The sole difference 
from the case, when the point c, a lies off the curve -& = 0, is 
in the case of curves, which satisfy the equation F=0 and touch 
a sub-critical line, and when therefore also the sub-critical curve 
has that line for its tangent ; the sub-critical curve osculates one 
of the set of curves, which have the same curvature at the point, 
though it does not osculate any of the remainder. 

It thus is possible to construct instances of equations of the 
second order, which certainly possess singular solutions of one kind 
or of both kinds: though the following process* is not essentially 
necessary to the existence of such solutions. Take any curve A, 
other than a straight line in general (though this condition need 
not be observed universally). Construct a series of curves A^, 
osculating the curve A and depending upon a parameter, which 
will give a family of osculating curves : also a series of curves Bi , 
touching but not osculating A and depending upon one parameter. 
Next, construct a series of curves A^ osculating the curves ^i, so 
that their equation contains the parameter in A^ and another inde- 
pendent parameter; the equation will thus contain two independent 

* It is indicated by Dixon, Phil. Trans. (1895, A), p. 662, in connection with 
equations of order n, solely as regards those which possess singular solutions of 
all classes. An instance, in which the mode of construction does not obviously 
imply the existence of a singular integral, and which in fact does possess such an 
integral, is given by the first of the succeeding examples. 
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parameters. Construct a series of curves B^ in the same relation 
to the curves Bi as A^ to Ai^ and containing two independent 
parameters: likewise a series of curves touching (but not osculating) 
one or more of the curves Bi, so that their equation contains two 
independent parameters. 

Then regarding the constants of the original equation as 
non-parametric constants, the equations of the respective families 
Ai, B^y (7a each contain two independent parameters. They there- 
fore are integral equivalents of respective differential equations 
of the second order. 

The differential equation of A2 will certainly possess a singular 
integral of the first kind, being the equation of Ai : and it may 
possess other singular integrals of the first kind It will also 
possess a singular integral of the second kind, being the equation 
of A; and it may possess other singular integrals of the second 
kind, if Ai possess osculating envelopes other than A, 

The differential equation of B2 will certainly possess a singular 
integral of the first kind, being the equation of Bi ; and it may 
possess other singular integrals of the first kind. It will not of 
necessity possess a singular integral of the second kind: this, 
however, can occur, if Bi possesses an osculating envelope, but it 
is not the equation of A : and, in general, it is not the case. 

The differential equation of C2 will not, of necessity, possess a 
singular integral of the first kind : this, however, can occur if G^ 
possesses an osculating envelope, but it is not the equation of Bi : 
and, in general, it is not the case. Similarly it will not, in general, 
possess a singular integral of the second kind. 

Ea;, 1. Consider the equation 

a {a- 2^) q^ + 2aqp (1 +^) + (1 +p^f = 0, 

where ^=^, ?=^. 

The primitive is 

(y-a)24-(^-i3)2=2aa?. 

It can be interpreted as the doubly-infinite aggregate of circles having 
double contact with the singly-infinite aggregate of parabolas, which touch the 
axis of y, have their axis parallel to the axis of x^ and are of latus rectum 2a. 
In the first place, it is clear that a parabola, which is an envelope (but not an 
osculating envelope) of the single infinitude of circles for variations of ft 
is not part of a first singular integral ; and also that the axis of y, which 
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is an envelope (but not an osculating envelope) alike of the parabolas and the 
circles, is not part of a singular integral. 

The eliminant of i^=0 and x- =0 is 

Evidently j^* + 1 = gives 

q=0, 
which satisfy the original equation. We have 

two singular first int^raJs ; there is no corresponding singular second in- 
tegral for either of them. 

Taking the alternative part of A=0, we have 
the (repeated) value of q given by the original equation is 

ia 



But from the above value ofp derived through A=0, we have 

dp _ —ja 

<^~{a;3(ia-^)}*' 
so that 

dp 

£=^' 

where the latter q is that given by the equation. Hence the equation 

^ X 

provides a singular integral of the original equation : its primitive is obtained 
by the elimination of <^ between 



y-c=ia (<^+sin<^) 
a;=Ja(l-cos <^) 



}• 



The equation A=0 has no singular integral other than 07=0 ; this does 
not provide any solution of the original equation. 

Continuing the geometrical interpretation of the results, we see that the 
first singular int^ral is the (singly-infinite) family of cycloids, which touch 
the axis of y at their vertices, and have their cusps on a parallel to the axis of 
y given by x^\a. As regards the osculation of any circle 

(y-a)2+(^-l3)2=2aa? 

F. in. V\ 
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of the primitive at any point, by the cycloid passing through the point, 
we have 

for the circle. Now p and ^ are to be the same for the circle and the cycloid, 
as of course x and y (being the coordinates of the common point) : but for 
the cycloid 

p(p*+l) 

9 
and therefore 

Thus 

Hence for real points of contact, we must have 2/3 negative (or zero) ; and if 
2/3 be negative, then a + 2/3 > 0. In that case, we have 

48 

COS0 = 1 + -^<1, 

= -l + ?(a+2^)>-l, 
and so there is a real value for <^ : also 

y-a= +Jasin</), 
and therefore 

a±^asin<^-c=ja(0+sin<^), 
so that 

c=a-^a{<t> — sin (f)), or =a-^a(</)+3sin<^). 

If /3 be zero, then ^=0, y=a, <^=0, c=a. 

As regards the circles 

(y-a)2 + (^-/3)2=2a^, 

we thus have three cases, in their relation to tangency and osculation by the 
cycloid 

^-c=ia{<f}+sm<l>)) 

a;=^^a (l-cos</))J 

If /3>0, the point of osculation is imaginary. 

If /3=0, the point of osculation is the vertex of the cycloid ; c=a: and 
the circle then is the circle of curvature of the parabola {y — af = ^(juc at its 
vertex. The circle of curvature, the parabola, and the cycloid, have a common 
centre of curvature at 

47=a, y = a. 

If /3<0 and 2/34-a>0, the circle has imaginary double contact with the 
parabola (y - af=^ax. The points of osculation are two, viz. 

^=-ft y=a±{-2/3(a+2/3)}*. 
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on the circle ; the two cycloids are determined by 

c-a+ia(</)+sin </>)= ±^a sin </>, 



where 



cos<^ = lH — -> 
a 



If )3 < and 2/3 + a < 0, the circle is imaginary. 
As r^ards the equation 



^= 



_\a--_x 



X 



the line 4?= Ja is a locus of cusps of the cycloids : it is not a solution of that 
equation. The line a?=0 is a singular solution, and provides the same value 
of ^ at a common point as the cycloid ; but the curvature of the line is zero 
and that of the cycloid is finite, so that the value of ^ is not the same as for 
the cycloid at the point, and therefore not the same as for the circle at the 
point. It does not provide a singular integral of the original equation. 

Ex. 2. Discuss the equation 

27c/'(yHl)3=4{(a;+c)y'-y'(y'2+i)}3, 

as to the relation between its complete primitive and its singular solutions. 

(The equation represents the circles of curvature of the family of parabolas 
in the preceding question.) 

Ex. 3. Discuss the equation 

y'2_2^3y/+y6_y4^0, 

as to the relation between its complete primitive and its singular solutions. 

(The equation represents the doubly-infinite family of parabolas 
(y-a)2=2i3:t?+/32+l. The /3-envelope of this family osculates all the 
parabolas for parametric values of /3 : yet it is not a singular integral : 
explain this.) 

Ex. 4. Shew that the equation 

y"^-2yy'+l=0 

has no singular solution ; and prove that the primitive of A=0 is the locus of 
the cusps of the integral curves belonging to the complete primitive. 

(Goursat.) 
Ex, 5. Shew that the equation 

(l+a;2)y'2^(2ay4-i^)y'+y^+^-2^=0 

has a singular integral of the first kind : and that the discriminant-equation 
A=0 has a singular integral of its own, which is not an integral of the original 
equation. 

Obtain the various integrals. 

(Lagrange, Serret, Goursat.) 
Ex. 6. Shew that the equation 

(2yy"-y2)3=4y"(y-ayo' 

v\— ^ 
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has a singular integral of the first kind, and a singular integral of the second 
kind. Obtain their equations : and exhibit the geometrical relations to one 
another of the respective integrals. 

(Dixon.) 

Ex, 7. Let F{yf\ v/^ w) denote an irreducible homogeneous polynomial 
function of its arguments, the coefficients being constants ; a solution of the 
equation 

is given by 

w=^Ae^y 

where A is arbitrary, and B is any root of the algebraical equation 

Determine whether the integral so obtained is a particular form of the general 
primitive or is a singular integral. 

(AppelL) 

Equations of any Order and Degree. 

240. It now is easy to state the results, obtainable by a 
corresponding line of proof, for a single equation of any order and 

degree. Denoting -j— by Wr, we have the most general equation 
of order n in the form 

and we denote by 

the eliminant of 

^=0, 1^ = 0. 

dWn 

Let the degree of -F= be m. 

Then assigning values a, a^, ..., On-i to w,Wi, ..., Wn-i, when 
z = c, the solution of the equation ^=0 determines m functions, 
which, a.t z = c, have a common value, and the first n — 1 deriva- 
tives of which have respective common values at that point. 
When 

is different from zero, the nth derivatives of the m functions are 
distinct from one another at ^ = c. When 

iPi(c, a, tti, ..., On-i) 
is zero, a set of two or more of the nth derivatives have a common 
value, and there may be more than one such set: the common 
values being different from set to set, and different from the 
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single values for the remaining functions: and generally the 
(n+l)th derivatives are distinct from one another. 

But though 

at the point, it is not the case that, in general, either for a set of 
functions w or an isolated function w arising as a solution of F=0, 
the value of the nth derivative is the same as the value of the 
nth derivative of a function, which satisfies 

that is, in general, a solution of jPi = is not a solution of jP= 0. 
But if 

dF dF . \^ dF 

dz dw r-lOWr 

either identically or in virtue of 

dWn 

then a solution of Fi = such that the value of w, is a„ 
(8=0, 1, . . ., n — 1), when ^ = c, is a solution of F= : it provides 
a first singular integral. The general primitive of jPi = then 
is a singular integral of F=0. 

Further jPi = 0, being an equation of order n — 1, can have 
singular integrals: these usually have their derivatives, up to 
order n — 1 inclusive, equal to the derivatives, up to that order, of 
the complete primitive for a value z = c: but the nth derivatives 
are usually not the same. Unless the first singular integral of 
Fi=0 (should it possess a singular integral) has its derivatives of 
order n equal to that of the primitive, it cannot provide a second 
singular integral for jP = 0. 

And so on in succession. It is possible, under the proper 
respective aggregates of conditions, that an equation of order n 
and degree higher than unity can possess, in addition to its 
complete primitive, singular integrals of the first kind, the second 
kind, up to the nth kind. The complete primitive involves n 
arbitrary parameters ; a singular integral of the rth kind involves 
n — r arbitrary parameters, and it is a singular integral of each of 
the intermediate equations*. 

* Beferenoe, in this connection, should be made to the memoirs by Mayer, 
Gk>ursat, and Dixon, quoted in § 200. 
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Ex, Let 

for «=0, I, ..., n; shew that the equation 

where O is an arbitrary function of its arguments, possesses a first singular 
integral : and obtain the complete primitive. 

(Dixon.) 

Analytical Relation of Singular Solutions to 
THE Primitive. 

241. The analytical relation of the primitive of the equation 

to the primitive of the equation 

A (z, w, w') = 0, 

when at the particular point the value of w' is one of the critical 
values, can be exhibited in the vicinity of the point (and not 
merely at the point) as follows. Let ^ = 17 be the primitive of 
the equation A = 0, so that 

A(^,i7,V) = 0; 

then because A is the eliminant of -F= and tt-t, = 0, it follows 

cw 

that, among the roots W of 

some are certainly equal to one another. Let f denote such a 
repeated root, of multiplicity k. Now let 

so that, at the initial point z = c, the values of u and v! are zero in 
relation to the critical values ; and let 

so that the equation is 

F{z, r)-{-u, V + w', ?+ 1;) = 0. 

It is known that when u = 0, u' = 0, then v = is a repeated root 
of F=0, looked upon as an equation in v, of multiplicity tc: 
consequently the equation must have the form 

v^:=0(z, Uy u\ v) + v''-^^H{z, u, Uy v)y 
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where G is a regular function of z and of the arguments u, u', v, 
which vanishes when w = 0, w' = 0, and fl" is a regular function of 
its arguments ; and therefore 

1 
= {0{Zy u, u\ v) + v^'^^H(z, u, u\ v)}\ 

242. First, suppose that 17 is not an integral of the equation, 
so that ?— 17" is not identically zero. It is a function of z\ let c 
denote an ordinary point of this function (not being a zero), and let 

so that, in the immediate vicinity of ^ = c, we have 

1 
w'' = 0+ {(? (^, w, < v) + ...}\ 

As regards the value of u thus determined, it is dependent 
upon the form of the function G. Without entering into full 
discussion, consider the case in which G contains a term an by 
itself as well as other terms ; then av! is the most important term 
in the radical. Manifestly G is the leading term in u\ and there- 
fore Giz — c) is the leading term in v!\ accordingly we take 

z — c — V' 

u'^t-{G^JJ) 

u^\t^(G^y)] 

so that TJ and F vanish with t. Then 

1 

where JTi is a regular function of its arguments and vanishes with 
them : that is, 



and 



^^+ icTJ^KiaGftA- ictH^(JJ,y,t)\ 



at 



The critical quadratic of this pair of equations is 
(ll + /c)(ll + 2/t) = 0; 



] 
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SO that, as ic is a positive integer > 2, the only solutions of these 
equations, which vanish with t, are regular functions of t : and 

''-<.ViT(5rM)<'"^' + - 
-tP(t). 

where P is a regular function. Thus 

which is the relation between w, the solution of the diflFerential 
equation, and v the solution of A (z, w, w') = 0, the two functions 
having their first derivatives ^ual at the general point c. As c 
moves, w and r) both change ; th^ diflTerence is of the foregoing 
form, c being regarded as parametria 

Now as c moves, it may pass through a zero of 

the function which is not identically zerJl^ ^ t^® immediate 
vicinity of such a zero, let the leading tern^ ^ 

where )8 > 0, so that, on the present hypothesis, w ^ aa,ye 

and therefore u' vanishes, when z=c,a8 well as u a^J^ ^ • -"^^ ^ ® 
immediate vicinity of z — c, let the leading term in ttl%^ oraer 
/A, so that we may take ^t^ 

u=^a{z- cy, 

for suflBciently small values of | 2r — c | : the indices to be com- 
pared are 



/*-2, /3, 



If fl > , we take 

K— 1 



2«-l 



iC-l ' 

which makes the first and the third equal to one another, and 
neither of them greater than the second. If /8 < _- , we take 

M = 2+/9, 
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which makes the first and the second equal to one another, and 
both of them less than the third. 

In the former case, we take 
so that U and V vanish with t Then a is given by the equation 



or 



fC-l 



K-l 



a = (aay , 



a = b + {aay, 



Proceeding as before, we have 



according as )8 > -— y or )8 = r . 

equations for U and V in the form 

^-^ + /c £7"= regular function of t, U, V 

^^^+(2A:-l)F-(A:-l)Cr=0 

The critical quadratic is 

(ft + /c)(lH-2/c-l) = 0; 
so that, as /c ^ 2, the only solutions of the equation which vanish 
with t are regular functions of t, and then 

where P is a regular function of its argument that does not 
vanish when z = c. 

In the latter case, ^ is less than : we suppose it to be 

real and (when expressed in its lowest terms) of the form ^ . We 
then take 



u' = ^*3+«^ 









q){p + 2q) 



WJ 
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TJ and V vanishiDg with t ; the equations that determine these 
new variables are 

«^^-+#c(23+p)F-#cjCr = 
where G is a regular function of its arguments ; also g — (/c — l)p, 
which is equal to g'(/c — 1) ( — i""^) » ^ ^ positive integer. As 

before, the only solutions, which vanish with ^, express U and V as 
regular functions of t ; and then 
w '~'n = u 

where P is a regular function of its argument that does not 
vanish when z = c. 

In both of these cases, c is a zero of the non-evanescent 
function l^ — rj". The quantity ri may be regarded as a solution 
of the equation at the point c, but not in the immediate vicinity 
of this point ; that is, it is a solution only at a point. 

243. Secondly, suppose that 77 is a solution of the equation, 
so that f is actually equal to 17" ; then v=^u\ and the equation is 

In this case also the form of u depends upon the form of 
{z, u, u\ i^"), which vanishes with u and w' : the leading term 
in u will manifestly be the leading term in the solution of the 
equation 

u'''' = G(z,u,u\u'y 

Because u and u' vanish for a parametric value c of z, and because 
G vanishes with u and u\ therefore u^' vanishes for that parametric 
value c oi z\ hence the leading term is of the form 

where 6>2, and it can be obtained by the method of § 229. 
When 6, if fractional, is in its lowest terms, let its value be pjq : 
we then take 

z-c^Vi 

u' = tP-^ {0a + U) 
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With these values, and taking account of the way in which 6 has 
been obtained, we have 

where G^ is a regular function of its arguments not vanishing with 
t, U, V; and thus 

q at q \ q J 

= 2 ^■*" regular function of ?7and V, 

The form of the solution depends upon the coefficient of Z7 in 
1 

Gi" : unless it is such that the first equation becomes 
t^-yU = ia+f(U,V,t), 

where no term in /is of dimensions less than two in its arguments, 
and where 7 is a positive integer, then a solution exists, which 
is a regular function of t and vanishes with t Consequently 

where P is a regular function of its argument that does not 
vanish when z = c. 

It may happen that the equation for i^" takes a form 

where K is a, regular function not vanishing with u, u\ u" : a 
solution is w = 0, and then 

w — rj^O, 

that is, the integral 77 then is a particular form of the primitive. 
In the other cases, w = 17 is a singular integral of the equation. 

Ba;. 1. Consider the equation 

aV2-2a%V' + 92M;=0. 
We have 

and therefore 

aV2-92i; = 0, 
so that 
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Taking 

where t^ is to vanish with u and u', we have 

aV- 2aVr - 2aVf +9«u=0, 
and 

being the repeated root of 

Hence 

ah - au' = {2a Vi;' - 9«* + a'l*'*}*. 
Now 

Take any value ^ssc, which is not zero and not a root of 



,-i.3?-'-3^.*=0, 
a a 



and let z - c^Z; then 
Also 

say, so that the equation is 

Now w=0, t*'=0, when Z=0 ; hence u"= — Cq, when Z=0, and therefore 
the leading term of w' is -CqZ. Accordingly, let 

then 

and the equation is 



t'§+2U={-'^yt+e,it,u,V), 



where Gj is a regular function containing no terms of dimensions lower than 
2 in its arguments : also 

As the critical quadratic is 

(Q+2)(Q+4)=0, 

the only solutions that vanish with t are the regular functions of ty being 

<r=|(-?fr^',...., 
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and therefore 



7-rj = l 



The values of w and rj are equal a.t z=c; likewise those of «/ and rj' ; but the 
values of v/' and rj" are unequal at 2=0. 

Ea;. 2. Discuss the nature of the solution a^rf=2^ of the equation A=0, in 
relation to the primitive of the equation just considered. 



Classification of Integrals of an Equation of the 
Second Order, as associated with the Primitive. 

244. The preceding results offer initial suggestions in con- 
nection with the classification of the integrals of a differential 
equation of the second order. The corresponding question for 
equations of the first order has received ample consideration from 
various writers : and, as is not infrequently the case in generalising 
theorems, not a few results can be written down for an equation 
of general order as soon as the step, next after the discussion of 
the simplest instance, viz. of an equation of the first order, has 
been taken to the discussion of one of the second order. As the 
relations between the various integrals are initially more of a 
formal than of a functional character, it will be convenient from 
the beginning to associate with the differential equation the cus- 
tomary geometrical interpretation in regard to plane curves. 

It is known that, when an integral equation 
g (^, y, c) = 
satisfies a differential equation 

<t> i^> yy p) = 0, 

and when the integral curve has a proper envelope, which is 
included in the result of the elimination of c between 

, = 0, 1-0, 

the equation of the envelope is an integral of the differential 
equation. The eliminant may include equations, which do not 
belong to the envelope : such an one is the node-locus, for example, 
and its equation is not an integral of the differential equation : so 
that, as is well known, the c-discriminant of the integral does not 
necessarily provide a solution of the differential equation. 
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As there is thus such a limitation upon the results achieved 
in connection with the equation of the first order> there will be 
corresponding limitations upon results, which are based merely 
upon broad processes, without fully detailed investigation, applied 
to equations of the second order. The succeeding discussion must 
therefore be regarded only as preliminary. 

245. Let there be a doubly-infinite system of curves repre- 
sented by 

/(^,y,a,/9) = 0, 

where a and ^8 are two independent parameters: their equation 
can be regarded as a complete primitive of the diflFerential equation 
of the second order, which results from the elimination of a and /3 
between the three equations 

0=/, 

So far as regards elimination of a and yS, it does not afifect the 
result what their nature is, when these three equations are taken 
in this form. If therefore it is possible to determine them in ways 
other than as parameters, the final differential equation will be 
the same, if the three equations keep the same form. Accordingly, 
we assume that both a and y8 are functions of x to be determined 
(if possible) so that the equations have the same form ; where 
convenient, this assumption will be replaced by the equivalent 
assumption that a is a function of x, and ^8 is a function of a, both 
functions initially being unknown. 

No change in the form of the first equation is thus caused. 
The second equation remains unchanged, provided 

da dx d/3 dx 

and therefore, if any form of a and other than parametric 
constants be possible, it must be included in the relation 
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where ^ = d0/da. The third equation remains unchanged, pro- 
vided 

\dxda ^ ^ dydaj dx ^ \dxd0 ^ ^ dyd^J dx "' 

or therefore values, that are not merely parametric, must be in- 
cluded in the relation 

dxda"^^ dxd^^P\dyda'^dyd$^ J^ 

The form of p is to be the same, for purposes of elimination, 
whether a be parametric or variable: taking its value from the 
second of the three equations, we have 

^"dy \dxda ^ ^ dxd&l dx \dyda ^ dydfi ^ J ' 

as a relation including the possible forms of a and ^. If such 
possible forms are definitely determinable and can be associated 
with the equation /=0, the new equation is such that, in con- 
sequence of P = 0, the value of jo is the same as at first, and, in 
consequence of Q = 0, the value of q is the same as at first : so that 
the new curve thus obtained can be looked upon as an osculant 
of the original curve. 

Now from the three equations 

/=0, P = 0, Q = 0, 

we can eliminate x and y, and obtain a relation 

an equation of the first order to determine the value of ^ in terms 
of 0. Let its complete primitive be 

where 6 is the arbitrary constant of integration. The value of )8' 
is given by 

and from the mode of derivation, this value agrees with the value 
given by P = : that is, we have 

We now have three equations, viz. 

/=0, = 0, /(/,(?) = 0, 
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involving an arbitrary constant 0, the varied parameters a and fi, 
and the two variables x and y; eliminating a and fi between 
them, we have an equation 

H{x.y,e) = 0, 

which can be such that, from the mode of its derivation, it 
represents an osculant of the curves given by the equation 

/(a;,y,a./3) = 0, 

and that it satisfies the same differential equation of the second 
order as/=0, though it is not included within the equation /=0. 

Again, the family of curves 

may have an envelope ; if they have, its equation is included in 
the eliminant of JT = and 

d0 ^' 

At the point of contact of any of the curves with the envelope, 
the direction of the tangent is given by 

dx ^ dy 

In general, the contact between a curve and its envelope is simple 
only, and the curvatures are different: thus, in general, the 

eliminant of -ff = and ^ = will not provide the same value 

of q as is provided by H, though it provides the same value of p ; 
the original differential equation will then not be satisfied. But 
if, in obtaining the envelope, the value of 6 be such as to give for 
the envelope at the point of contact the same curvature as for the 
curve of the family, then the original differential equation will be 
satisfied. From the original equation if=0 we have, when 6 is 
no longer merely parametric, 

dx ^ dy 
for the curve and the envelope, provided ^^ = : and also 
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for the curve and the envelope, provided 

( d'H d'H\d0 
\dxd0'^^dyd0) dx^^' 

that is, {0 being variable), provided 

aiff ^_n 

dxd0'^^dyd0'' 

As the value of |> is the same for the curve and the envelope, the 
last condition may be replaced by 

dxd0 dy dyd0 dx 

If therefore the envelope of J? = is also an osculant of H = 0, 
the three equations 

ir=o. ^=0, K^o, 

must coexist in virtue of a single relation between x and y. This 
relation includes the equation of the osculating envelope, if such 
an envelope exists. 

The original equation /= may represent a family of curves 
that possess no osculant, though perhaps they possess a non- 
osculating family of envelopes. Similarly the equation H=0 
may represent a family of curves that possess no envelope at all : 
the analytical equations are, however, of the same form, and they 
then correspond to other geometrical properties. Accordingly, in 
favourable cases, the analytical equations may contain, in addition 
to osculants and osculating envelopes for / = and H = 0, other 
geometrical properties and loci. The whole subject merits further 
investigation. 

Ex. 1. Consider the equation 

(^-a)2 + (^- 13)2 = 2007, 
the complete primitive of the differential equation in Ex. 1, § 239. 
The equation P=0, on division by 2, is 

The equation §=0, on division by 4, is 

so that 

y—a _ x — fi CL__ ^ 

P. III. ^"^ 
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on substituting these values in the primitive, the equation to detennine jS in 
terms of a is found to be 

^ 2/3 

This, when integrated, gives 

-/3=ia(l+cos2</>) I 
o-^=Ja(2^+sin2^)j ' 
from which ^ is to be eliminated. For the osculant, we have 

= Ja(l+cos2^), 

80 that 

r-^=ia(2</>-sin2</>). 

The values of X and T give the first singular integral of the differential 
equation as before. 

There is no second singular intend. 
Ex, 2. The equation* 

has 

a/33y-(«*^+ 1)^-2/32=0 
for its complete primitive. 

We take /=0 in the form 

•^ ^ a/38 „^ 

We have 

9/ 1 9/ 2,3,, 

the equation §=0 thus is 

-|3(3a2^ + l) + |(a3:i'-ha)/3'=0, 
and therefore 

The equation P=0 is 

which, on substitution for x and reduction, leads to 

a^i3'2-/32-§=0. 
This can be integrated at once, with the result 

* This illustration is given by Dixon, PWf. Tram, (1895, A), p. 565: some slight 
changes in constants have been made. 
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^here B is the arbitrary constant of integration. To find the equation of the 
•sculant, we eliminate a, /3 between this equation, /=0, and 

he value of f^ being 

i'he result of the elimination is 

^hich accordingly is the osculant : and H=0 provides a first singular integral 
f the original differential equation. 

The three equations which must coexist, if H=^0 is to possess an oscu- 
iting envelope and if the original differential equation is to possess a singular 
ategral of the second kind, are 

0=11^=12(07+6^+2^) 

0=^ =12(^-6^-6^). 

?hese are satisfied simultaneously by 

^=2^, y=-4^: 

hat is, a singular integral of the second kind is possessed by the original 
ifferential equation, and it is given by 

y2=ai7. 

Ex, 3. Shew that the equation 

{qy - 2jt>2)e+ 64tp^ {qx + 2jo) {qy - 2jt>2)3 + 243;?6 ( jy - ^ff + 729jo6 j2 ^ q 

las the equation 

(y-i3)(^-a) = 4y 
or its primitive, where 

/3«-54a/33y + 243^2y2 + 729y2 = 0. 

Shew that an osculant of the curve, being a singular integral of the first 
cind of the differential equation, is given by 

y2=2^a; + ^2^.i, 

[s the envelope of this singular integral a singular integral of the second kind 
)f the differential equation ? 
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CHAPTER XVI. 

Equations of the Second Order with Sub-uniform 
Integrals; with some General Considerations*. 

246. It has already appeared (Chap, ix) that the determ- 
ination of descriptive properties of the integral of a differential 
equation of the first order is somewhat laborious and inconclusive, 
as compared with the determination of analytic properties of 
the integral function. This divergence is still more marked for 
equations of higher order, partly owing to the mere added com- 
plexity of the analysis, but chiefly owing to the fundamental 
difference, to which reference already (§ 91) has been made, be- 
tween equations of the first order and those of higher order. By 
Painleve's theorem, it is known that a parametric value of the 
variable may be a pole or may be an algebraical critical point for 
the integral of an equation of the first order : it cannot be an 
essential singularity of the integral. But this property does not 
extend to equations of higher orders : as was seen fi-om a simple 

* As regards the earlier part (§§ 246—258) of this chapter, the following authors 
may he consulted : 

Picard, LiouvilU, 4™« S^r., t. v (1889), pp. 136—319, Acta Math., t. xvn 
(1893), pp. 297 — 300; the subject is developed more fuUy in the TMorie 
des fonctioiis algebriques de deux variables indipendantes (t. i, 1897, the 
later volume to contain the applications) by Picard and Simart : 
Mittag-Leffler, Acta Math., t. xvin (1894), pp. 233—245: 
Frans^n, Stockh. Ofv., t. lii (1895), pp. 223—241: 

Wallenberg, Crelle, t. cxix (1898), pp. 87—113, ib. t. cxx (1899), pp. 113— 
131. 
No attempt has been made to give an account of investigations that relate t<y 
descriptive properties of equations of the second order, such as are given in 
Painleve's Stockholm Lectures (quoted at the beginning of Chap. xrv). The prin- 
cipal reason for this omission is the same as in the case of a single equation of the 
first order, stated in Chap. x. 
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•example (§ 91), the integral of an equation of the second order 
can have a parametric essential singularity. 

A limited class of equations of the first order was considered 
in Chapter ix, the assigned limitation being that the equations 
should have no parametric critical points. In the case of these 
equations, a parametric value of z is either a pole or an ordinary 
point of the integral, for it cannot be an essential singularity of 
the integral. Also, equations still more limited were considered, 
viz. those which have neither fixed nor parametric critical points ; 
their integrals are uniform functions of the independent variable. 

It is natural to enquire whether, taking account of the funda- 
mental difiference between equations of the fir^t order and those 
of (say) the second order, it is possible to delimit corresponding 
classes of the latter. The simplest case to investigate obviously 
is that, in which the integrals either are uniform, or satisfy as 
many of the indirect tests of being uniform as can be framed. 
Thus it is possible to assign the conditions that no parametric 
value of the independent variable shall provide an algebraic 
critical point of the integral. We can also determine whether 
an integral of an equation of the second order is uniform in the 
vicinity of any point, when it is determined by the assignment 
of arbitrary values to itself and its first derivative at the point. 
But even if- all the necessary conditions are satisfied, it does not 
follow that the integral is a uniform function : for the possibility 
that the integral may possess a parametric essential singularity, 
with either definite or indefinite branching, is not touched by 
either of the sets of conditions. It manifestly is not touched 
by the first, which deals with algebraical branching only; it 
manifestly is not touched by the second because, if the point 
be an essential singularity, the assigned values will be included 
among the unlimited number which can be acquired at an 
essential singularity. 

For instance, consider the equation 

- ^nwuf^ = 2 {uf^ - ww")\ 

If a point a could be an algebraical branch-point (with either 
finite or infinite values of the function there), the governing term 
would have a form 

K 

{z-aY' 
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where #c is a constant, and n is some (non-integer) positive or 
negative rational quantity. On the left-hand side, the index of 
the governing term is — (6n + 5) ; on the right-hand side, it is 

— (6n + 6). These two cannot be equal : and therefore no con- 
ditions have to be assigned to exclude any parametric point from 
being a branch-point. Also, taking the equation in the form 

and assigning initial arbitrary values to w' and w — the value zero 
may not be assigned to w, because for no number n can there be 
a leading term #c(^ — a)~^ — then the equation determines three 
separate functions, each of them uniform: that is, it would be 
satisfied by three uniform functions of the variable. As a matter of 
fact, the general integral is not uniform : the complete primitive is 

where a and c are arbitrary: the parametric value c is an essential 
singularity. 

As another example — it is propounded by Picard — consider 
the equation, which has 

w = fp{a + \og(z + 0)} 
for its primitive, a and being arbitrary. The point 

- /i^ + e-* 
is a (parametric) pole of the integral, and the (parametric) point 

— yS is an essential singularity : there are no algebraical branch- 
points. The integral is uniform, only if 27ri is a period of the 
elliptic functions: a condition which would require a trans- 
cendental relation between the invariants g2 and g^. 

Still, the equations, which satisfy the conditions, that no para- 
metric point is an algebraic critical point, and that the assignment 
of initial arbitrary values determines an integral function (or a 
limited number of integral functions) uniform in the vicinity of 
the initial point, constitute a definite class. They are called by 
Picard* equations having their general integral a apparence 
uniforme: here, they will be called equations with sub-uniform 
integrals. The further tests, necessary that the sab-uniform 

* " M^moire sur la th^orie des fonctions alg^briques de deux variables ind6- 
pendantes," Liouville^ 4™« S^r., t. v (1889), p. 278; Acta Mathematical t. xvn 
(1893), p. 298. 
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integral should really be a uniform integral, are as yet un- 
formulated for the general equation. 

Further, among equations of the second order, there are two 
classes which admit of immediate formal reduction to the first 
order. One class is constituted by those, from which the de- 
pendent variable is explicitly absent, so that they have the form 

by taking w;' = w^, the equation becomes 

and the general integi'al of the latter leads, after a quadrature, to 
the general integral of the former. The other is constituted by 
those, from which the independent variable is explicitly absent, so 
that they have the form 

By taking w' = TT, so that 
the equation becomes 

which is of the first order and has w for the new independent 
variable. The disadvantage of this form for discussion of the 
functional properties of the integral lies in the fact, that the 
independent variable is not definite, when z acquires a value 
which is an essential singularity of w. 

The latter class is the more important of the two. We shall 
deal with the case when it is of the first degree in the derivative 
of the second order. 

Picard's Equations of Second Order and First Degree, 
WITH Sub-uniform Integrals. 

247. We proceed therefore to the consideration of such 
equations 

as have their integrals sub-uniform: R being rational in w and 

-J-, and being explicitly independent of z. 
(tz 
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In the first place, R must be an integral function of -r- . It 

has been seen that, when 12 has the form 

f(z, w, v/) 
g{z,w,wy 

initial values of w and w\ which make g vanish but not fy lead to 
a multiform function for the integral (§ 215): a result excluded 
by the hypothesis of the problem. We thus have 

where A^, -4i, ..., -4^ are rational functions of w. Let m^ be the 
excess of the degree, in w, of the numerator in -4^ over its 
denominator (for r = l, ..., n). 

Next, let a denote a value of z, which is a pole of w ; as the 
integral is supposed to be uniform in the immediate vicinity of 
a, it can there be expanded in the form 



w; = - 



where ^ is a constant, ^ is a positive integer, and all the indices 
of the unexpressed terms are greater than — 0, Then the ex- 
pansion of Ar in ascending powers of <2^ — a begins with a term in 
{z — a)-'^'^, and the expansion of Arw'^ begins with a term in 
(z — a)~^"^~^^^'^^^ ; and therefore the greatest negative indices in 
the successive terms on the right-hand side are 

0mo, 0m, + + l, ^/7i2-+-2(^ + l), .... 
The negative index of the single term on the left is 

0+2, 

which accordingly must be equal to one or more than one (being 
the greatest) of the indices on the right. The most general case is 
that in which all the indices on the right are equal to one another, 
so that we can have 

0mo=0mr + r(0 + l% 
and therefore 

mo~w^=rfl + gj, 

for various values of r. Now must be unity at least : as all the 
indices m^ are integers, cannot be greater than unity, if the 
above relation holds for each of the numbers m ; hence we have 

mo = m^ + 2r. 
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If, however, the indices on the right-hand side are not equal to one 
another, then a modification must be made. For instance, let 

then 

2 
^2 = ^0-2-^, 

which would be satisfied if ^=2, by taking 

m2 = tuq — 3 : 
and so on. It is easy to see that, in general, we have 

wio^Wr+2r, 
if the net degree of Aq in powers of (jj - a) ~ ^ is not less than the net degree of 
any other term. 

Also the highest negative index on the right-hand side must 
be equal to ^ -h 2, so that 

^+2 = mo^, 
and so 

, 2 

For the most general case, the value of ^ is 1, so that 

mo= 3; 

and therefore mi = 1, r^a = — 1, and so on. The net degrees of the 
coeflBcients of the derivatives of w are thus 3, 1, — 1, ... . 

Again, the integral is to be a uniform function in the vicinity 
of any point. Let z^ be any point ; let the integral function have 
a value Wq assigned to it there ; then in the immediate vicinity of 
Zq, we have 

W''WQ = \(z — Zoy-{- ..., 

the unexpressed terms having indices greater than k. As the 
integral is to be uniform, no such expansion can be possible in 
which K shall have a fractional value; in particular, k must not 

have a value - , where the integers q and p are prime to one another, 
and q<p* For such an expansion, the lowest term in z—Zq on 

the left-hand side would have an index - — 2 : and as ^ — 1 is 

p p 

negative, the lowest term in z — Zq on the right-hand side would 
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have an index (^ — Ijw. The equation could be satisfied (with 
other conditions among coefficients) if 

2-2 = (i-l)., 

P \p J 

that is, if 

g^ n-2 1_ 

|>""n — 1 "* n — 1* 

For values of n greater than 2, such a fractional value would thus 
be possible. On the other hand, on the hypothesis adopted, such 
an expansion is to be impossible; and therefore n may not be 
greater than 2, that is, the right-hand side of the equation cannot 
have more than three terms. The equations therefore have the 
form 

w'' = -4o + A^w' + AiW\ 

where Aq, A^ A^ are rational functions of w, of net degrees 
3, 1, —1, respectively. 

248. Transforming this equation momentarily to the form 

dv . . . „ 

V -7- = Ao + AiV + A^i^, 

where v denotes w\ we have an equation of the first order in v as 
a function of w. By the adopted hypothesis, w is to be regular in 
the vicinity of any value of Zy and w' also will be regular there ; 
when therefore a relation between w and w' is sought in that 
vicinity, it is a definite equation though the functions expressing 
the relation may be multiform. Thus, if 

where P is a regular function that does not vanish with its 
argument, then 

w'^{z-c)''-'P,(z-c), 
and therefore 

that is, the value of w can be an ordinary point, or a definite 
branch-point, but it cannot be a point of indeterminateness, of w\ 
If n = 1, the point is an ordinary point, and w' is not zero there ; 
if n > 1, the point is a branch-point, and w^ is zero there. 
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To determine necessary conditions (if any), let Wq be any point 
in the vicinity of which Aq, Ai, A^ are regular. Let 

W — Wo^U, 

so that the equation is 

v-T- = Aq + vAi + v^A^. 

When w = 1, the condition is that v is not zero, when i^ = 0; which 
can be satisfied by taking an arbitrary initial value for v: and 
then we have 

t; = iJ(M), 

where -B is a regular function of u, which does not vanish with u. 
We then have 






the inversion of which gives a general integral, uniform in the 
vicinity of u = 0. Hence, in this case, no condition need be 
imposed upon the original equation. 

When n > 1, a condition is that v is zero, when t* = 0. We have 

du V 



dv Aq-\- AiV + A^^* 

so that, if Wq is not a root of -4© (say any arbitrary quantity), 
we have 

2Ao(wo)u = v^-h..., 
that is, 

v = u^{2Ao(wo)}^ + ..., 
so that n = 2. Then 



— /t-/^"^<"'). 



where iJ is a regular function of its argument, which does not 
vanish when i^ = 0. Effecting the quadrature, and inverting the 
relation, we have u (and therefore w — Wq) as a uniform function 
of u. If however Wq is a root of Aq(w), the equation still being 

du V 



dv -4o + -4it; + ^at;2' 
we have 

n 

u = v^^ Qi {v) = vT, 



284 picard's equations [248. 

where Qi is a regular function of r, and T vanishes with v. Now 
taking the first form of u, we have 

dLvL 
where Qa is regular, that is, -r- = when v = 0. As regards the 

fraction equal to -p, it is 



A^v-\- A^'^ + A^vT + powers of v 

1 



A^ + A^v + -4oT+ powers of t; ' 

that is, it is not zero when t; = 0. These results are contra- 
dictory : and therefore t^o cannot be a zero of 4©, when n > 1. 
Hence when an initial value w^^ is assigned to w, this value 
being an ordinary point of A^, A^, A^, the general integral is 
regular in the vicinity: either if an arbitrary value be assigned 
to w' for w = Wo; or if a zero value be assigned to w' for 
w = Wo, provided Wq is not a root of J.o = 0. This is the sole 
condition (and it is one of inequality) to be imposed upon the 
original equation, when Wq is an ordinary point of each of the 
quantities Aq, A^y A 2. 

Next, let Wq be a pole of one of the coefficients Aq, Ai, A2, and 
let it be of multiplicity s ; then the equation takes the form 

where (f> (v, w) is a uniform function of v and a regular function of 
w, of the form 

V 

J5o, Bi, B2 being regular functions of w, not all of which vanish 
when w = Wq, As the lowest power o{ w — Wq in v has 1 for 

its index, the lowest index of powers of w — Wo on the left-hand 

side is 

1 
s — . 
n 
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On the right-hand side, the lowest index in the first term is 

1 , if 5, does not vanish ; in the second term it is 0, if Bi does 

n 

not vanish : in the third term it is — 1 + - , if jBq does not vanish ; 
and the lowest of these must be equal to 8 . If 

n n 

so that 

«+! = -, 
n 

the only possible integer values are ii = 1, « = 1. If 

« - - = 0, 

n 

the only possible integer values are 5 = 1, w = 1. If 

111 
n n 

then « = 1. 

Hence in every case « = 1 ; thus no one of the coeflBcients 
J.0, ^1, A^ can have a multiple pole, if the integral of the equation 
is to have the specified character. Let a, /8, ..., \ denote the 
aggregate of the poles of -4©, A^, A^y each of them being simple, 
and there being m in all ; then the equation has the form 

where P, Q, R are polynomials in w, respectively of degrees m + 3, 
m + 1, m — 1 at most. 

In particular, if m = 0, there is no function R (w\ and the term 

in f -^- j disappears from the right-hand side. 

249. The conditions that have been obtained are necessary: 
but they merely settle the general type of the equation, which can 
have sub-uniform integrals ; and they are not suflBcient to secure 
this property. 

The simple equation 

d^w __ c /dwy 
dz^ " w — a \dz) ' 
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which is an instance of the general tjrpe, has 



1 



w — a = -4 (xr — a)^^ 

for its primitive, A and a being arbitrary. This functional 
expression for w is not sub-uniform (nor uniform), unless 

n 

where n is an integer (positive or negative). Thus one condition 
upon the constant c is necessary. 

On the other hand, the equation 

_ = aw' + 2frM; + c. 

where a, 6, c are constants, has 

aw;-f 6 = 6jp(ir-/c,5r„5r,) 

for its primitive, the invariant g^ being ^(6* — ac), and the 
arbitrary quantities being /c and the invariant jr,. The primitive 
manifestly gives w as a, uniform function : and no condition needs 
to be imposed on the equation. 

We proceed to obtain the further conditions that must be 
satisfied for the various forms. 

The two cases, m > 0, m = 0, will be discussed separately. 

Case I: m> 0. 

250. In the former case, let 

D (w) = (w - a){w - ^) ... (w - X), 

so that the equation is 

dhu ^ P(w) Q{w) dw R(w) /dwV 
dz^" D(wy~D{w) dz ^ B{w) \dz) ' 

or writing TT for -^ , we may take it more briefly in the form 

Now if ti; is a sub-uniform function over the plane of the variable, 
so that it is uniform in the vicinity of any point, w, w\ w" are 
finite together and are infinite together; a finite value for any 
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one of them requires a finite value for each of the other two, and 
likewise for an infinite value. Moreover, it is the general integral 
which is being discussed, so that there will be two arbitrary 
constants in its expression. One of these arises in connection 
with the independent variable, which manifestly will occur in a 
form z— Cf where c is arbitrary ; so that the integral must contain 
one other arbitrary constant, besides involving the combination 
<^ — c. 

First, consider finite values of w. Let any value Wq be 
assigned as an initial value of w, and any value TF© be assigned 
as an initial value of W: so that Wo is finite. If Wq is not a root 
of Dy then, (subject to a single condition of inequality, as has been 
seen), the equation is satisfied, in connection with these values, 
by an integral, which is a uniform function of z in the vicinity of 
the (arbitrarily assigned) initial value of z. Hence in connection 
with such values, no further condition needs to be imposed upon 
the equation. 

If however Wq is a root of jD, say a, then the assignment of 
an arbitrary initial value to W will make the initial value of w^' 
infinite: and this is to be excluded. Consequently, the initial 
value of W, when a is the initial value of w, must satisfy the 
equation 

-P(«)+<2(«)f + i2(a)r = 0. 

Manifestly there are in general two values: say pi and pa- -A.S 
Pi is definite, and as the integral is to be a general integral, it 
follows that an integral, which is determined by a and pi as 
initial values, must, in addition to c, contain an arbitrary constant 
entering otherwise than through the initial values ; that is, there 
must be a (simple) infinitude of such integrals. Similarly, if pg is 
difierent from pi, there must be a (simple) infinitude of integrals, 
determined by a and p2 as initial values. The necessary conditions 
can be obtained as follows. 

In the vicinity of these initial values, let 

z — c = w. 

Then assuming that P(a) is not zero, so that neither pi nor p^ is 
zero and therefore w' does not vanish at a? = 0, we have 

w — a = xl(x), 
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in the immediate vicinity, / being a regular function that does 
not vanish with x; and therefore 

where J" is a regular function that does not vanish with x. Hence, 
by reversing the first equation and substituting in the second, we 
have 

«;' = iSf(tt» — a), 

where S is a regular function that does not vanish when w = a. 
This is evidently an integral equivalent of 

dw' e 

so that the integi-al of this equation, which is determined by the 
initial values a and pi (or p^), must be regular. By the preceding 
discussion, it must contain an arbitrary constant; and therefore 
conditions must be assigned, in order to secure that there is a 
(simple) infinitude of regular integrals. Let 

tc;-a=w, TT — p = F, 
where p stands for pi or p,; therefore V must vanish with w, 
it is a regular function of u, and it contains one arbitrary con- 
stant. Now 

dw du ' 
= w0'(a){H-4)}, 
where 4> vanishes with u ; also 

^ + £ Tf + CW^ = u[A' (a) +pR (a) +p^0' (a)} 

+ F{£(a)+2pC(a)} + ..., 
the unexpressed terms being higher powers of u and V, Thus the 
equation is 

dV A+BW+CW^ 



u 



where 



du 0'(a){l + 4>} 
= /cii + \F+..., 

^ A'{a)+pB'{a)^p^G'{a) 



B(a)^2pC(a) 

and the other terms are higher powers of u and F. The equation 
thus obtained is the first typical reduced form, as discussed in 
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Chapter vi; and it appears that the equation can have a single 
infinitude of integrals expressing F as a regular function of u, 
which vanishes with u, only if 

(i) \ is a positive integer : and 

(ii) some relation holds among the constant coeflScients on 
the right-hand side. 
Thus if \ = 1, the relation is 

If \ = 2, and the equation is 

dV 
^ ^ = ^ + 2F+ (a,, 62, c,][F, i^)« + ..., 

the condition is 

(Oa, 62, Ca$/c, -1)2 = 0. 

If \ = 3, and the equation is 
dV 

the conditioD is 

2(02, 62, CaJ-i/t, Vt'ifh, 62$-^/^, l) = (a8, K C3, dsj-i/c, 1)'^; 
and so on (§ 73, Ex. and Corollary). 

This holds for each of the two values pi and p^* It also holds 
for each of the m roots of = 0. Thus in connection with 
these particular finite values, it is necessary to impose upon the 
equation 

(i) 2m descriptive conditions of the form, X = integer, 

(ii) 2m relations among coefficients, 

in order to secure that the general integral is uniform in the 
plane : provided (as has been assumed) that A (a) is not zero, and 
that the roots p^ and p2 are unequal. 

251. Consider the latter incidental conditions separately. If 
the roots p^ and pa are equal, then 

£(a) + 2pC(a) = 0, 

so that, in the reduction for the common value, X becomes zero. 
The equation is then of the second typical form in Chapter vi : 
and it appears (§§ 76 — 80) that the equation does not possess a 
(simple) infinitude of regular integrals vanishing with u. Accord- 
ingly, in this case, the general integral of the original equation 
p. III. 19 
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cannot be sub-uniform ; and therefore the condition, that tiie 
quantity 

£'(f)-2^(f)C(f) 

shall not vanish for any root f o/* © = 0, must be imposed upon 
the equation, in order to secure that the general integral shall be 
sub-uniform. 

The other incidental proviso is, that A (a) is not zero. To 
see whether this must be maintained, we consider the alternative. 
When a is a root of A (w) = 0, one of the roots of the quadratic in 
f is zero, and the other is different from zero. To the latter, the 
general investigation applies as above: and we therefore discuss 
the zero root. In the immediate vicinity of the initial values, we 
have 

where P (x) does not vanish with x ; the integer n is greater than 
1, because W initially is zero. Thus 

W = w' = x^-'P^(x), 

w^^^x^P^ix); 

and therefore, in the immediate vicinity of the initial values, 

1-2 . 1 

i_l 1 

Now the root a of is to be a zero of Aq. This can happen in 
two ways : first, if Aq is identically zero : and secondly, if a is a 
root (simple or multiple) of -4o. 

When Aq is identically zero, the equation is 

„ A^w'-^-A^w'^ 

^ e > 

so that, taking w' = v, our equation becomes divisible by v in the 
form 

dv _ A^ A2 

This can be integrated by quadratures in the form 
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where K is arbitraty. Let 

then 

where '*' is a regular function of w — a, which does not vanish with 
its argument. The form, that should be obtained in this case, is 

v^iw — a) * Q {(w — a)**}, 

n being a positive integer > 2. Since contains a factor w — ay 
the above expression is of the appropriate form, only if 
-4,(a)=0, 

0'(a) ^""^ n' 
and when these conditions are satisfied, K being an arbitrary con- 
stant, the general integral is uniform in the vicinity considered. 
When Aq is not identically zero, take w — a = u,8o that 

Aq = uB, 
and jB is a polynomial in u. The equation now is 

dv uB + 1;-4 1 + vMo 
uv-7- = - 



du 0'(a)4-... • 
Also 

n 1 

|^ = i;n-lQ(i;n-l)j 

this must satisfy 

du _ uv {0'(a)4- ...} 

dv wjB4-v-4i + tr*^2* 
If ill («) is not zero, then w = (a persistent zero) is the integral 
of this equation. Manifestly, this is not a general integral. 

If Ai(a) is zero, then Ai has the form uBi, where Bi is of the 
same nature as B. In this case, it is easy to see that the equation 
cannot have the solution in the required form, unless n = 2: and 
then the solution is 

u = v^T, 

where T is a regular function of v, which does not vanish with 
V. Substituting this value, the equation becomes, on reduction, 



dT e- («) + ... 



19—2 
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In order that this may be satisfied by a function T, which is 
regular and does not vanish with v, the initial value k is given by 

which determines /c unless B(a) = 0. Every subsequent coeflS- 
cient in T is then determinate; so that the integral does not 
contain an arbitrary constant, and it therefore ceases to lead to a 
general integral. If however B(a) = 0, so that t^; = a is a repeated 
zero of Aof then /c is arbitrary, provided 

the integral contains an arbitrary constant, thus leading to a 
general integral. 

262. Summing up the results, we find that the general 
integral of the equation remains sub-uniform for finite initial 
values of w, in the following cases : — 

(i) When Aq and have no common factor : 
(ii) When a factor w — a of (d occurs in at least the second 
degree in Aq, occurs in at least the first degree in Ai, 
and when 

©'(«) = 2^2 («): 
(iii) When i4o is identically zero, a factor w — a o{ & occurs 
in at least the first degree in Ai^ and 

e'(a) 
is the reciprocal of a positive integer > 2 : 
the conditions obtained earlier with (i) being satisfied. 

Lastly, w' cannot be infinite when w is finite, if the general 
integral is sub-uniform; so that it must not happen that the 
equation 

dw © 

obtained by substituting w'F= 1, should have a variable integral, 
which vanishes for a finite value of w. 

If Wo be the finite value and it be not a root of 0, then 
since e*^ ® is a regular function of w in the vicinity of Wq, the 
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only solution of the equation is F'=0. This is not a variable 
integral: that is, no condition is thus imposed. 

If a, any root of 0, be the finite value, and if ^A v be nega- 
tive or have its real part negative, there is such an integral, 
which has 

as its leading term. This is to be excluded : and therefore the 
real part of ^jA must be positive. 

253. Next, consider inBnite values of w. We take 

1 
u 

because w is sub-uniform, u also is sub-uniform for the same 
range of the independent variable : but we now need consider 
only values of u in the vicinity of a zero. We have 

w= 1, w =-— + 2 — : 

80 that, writing 

QOM_i 

where Pi, Qi, jBj are rational functions of u, which are regular in 
the vicinity of t^ = 0, the equation acquires the form 

u'' = i|[- P, (u) + u'Q, {u) + u^ [2 - R, (u)}l 

The discussion is similar to that for values of w in the vicinity of 
a root of (w) in the former case : and the result is that, in order 
to have the general integral sub-uniform, two descriptive con- 
ditions must be satisfied, and two relations among coefficients 
must hold. 
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Case II: m = 0. 

254. We now pass to the case when m s ; the equation is 

w" = atu^ -\'bu^ -^-cw +/+ (kw + h) v/. 

As before, we first take finite values of w into consideration. 

If an arbitrary initial value Wq and an arbitrary initial value 
Wo be assigned to w and w' respectively, the general integral so 
determined is uniform in the vicinity of the initial values. No 
condition to be satisfied by the original equation thus arises. 

If, still with an initial arbitrary value Wq for w, a zero value be 
assigned to w\ the equation can be taken in the form 

dv 
where v = w' ; then we have 

1^=i2l(W-' Wq) I{w — Wq), 

where i is a constant equal to aWo^ + bwo^ + cWq +/ and / is a 
regular function, which is equal to 1 when w^Wq, Then 

dw 



dv 

J V 



= (7) {W-W^) J(w-Wo)K 

where J" is a regular function, which is equal to 1 when w = Wo. The 
reversion of this gives an integral, that is uniform and contains two 
arbitrary constants : it is a general integral. The one condition 
necessary is that / should not vanish : and this is satisfied when 
Wq is arbitrarily assigned. 

Now suppose that iUq is not arbitrarily assigned but is a root 
of 1 = 0: this can eflfectively be secured by taking /= 0. There 
then must be a (simple) infinitude of integrals of the equation 

dv 
v -7— = avj^ +• bw^ ■^cw + {kw 4- h) v, 
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which satisfy the condition that t; = 0, when w = 0. Let IT" be a 
new variable, such that 



then 



dv dv 



cv 



wu^ + few* + cw 4- hwv + At; 
c 



ir+i;Q(i;, fT)' 

where Q is an integral polynomial in v and Z7. The initial 
conditions leave JJ merely as a regular function in the vicinity 
of t; = 0. If its value for v = be X, then 

say 

Let [7=\+r, where T must vanish with v and be a regular 
function of i; : we have 



■'f--('+r.)^+'"-^ 



the unexpressed terms being higher powers. Quite independently 
of the integrals of this equation — that is, whether there is a 
simple infinitude or not — we have 

and therefore 

, dw X-h + T, 
dz= — = dw, 

V cw 

80 that z cannot approach an assigned (finite) value when w^Q, 
The suggested initial values do not, in fact, permit the integral 
to be general ; and therefore no condition is imposed upon the 
original equation on this score. 

The equation must, of itself, exclude the possibility of an 
infinite value of w' for a finite value of w, arising as part of a 
general integral. Taking 



, 1 

w = 



F' 
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80 that 

,dv/ 1 dV 

we have 

-^ =(au;»+6w* + cw + d)F« + (Jfcfi;4-A)F«, 

with the condition that F=0 when w is a finite quantity. The 
only solution of the equation satisfjdng this condition is a per- 
sistent zero value of F, independent of the value of w. No 
general integral is thus determined: and no condition is im- 
posed upon the original equation on this score. 

255. Passing next to the consideration of infinite values of w^ 
we write 

y f ft 

in the equation : and we discuss values of y in the vicinity of its 
zero, y being a sub-uniform function, and y', y" being therefore 
limited to finite values for such a range of variation of y. The 
equation is 

^ y 

The value of y" is not to be infinite when y = : this limitation 
will not be satisfied, unless y' has an initial value 6 such that 

This gives to y' a definite initial value: and therefore, in order 
that the integral under consideration may be general, there must 
be an arbitrary constant in the integral of the equation 

dp _ - (g -f 6y + cy^ + df) + (k + hy)p + 2p^ 
^dy" y ' 

(where p = y% determined by the condition that p=^0 when y = 0. 

256. First, suppose that the roots of the quadratic in are 
distinct, and that neither of them is zero. Denoting either of 
them by 6, and remembering that 6 is the initial value of p, 
we write 

P = e + p, 
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so that P vanishes with y. The equation for P, after reduction, is 
found to be 

dP _ {k 4- 4g) P + {he - b) y + 2/^ + hyP - cy^ - dy» 
^dy" e + P 



= (4.|)P.(*.|),...., 



the unexpressed terms being of higher order in y and P. Now as 
regards the relation between y and P, let ^ = c be the value, for 
which w is infinite, and y therefore zero : then, as ^ is d when 
y = 0, we have 

y = ^(<3f-c)/(2r-c), 

where / is a function regular in the vicinity of -? = c, and is equal 
to 1 at the point c. Hence 

p^0J{z^c% 

where J is of the same character as /; and therefore 

p = eR{y\ 

where i2 is a regular function of y, which is equal to 1 when y 
vanishes. Thus we have 

p — e+0R(i,), 

that is, the integral of the equation between P and y must give P 
as a regular function of y, which vanishes with y and involves an 
arbitrary constant. 

In order that this may be the character of the integral, two 
conditions are necessary in connection with a particular root 0j viz. 

k 
(i) the quantity 4 + ^ must be a positive integer : 

(ii) a relation among the coefficients, aflfected by the mag- 
nitude of this integer, must be satisfied: 

(Ex. and Cor. §§ 72, 73, 75). 

As the condition of being sub-uniform is to apply to every 
general integral of the equation, there are two sets of conditions 
to be imposed; one set in association with each root of the 
quadratic. Let di and 02 denote the two roots; write 

k k 
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80 that mi and m, are integers, each > — 3. Then 



-i = <'A 



2 ' " nnm,' 

-* ^. + <?, = A + A. 
z mi nif 

The latter relation can be satisfied by the (limited integer) values 
of mi and m^, only if 

mi, m,=s— 1, 2; 

k k 

the values of the coeflScients 4 + ^, 4 + -^, are 3 and 6 respec- 

tively ; and then the first relation gives 

ifc« = a. 

In addition to this relation, there are two other conditions 
associated with the coeflScients 3 and 6 for the respective con- 
ditions: when these are satisfied, the general integral of 

v/' = au^ + 6m;» + ct/; + d + {kw -\-h)v/ 

is sub-uniform. 

257. These results have been obtained on the supposition 
that the roots are unequal, and diflferent from zero. 

If the roots could be equal, and the common root be different 
fi-om zero, let it be denoted by S^. In connection with this root, 
there is a corresponding reduction : and in the equation 



^f-(*4)^-(*-l)^- 



dy 

k . 
the coefficient 4 + - is zero. No integral of this equation, vanishing 

with y and containing an arbitrary constant, exists in the form 
of a regular function : consequently the integral of the original 
equation ceases to be uniform. The roots of the quadratic must 
therefore he unequal : which is a condition of inequality. 

Next, consider the possibility of a zero root of the quadratic : 
that this may be possible, we must have 

a = 0. 
In this case, let 

y = (^-crFi, 
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where the positive integer n is greater than unity: thus the 
relation between p and y must be of the form 

where / is a regular function of its argument, which does not 
vanish when y = 0. The equation between p and y is 

dp ^ -{by'\-cy^ + dy^) + {k-\-hy)p + 2p^ 
P dy y 

and therefore 

The left-hand side vanishes when y = 0; in order that the right- 
hand side also may vanish, we must have 

jfc = 0. 

Instead of proceeding further with this equation, we introduce 
the two conditions a = 0, A; = 0, so that the original equation is 

We assume that b is not zero; otherwise we have a linear equation 
with constant coeflBcients, the general integral of which is known to 
be uniform. Let a new variable u be determined by the relation 

so that the properties of u are similar to those of w ; the equation 
for u is 

where 

What is required is the condition (if any) between/ and h, which 
shall make the general integral of this equation sub-uniform. The 
preceding investigation shews that it is only in connection with 
variations of the variables, in the vicinity of ^^ =;= oo , that the 
condition arises if at all. 

Denoting by c, which can be an arbitrary quantity, the value 
of z for which u is infinite, let the leading term in the expression 
for u in the vicinity of c be 

(2r-c)»' 
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where /8 is not zero, and n is a positive integer. Then in u'\ the 
leading term is 

H(n-hl)/8 . 

in 6^4^ it is 

and in hu\ it is 

-nA/3 
{z - c)~+» * 
In order that the equation may be satisfied, we must have 

n + 2 = 2n, 
n(n+l)/8=6^; 
the former gives n = 2, and the latter then gives /8=1, for )8 
cannot be zero*. Taking now Z''C = x, writing 

and choosing the coefficients so that the equation is satisfied, the 
relation 

- + -^ + 2c2 + 6c,a; + 12c4a;» + 20c5ic» + . . . 

+ — - + -^ — Aci — ^hc^x — SAcs^ — ^hc^a? — ... — / 
ar or 

= 1:1(1 + 7a? + Coa72 + Cia;^ + c2a;* + C8a;* + C4aj* +...)* 
ar 

must be an identity. It is easy to see that, equating the 
coefficients of successive powers of x, we determine the coefficients 
in the expression for u in succession — with one exception : in the 
coefficient of oc^ on the two sides, the terms 12c4 cancel. The 
coefficient C4 remains arbitrary ; instead of a determining relation, 
we have a relation of condition which, in fact, is the condition 
sought. We have 

the relation of condition, arising from the coefficient of a?^, 
becomes 

10/y+157« = 0, 

* It was in order to have unity as the coefficient of the leading term, that the 
particular transformation from wiou was adopted. 
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on reduction. Thus either A = 0, leading to the equation con- 
nected with elliptic functions as already (§ 249) shewn : or 

so that the equation is 

u' = 6w' + 571^' — |y, 
and this equation certainly has its integral of a sub-uniform 
character. 

The method just adopted is due to Mittag-Leffler*; and is 
applied by him also to the general equations of § 254. 

258. As already pointed out (§ 246), the process does not 
exclude the possibility of transcendental branch-points: so that 
we cannot make a further inference that the integral is really 
uniform, and not merely sub-uniform, over the plane. One 
method of testing the result would be, when possible, to obtain 
the actual integral of the deduced equation. 

Picardf has devised a curious and ingenious method of inte- 
gration, which is effective for such an equation, if its integral be 
uniform and not merely sub-uniform. 

A rational integral function of u and v! is formed with dispos- 
able constants ; these constants are determined so as to diminish 
as far as possible the multiplicity of the pole of the function thus 
formed ; the order of the function in u and v! is chosen, so that 
the point can be a simple pole and may be an ordinary point. 
If an ordinary point, then an expression has been obtained which 
has no poles for any finite value. If a pole, then such a constant 
multiple of the function can be taken, that the residue J of the pole 
is unity ; the function in this form being denoted by F^ then 

G = e^^^^ 
is a function, which has no poles in the plane. Thus if the 
integral of the original equation really be uniform, the function 
F in the first case, and the function G in the second case, is a 
function of Zy which is regular in the finite part of the plane. 

Now let 

e = F\ 

we have ^' = ^1, 

* Acta Math., t. xviii (1894), pp. 233—245. 

t See the first memoir quoted at the beginning of this chapter ; in particular. 
(Z.c), pp. 283—287. 
t Th. Fns., p. 42. 
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where initially F^ involves w, u\ u" ; on substitution for w" from the 
original difierential equation, it becomes a function of u, u\ Again, 

where F^ can be made a function of u and it' in the same manner 
as Fi. Eliminating u and u between these three equations, we 
have a relation between ^, ^, ^', that is, a differential equation 
of the second order, which is known to be satisfied by a regular 
function of z. Deducing this function and substituting in ^ = F, 
the new form is an equation of the first order, which is, in fact, a 
first integral of the differential equation. 

Mittag-Leffler, following Picard, has applied (I.e.) this process 
to the equation 

It is to be noted that the order of the parametric pole for u is 
2, and for u is 3; accordingly the degree of the highest power 
in the expression for u is to be even. In the expression 

ti'* + w' (oi + a^u) + (i^u -+- a^u^ + OsU*, 
the order of the pole is 6, when the coefficients Oj, ..., a^ are 
arbitrary ; but the coefficients can be chosen so as to reduce the 
order to 1, and they are such as to give 

F^u""- {2ff + 4r/u) u'-^f/u- 2rfy^ - 42^^ 
Moreover taking account of the limit of definite development of w, 
the coefficient c^ being the first that is undetermined, we find the 
residue of the simple pole of F to be definite; the coefficient 

of is, in fact, 

z —" c 

-(6/7 + 97^), 
where /is — fy : in other words, the residue is zero, and therefore 
F has no pole for any finite value of z. Now F is known to 
satisfy a differential equation of the second order, having as its 
solution a function of z, which is regular over the finite part of the 
plane. Forming F\ and eliminating u^' from it by the original 
equation, we have 

F' = 671*'^ - 127V - 247^^1^' + 6y z* - I'lrfu^ - 247tA» + 87^ 
= 67i^^-37^ 
so that, in this case, we do not require to proceed so far as the 
equation of the second order, which is satisfied by F. This gives 

jP=4e«y«-i7«, 
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where A is arbitrary : thus verifying the regular character of -F in 
the finite part of the plane. A first integral of the equation is 

This equation is of genus unity, as between u and u' for its 
variables, and the integral is known to have no parametric 
branch-points: it is therefore (§ 124) integrable by transforma- 
tion and quadrature. Let 

v=:u + ^ff : 
the equation is 

(t;'-27t;)«-4t;» = 4e^^ 
or since 

V - 2yv = e^^ -T- (ve-'^^ 

we take 

ve-2y^ = F, 
and then we have 

This, when integrated by quadrature, gives 

where B is another arbitrary constant, and 0, — A are the in- 
variants of the elliptic functions. Thus the general integral of 
the equation 

u" = 6w^ + 5yu' — It* 
is 

it is a uniform function of z and not merely sub-uniform. 

Ea;, 1. Prove that, if the general integral of the equation 
ti/'=av;^'\-bw^+cw-hf-h(^w-\'h)ti/ 
is sub-uniform, then the equation can be changed, by a transformation of the 
dependent variable that does not affect the character of the integral, into one 
of the forms 

(i) ti/'+duni/-{'W^=b(ti/-hy^)-hcW'\'f: 

(ii) v/'-\'2tPv/=b(v/-h'u^)+f: 

(iii) ti/'^2ii^-2g^w + Zgv/ : 

(iv) tD^'=v^—tPv/+cw: 

(v) v/'^v^-imff'-{-b{v/+w^)-j^b^w-i^h^: 

(vi) y/'^ipi^yni/ + b{v/+v^)-'^b^w-'^b^. 



u- 
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Integrate the first of these completelj, and the second as far as possible, 
using the transformation 

y 

Shew that, for the third, the function F is given by 

and that it satisfies the equation 

hence integrate the third equation. 

Shew that the other three can be transformed to equations, which are 
discussed in the text, by taking 

and choosing the constant a appropriately. Hence integrate the equations. 

(Mittag-Leffler.) 
Ex, 2. If the coefficients A^, A^^ A^iu 

v/'^^Aq+A^vZ + A^v/^ 

have only a single pole, it may be taken eXw—0: so that the equation is of 
the form 

"" w ' 

where c is a constant, and u^^ u^ are a quartic and a quadratic in w respectively. 

Develop the conditions that must be satisfied, so as to secure that the 
general integral of this equation may be sub-uniform. 

Ex, 3. If the coefficients Aq, A^, A2 have two poles, at a and b say, then 
the transformation 

does not affect the character of the equation, and the new poles are at 0, 1. 
Thus the equation takes the form 

where Wj, 7/3, u^ are algebraical polynomials of degrees 1, 3, 5 respectively. 

Develop the conditions that must be satisfied, so as to secure that the 
general integral of this equation may be sub-uniform. 

Ex. 4. Prove that the complete primitive of the equation 

where F is polynomial in its arguments, cannot be a uniform function of the 
independent variable, unless F is linear in v/\ 

(Wallenberg.) 

Ex. 5. A uniform function, having no essential singularity in the finite 
part of the plane, satisfies a differential equation of the second order involving 
only the fimction and its second derivative ; prove that the function is either 
rational, simply-periodic, or doubly-periodic. 

(Picard; Wallenberg.) 
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£x, 6. The equation F{v/', m?)— is of degree greater than unity, and 
tr«a is a root of the discriminant of F with regard to w'\ which makes at 
least two of the roots ir" of F equal ; find the conditions necessary and 
sufficient to secure that an integral of the equation, equal to a for a parametric 
value of the variable, shall be a sub-uniform function of the independent 
variable in the finite part of the plane. 

Illustrate the conditions in connection with the equations 

t£r"3=a2£r*(M;-6), 

?«r"3 = c (m; - a) {tr - 4 (2a + h)f {w - hf. 

(WaUenberg.) 

Ex, 7. Let F{v/\ vf^ w) denote a homogeneous polynomial in its argu- 
ments ; shew that the conditions, necessary and sufficient to secure that the 
primitive of the equation 

F{v/\v/,w)=0 

shall be a sub-uniform function for all finite values of the variable, are 

(i) the equation in v, which results from the transformation 

v/ 

must satisfy the Briot and Bouquet conditions of § 136 ; 
(ii) the roots u' of the equation, which results from the transformation 

w 

must be either of at least the first degree in w, or they must be the 
reciprocals of integers when u vanishes. 

Illustrate these results in connection with the equations 

ww"^ - 2w'^v/' -H (1 + c) ww'^ - cir3 = 0, 

(forc=0, 1 and 0<c<l); and 

(Wallenberg.) 

Ex. 8. Let F{w"y vf, w, z) denote a homogeneous polynomial in the 
arguments v/\ ?«/, w, and let the coefficients be analytical functions of z : shew 
that the conditions, necessary and sufficient to secure that the primitive of 
the equation 

F{w'\v/,w,z)^0 

shall, so far as regards parametric singularities, be sub-uniform, are 

(i) the equation in v, which results from the transformation 

i^ 

must satisfy the Fuchs conditions of § 121 ; 
P. in. 20 
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(ii) the roots vf of the equation, which results from the transformation 

w 

must, when ti«0, be independent of ^ and be either the re- 
ciprocals of integers or, vanishing with n, of at least the first 
degree in u. 

Illustrate these results in connection with the equations : — 

2(t£w"-w'«)+r«n£?'=0, for « = !, 2; 

,^^'.,^-.iV-0, forP=-^„ 1, |. ' 

(Wallenberg.) 

General Considerations on Integrals of F = 0, 

259. Consider now more generally the relation, which is borne 
to the equation 

F{w\w\w,z) = 0, 

assumed rational in w", w\ and w, by any other equation 

(?(..., w'", w\ w\ w, z) = 0, 

where Q involves derivatives of any order, and is not deducible 
from -F= by direct processes of differentiation and elimination. 
By means of i^= 0, the value of w"\ and the value of every higher 
derivative of w, can be obtained explicitly and uniquely in terms 
of w'\ w'y w^ z ; and therefore w'^' and every higher derivative of 
(V can be removed from G : let the new form be denoted by G, 

If when this change is made, G involves only w and z (it 
cannot be an identity because it is not deducible from jP = 0), 
then 5 = is a primitive : the range of generality of the primitive 
depends upon the number of arbitrary constants it involves. 

If when the change is made, G involves w\ w and z but not 
w^\ then 5=0 is an intermediary integral : it is a general or a 
special intermediary integral, according as it does or does not 
involve an arbitrary parameter. 

If when the change is made, G involves w'\ w\ w, z^ it is 
an equation compatible with ^=0. By elimination, w" can be 
regarded as removable: and the eliminant would be an inter- 
mediary integral. Even if G were algebraical, its degree would 
be changed by the process of elimination : and therefore it is 
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simpler in the first instance to consider G as involving w'\ w\ 
w, z. 

Denoting by 

any equation that is compatible with ^ = 0, we may regard the 
two equations as determining w" and w' in terms of w and z. 
When these determinate values are substituted in r = and jP= 0, 
each of the equations becomes an identity: and therefore, on 
diflferentiating, we have 

dF ,„dF ,.dF .dF ^ 

SO that, eliminating w"\ we have 
_dr / dF /3^.3^\.^ "Mo.?!: 'M'o.^r^-n 

say (r, jP) = 0, an equation that is satisfied simultaneously with 
^ = 0, r = 0. 

260. This new equation is manifestly characteristic of any 

equation r=:0 compatible with ^=0. Moreover, if ^=0 is 

irreducible, as manifestly may be assumed, it is clear that the 

new equation is not satisfied solely in virtue of F=0: and 

therefore the partial differential equation is an equation, to which 

the form of any compatible equation is subject. Also, as the 

singular solutions (if any) of the original equation have already 

dF 
been taken into account, we shall assume that tt-t, is not zero. 

ow 

The subsidiary system of the partial diflFerential equation is 

dw" —dw _ —dw —dz 

TaF , dF . dF" TdF " ~W' IF • 
dw dw dz dv) dw dw 

It is easy to see that F=iO is satisfied in virtue of these equations. 
Any other integral of the system will give a solution of the 
differential equation ; denoting such an one by r {w'\ w', w, z), 
then 

r (w'\ w\ w, z) = a, 

where a is an arbitrary constant, is an equation compatible with 
^=0. The elimination of w' between this new equation and 
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F^O leads to a general intermediary integral of the original 
differential equation. 

Let another equation compatible with F^Ohe given by 

Then since this is compatible also with r = 0, we have 

(*,^) = 0, («,r) = 0; 

and in order that these may coexist, we must have 

(r,^)=0, 

a condition that is satisfied by the mode of derivation of r. 
Let a common integral of the two equations («, jP) = 0, («, r) = 0, 
derived in accordance with the regular Jacobian theory of simul- 
taneous partial differential equations of the first order, be denoted 
by 8 (v/'y ^(/, w, z) : then 

8 (w'\ vfy w, z) = 6, 

where 6 is an arbitrary constant, is another equation compatible 
with jP=0. It is compatible also with r = a\ it is independent 
of the latter, in the sense that a functional relation of the form 
y^ (r, «) = does not exist. The elimination of w" between F^ 
and 8^h leads to a general intermediary integral of the original 
equation, which is functionally distinct firom the general inter- 
mediary integral given by the elimination of v/' between i^=0 
and r^a. The elimination of w" and w' between 

F^Q, r — a, 8 — b, 

leads to a relation between w and z, which accordingly is a 
primitive of the original equation ; as it involves two independent 
arbitrary parameters, it is the complete primitive. 

(It might happen that an integral r of the subsidiary system 
could be obtained not involving v/' ', then r=a of itself, and 
without any process of elimination, would be a general inter- 
mediary integral.) 

261. Let another equation, conceived as similarly obtained to 
be compatible with i^ = 0, be denoted by 

t (iu'\ w\ w, z) = c, 

where c is an arbitrary constant. Then the relation 

(^,J^) = 
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or? 

is satisfied when O^F, = r, = 8, = t: remembering that ^„ 

is not zero, and eliminating determinantally from the four equa- 
tions, we have 

F, r,8,t 






Now t/ss is manifestly not satisfied in virtue of r = a, s = 6, ^ = c ; 
for the arbitrary constants occur only on the right-hand sides of 
the equations, and they do not occur in J. Further, the analysis 
throughout would be unaltered, if the equation ^ = were replaced 
by jP= /e, where /e is an arbitrary constant ; it is clear that /= is 
not satisfied in virtue of i^=#c, and therefore generally not in 
virtue of -F=0. Hence the relation J^Q must be satisfied 
identically; and therefore between the four quantities F, r, 5, t, 
regarded as involving the four arguments w'\ v)\ w, z, there exists 
a functional relation 

e(i^,r,5,0 = 0, 

the coefficients of which are free from v)\ v)\ w, z, and involve 
only the permanent constants in F, r, 8, t For our present 
purposes, i^=0 is a permanent equation, with which r= a, 8 = b, 
t=:c are simultaneously compatible : so that 

0(0, a, 6, c) = 0, 

say 

^(a, 6, c) = 0, 

a relation satisfied in association with the equation F = 0, It 
might happen that the functional relation ® = does not involve 
Fy and then ^ = would be satisfied independently of ^ = 0; 
most generally = does involve F, and then ^ = would be 
satisfied in virtue of -F = 0. 

One or two statements may be made ; their proof is omitted 
as being simple and immediate. In the first place, if three 
equations r^a, 5 = 6, t = c are compatible with F=0, so that a 
functional relation 

^(a, 6, c) = 

is satisfied in association with ^=0, then any arbitrary functional 
combination 

w=</»(r, 5, e). 
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(which need not involve all the three quantities r, «, t\ leads to 
another compatible equation 

where Jk is an arbitrary constant ; and the relation between the 
arbitrary constants is 

k = <l> (a, 6, c). 

In the second place, when two compatible equations r=^a, 8 = b 
have been obtained, then an unlimited number of other com- 
patible equations can be deduced from the forms 

and, as in the corresponding investigation associated with equa- 
tions of the first order (§ 139), a question arises as to the simplest 
forms that may be chosen as forms of reference. 



CHAPTER XVII. 

General Theorems on Algebraic Integrals: 
Bruns's Theorem*. 

262. We have indicated, in the preceding chapter, some forms 
of the equation F{w'\ w\ w, z)==0, the integral of which is a 
sub-uniform function of the variable. A wider question arises 
when there is a demand for the conditions, which must be imposed 
upon that equation, supposed rational in w", w\ and w, in order 
to secure that its complete primitive shall be an algebraical 
relation between w and z. When we have to deal with an 
equation of order n, or with a system of n equations of the first 
order, the corresponding investigation of the conditions, under 
which algebraical primitives are possible, is more complicated, 
from the nature of the case. We do not propose even to initiate 
such a discussion here. 

* References are given on p. 312. A similar but more extended result, in 
connection with a more limited problem, has been established by Poincar^, 
M(?c. CSl., t. I (1892), pp. 253, 254. 

To a large extent I have followed the interesting and valuable memoir, in which 
Bruns first expounded his theorem. At the same time, substantial modifications 
in the argument have been made in several places : and some deficiencies in 
Bruns*s work, which are required to justify the earlier theory of algebraic integrals 
possessed by equations of a less special form, have been supplied. The chief among 
these changes are: the reduction of quantities, which (p. 321) satisfy the differential 
equations and contain arbitrary constants, to quantities, which also satisfy those 
equations and are tree from arbitrary constants: the construction of Poincar^'s 
result to shew that, in integrals free from arbitrary constants, the aggregate of 
terms of highest order in the first derivatives is rational in the variables themselves: 
and the mode of dealing with the two sets of partial differential equations, which 
occur later in the investigation. 

The argument is strictly limited to the establishment of the general theorems, 
and of Bruns's theorem in particular. No attempt is made to indicate some 
further developments, which are given by Bruns in the later part of his memoir. 



312 THE EQUATIONS OF THE [262. 

There is, however, one investigation of a cognate character, 
which we proceed to reproduce with certain modifications. It 
does not belong to the class of discussion which is the matter of 
preceding chapters ; it will consequently appear somewhat isolated. 
Sufficient reasons for its inclusion are to be found in the import- 
ance of the result and in the completeness of the investigation. 
It leads up to a theorem, due to Bruns*, which relates to the 
algebraical integrals of the differential equations of the motion of 
n mutually attracting bodies. Certain integrals are known, all of 
an algebraical character. These are the energy-equation, the three 
equations expressing the constancy of the moments of momentum 
round any three rectangular axes, the three equations expressing 
the constancy of the momentum of the centre of gravity of the 
system, and the three equations (derived by time-quadrature from 
the last three) expressing the rectilinear path of the centre of 
gravity. As with Painlev^, these integrals will be called the 
classical integrals of the problem. 

All attempts to obtain additional algebraical integrals of a 
general typef have failed : and consequently have led to the sur- 
mise that the classical set constitutes the aggregate of algebraical 



* The memoir is entitled * * Ueber die Integrale des Vielkdrperproblems/* Acta 
Math.f t. XI (1887); the part of special importance for the immediate purpose 
is pp. 25 — 59. One defect in the investigation has been remedied by Poincar^, 
Comptes Rendus, t. cxxni (1896), pp. 1224—1228. 

There is also a memoir by Painlev^, Bulletin Astronomique, t. xv (1898), 
pp. 81 — 113, dealing partly with the same question as Bruns, partly with a wider 
question. 

t That is to say, involving no particular relations among the variables. 
Algebraical integrals not of a general type are known. Thus there is the case 
of three bodies in the same plane throughout the motion, represented by the 
additional integrals 

^1=0, 22=0, ^3=0. 

There is the case of Lagrange's three particles in a fixed plane, represented by the 
additional integrals 

^1=0, «2=0, ^3=0, r^i2-'^^^'^zi' 

There is also the case of three particles in one straight line. There are, moreover, 
other cases with possible algebraical integrals, when special relations among the 
masses are satisfied. 

All such particular cases, where there is any deviation from full generality, will 
be omitted (§ 273). The aim of the investigation is to shew that all algebraical 
integrals of a quite general type, which exist, can be compounded of the classical 
integrals. 
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integrals, independent of one another. This surmise has been 
established as a definite result by Bruns. 

It is convenient to select for discussion only those integrals, 
which do not explicitly involve the time. From the three classical 
integrals, which express the position of the centre of gravity at 
any moment, the time can be eliminated : and then two integrals 
survive from them, which shew that the path of the centre of 
gravity is a straight line. Any one of the three integrals can 
then be used, to introduce the time into a complete system of 
integrals, and also to eliminate the time from every other integral 
in the system. Accordingly, our question is the determination 
of all the algebraical integrals, which do not involve the time 
and are independent of one another. 

263. The investigation is somewhat long ; its course may be 
rendered clearer by the following brief statement of the principal 
results. 

In the first instance, differential equations of the same type as, 
but somewhat more general than, those of the astronomical problem 
are considered : but only for the first two of the results as stated. 
It is proved that all algebraical integrals, which do not involve the 
time- variable, can be compounded algebraically from integrals ^, 
which possess special properties. The chief among these proper- 
ties are: — 

(i) Certain simple transformations, homogeneous in char- 
acter, leave the differential equations unaltered; the 
corresponding invariantive property is used to simplify 
the integrals that need be considered. They are said 
to be of the homogeneous class (§ 272); 

(ii) Every integral is a rational integral function of the 
velocities; it is a rational function of the variables, 
and (possibly) a single irrational quantity (^ 267 — 276) : 

(iii) If <f>Q denote the aggregate of terms, which are of the 
highest order in the velocities, the coefficients of the 
various combinations of the velocities in <^o are poly- 
nomials in the coordinates, not having any common 
factor : this result being definitely established only for 
the astronomical problem (§§ 277 — 285) : 
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(iv) The quantity <^o involves the coordinates only in poly- 
nomial combinations of the form 



dxi ^ dd 



where ar, and 6 are any two of the coordinates : and, with 

the possible exception of a negative power of -^ , the 

coefficients of such combinations are rational integral 
coefficients of the velocities (§ 286) : 

(v) The combinations in the preceding result occur only 
through the three moments of momentum (say A, B, C\ 
and the integrals defining the linear path of the centre 
of gravity of the system (say A\ R, C): and ^o is a 
rational integral function of -4, B, C, A', R, C\ and 
the velocities (§§ 287—290) : 

(vi) In <^o, the velocities (besides occurring in the integrals 
A, B, C, A\ B\ C) occur in the forms of the three 
components of linear momentum, and of the kinetic 
energy, and they occur in these alone (§§ 291, 292). 

It is thence inferred that, outside the classical integrals, no 
algebraical integrals of the equations exist (§ 293). 

Various explanations and distinctions as to integrals and 
(what I propose to call*) sub-integrals will be made from time 
to time. The fifth and sixth stages of the proof will shew how 
the precise number of integrals (equal to the number of classical 
integrals) arises in the two sets respectively : and will also shew 
why the results do not necessarily (as it is known that they 
do not) apply to the problem of two bodies. 



The Classical Integrals of the Differential Equations. 

264. Let mi, ..., m^ denote the masses of the n bodies, 
supposed concentrated in points; let a?,, y,, z^ be the coordinates 
of m« at any time, and let Z„ F«, Z^ be the components of its 
velocity, referred to any three rectangular axes; also let r^ 

* Brans calls them Integralgleichungen. 
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m. — -T =A, 



(«=!,...,«). 



denote the distance between the masses roi and nij at that time. 
The equations of motion are 

da;,_„ dy,_y dz, _ „ 
dT"^" dt'*" dt~^" 
dX, 
dt .=1 

dt ,=1 r*„ 

dZ, » ir. - a: 

the term corresponding to a = a being absent firom each summation. 

The classical integrals are as follows. First, we have the 
integrals, which give the three components of momentum, say 

L'^^XnisXs, if'=lm,r„ N'=^lmsZ,; 
«=i «=i «=i 

and the three further integrals defining the path of the centre of 

gravity, say 

As integrals independent of the time are desired, we take 
A' = M''N' - M'N" = MN' - M'N\ 

C'^L'M' -LM" ^LM' ^L'M ^ 

we keep the three forms A\ By C", and note that there is the 
relation 

LA'^M'B^N'C'^^. 

There are, further, the three moments of momentum, viz. 

n 

^= S visiysZs -z.Y,) 

8 = \ 



5=2 mt{ZfXg''XgZ^ 

n 

C= 2 m,{x,Y,-y,X,) 
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and there is the energy-equation, viz. 

all simultaneous combinations of (unequal) values t, jsl, ..., 7i 
occurring in the double summation. The symbols used in these 
integrals will be used throughout the investigation in their, 
respective significations. 

265. It is convenient, partly for purposes of illustration of the 
general argument, partly because the case is really the sole general 
exception to Bruns's theorem, to deal with the equations of two 
bodies : and we shall take only the simplest form, viz. when both 
of them move in the plane of x, y. Denoting the distance between 
them by r, and the sum of their masses by /*, the equations are 



~di'' 
dt 



"X, 



= F. 



'dt 



w«*'2 y 



dXi rw2 (^2 ~ ^i) 

dY\ ^ rrh{y2-yi) 
dt r» 



}' 



~dt'^' 

dt "" r» 

dY^ rrViiy^-yM 
dt r^ 



The path of each of the particles, relative to the centre of gravity, 
is an ellipse, of which that point is a focus ; hence 



mi 



mi 



mi 



r = a — (a^a - ^1 ) + 6 — (ya - y 1 ) + c , 

that is, 

r = a (^2 - i»i) + 6 (ya-yO + c, 

is an integral relation compatible with the differential equations. 
Differentiating with regard to the independent variable, we have 

I {(x, -wO(X,-X,) + (y, - yO( y^ - Y^)] = a (X, - XO + 6 ( Y,- 7,), 

which must be satisfied. It is not satisfied in virtue of the 
integral relation from which it is derived, because it does not 
involve c; nor is it satisfied as a mere algebraical combination 
of the differential equations; it therefore is effectively another 
integral, which may be taken in the form 

(X2-Xi)(^2-^i-ar)^(F2-Fi)(y2-yi-6r) = 0...(i). 



265.] PROBLEM OF TWO BODIES 317 

DifiFerentiating again with regard to the independent variable, 
and using the ditferential equations, we have 

- i {(a:. - x,)iX, - X.) + (y, - yM Y, - F,)} {a (X, - Z.) + 6( F,- Y,)\ 

= ^ - ^ {«(««-*>)+ ^ (y* - y*)) 

=/f_£(^_c) = ^ (ii). 

From (i), we have 

say ; so that 

(Z,-ZOH( F,- F0» = ^ [r^ - 2r {a (^, - ^0+^(^2 - yO} +r^(a^+ 6^1 

= ^^{r»(a2 + 6--l) + 2cr}, 
and 

{(^,-a;,)(^2-X0 + (y2-yi)(F.-F0}[«(^2-X0 + 6(F,-F0} 

= ^ {6 (ara - ^i) -a(y2- yO}' 

= ^ [(a« + 6^ [{x^ - ^0' + (y2 - yif] - {a (^2 - ^i) + 6 (y2 - yi)}^] 

= e^ {(a^ + 6^ - 1)7'' + 2cr-c2j. 
Substituting these in (ii), we have 

^^=^ (-)• 

Now one of the classical integrals in the present case is 

C = mi (a?iFi - yiXj) H- ma {x^Y^ - ygZ^) ; 
and another is 

C =s (mia?i + m^x^ (miFj + t^Fj) — (mij/i + vx^y^) (viiXi + m^X^, 

Also 

/iAC-C" = 77hm2{(Fa-Fi)(^2-^i)-(^2-X0(y,-yi)} 

= mi ma <I>, 
say, so that <I> is an integral ; and then, by (iii) and (iv), 
<I) = ^ [{x^ - xy) (a?2 -a?! - ar) - {y^-yi) {y^ - yi - hr)] 
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Lastly, 

80 that 

(F,-y,)<l>= /t(^^'-a), 

and therefore three integrals are 

which give the significance of a, 6, c in the integral relation 

r - a (a?2 - iCj) - 6 (ya - yi) - c = 0. 
These results will be used later. 

As regards Bruns's theorem in the present case, the quantity, 
denoted in the statement of § 263 by <^o» is 

(X,-X,)<I>, -(F,-F,)«I>, 
in the respective cases ; and if the theorem holds in the present 
case, both of these quantities should be expressible rationally and 
integrally in terms of 0, (7', T, L\ M\ where 

L' = m^X^ + m^X^i il/' = mj Fi + maFa. 

Now <I) = UC - C) ; so that X^ - X^ and Fa - Fi would be 

expressible rationally in terms of 0, C\ T, L\ M\ the coefficients 
in the expression being mere constants. This manifestly is 
impossible; and the theorem therefore does not hold for two 
bodies. 

266. When a relation among the variables a?, y, z and their 
first derivatives X, F, Z, say in a form 

<^ = 0, 



|(Z,-zo<i> + M^"^-^j=o. 
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{tf> not explicitly involving the time), is compatible with the 
differential equations, then the equation 

must be satisfied : and this may occur in one of three ways. 

The equation may be satisfied identically : thus in the case of 
two bodies, we have 

d 
dt 

We then call tf> an integral of the system of differential equations, 
and the equation <^ = a solution. 

It may happen that the equation ? = cannot be satisfied 

without using the equation <^ = ; thus 

is satisfied only in connection with the relation 

It will appear that such relations are of two classes : one of the 
classes contains relations that can be rejected, the other con- 
tains relations out of which integrals (in the preceding sense 
of the word) can be constructed. A function <^ belonging to the 
latter class, so that an integral can be constructed from it, will be 
called a sub-integral of the system of differential equations ; and 
<^ := will still be called a solution. 

Lastly, it may happen that the equation -^r^ = is satisfied, 

though it is not satisfied either identically or in virtue of <^ = 0. 
It therefore can be satisfied only in virtue of other equations of 
the same kind; it will be proved that, in all cases which need 
be retained, <^ = is then a combination of solutions. 

Thus, in the case of two bodies, the equation 

^ {r - a (aja - a?i) - ^ (^2 - yi) - c} = 

is satisfied ; it is not satisfied either identically or in virtue of 
r-a (a?2 - aJi) - 6 (y2 - yO - c = ; 
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but it is satisfied in virtue of 
Also 

that is, ^sO is a combination of other solutions. When it is 
necessary to refer to such a case, <^ s will be called a composite 
solution. 

Again, consider the problem of three bodies, when they remain 
in one plane throughout the motion. Taking it to be the plane 
of Xy y, we should have 

-^• = 0. 

as an algebraical equation compatible with the general differential 
equations, and therefore the equation 

§-» 

must be satisfied in association with the differential equations. It 
is not satisfied identically, nor in virtue of ^, = alone; it is 
satisfied in virtue of 

^1=0, ^2=0, ^8=0, 
because, in general. 









Similarly, for z^ = and -it == ; also for z^^O and -^7 = 0. 

Clearly -g:, = is not a combination of other solutions, as was <^ = 
in the preceding example. When it is necessary to refer to such 
a case, the solution will be called particular. 

Consider once more the special case of the three bodies in one 
plane, known as Lagrange's three particles. We have 

in that instance ; a side of the equilateral triangle formed by the 
particles can be of any magnitude, so that the equation 



where 
and 
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where a is arbitrary, is compatible with the general differential 
equations. Then 

must be satisfied. It is not satisfied identically in association 
with the differential equations, nor in virtue of r'la = a^ : but it is 
satisfied in virtue of 

I with the relations 

! r«,,-r«,3=0, 7^«-r«i2=0, r«x8-r««=0. 

' And 

are equations compatible with the differential equations: their 
derivatives with respect to t vanish, in virtue of 

r«,a = a", 
and in virtue of 

i7 = 0, F=0, 

the latter holding because of the relations 

'12 = '28 — '81 • 

Clearly 7^13 = a^ is not a combination of other solutions, as was 
<j^ = in the first example. In such a case, where parameters 
can occur in compatible equations, but where also compatible 
equations arise which involve variables only and not parameters, 
the solution will still be called particular, (on account of the latter 
class of compatible equations). 

In every case, where -^ = is compatible with the differential 

equations in some one of the foregoing modes, we shall say that <f> 
satisfies the differential equations. 

p. III. 21 
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Note. A relation ^sO, which involves only the variables 
Xf y^ z and not the variables X, Y, Z, is a special case of the 
more general form, which involves all of them. As we are dealing 
with algebraic integrals, we are bound to consider the possibility 
of an algebraic relation among the variables x, y, z alone ; thus 
it is not inconceivable that each of these variables might be a 
transcendental function of t, and yet that (as in the comparison 
of transcendents, established by Abel's Theorem) algebraic rela- 
tions among the variables could exist, not explicitly involving the 
time. It will be seen that such a relation is not an integral : it 
is a composite solution. 



Some Properties of more general Equations. 

267. Certain of the fundamental properties connected with 
algebraic integrals belong to equations of the same type as those 
in the astronomical problem, and do not depend upon the special 
form within the type. We therefore consider the set of equations 

dXr dVr A / \ >- ^ \ 

~di '^^''' dx"^ -4r(^i, ..., ^m), (r = 1, ..., m), 

where ilr is a homogeneous algebraical (but not necessarily 
rational) function of its arguments. The order of Ar is taken to 
be even, equal to ^N\ thus N^ — X for the astronomical problem ; 
and the coefficients are real. Moreover, it is assumed that Ar 
does not explicitly involve t. 

When -4r is irrational in the variables x, it can be made 
rational by the introduction of a single new variable. Let this 
variable be s, which is irrational in the variables x ; and suppose 
that it is defined by an equation 

where the coefficients & are rational integral functions* of the 
m variables x, and involve only such constant coefficients as occur 
in the functions A, 

Thus, in the problem of three bodies, we take 

* It wiU be convenient to denote a rational function by 12, and a rational 
integral function by G, when account is taken merely of generic character. 
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Elach of the quantities r^, rjs, r„ is then expressible as a rational 
function of 8 and the coordinates of the bodies. For instance, we 
have 

«* + r«„ + r»a - r^n = 2« (r^ + r^) - ir^^r^^, 

(«» + r«ij + r»„ - r»„ + 2r„ra)» = 4«» (r^i, + r«2,) + 8«»n,r28 ; 
the second of these expresses ri2'''29 as a rational function, and 
thence the first expresses ria + rjs as a rational function, say 

Then 

and so for r^, i^si- Also, 8 itself is given as the root of an 
equation of degree 8, of the same form as F above. 
In the problem of n bodies, we take 

n n 

a = 2 S Vij. 
t=i i=i 

Each of the quantities Vij is similarly expressible as a rational 

function of 8 and the coordinates of the bodies ; and the degree in 

s of the equation i^ = is 2i^(^-^K 

Reduction of Algebraic Integrals. 

268. The most general manner, in which we conceive an 
algebraical magnitude to be defined, gives it as a root of an 
algebraical equation. Accordingly, beginning with the most 
general form of our quantity <^, (whether it be an integral or a 
sub-integral, or lead to a composite solution, or to a particular 
solution), we take it as a root of an equation 

<I)P -¥ B,<f>P-' + ... + Bp.,<l> + Bp = 0, 
where the coefiicients B are rational functions of the variables 
X, y, and may be denoted by the generic symbol R(a), y). 
Without loss of generality, the equation may be regarded as 
irreducible, that is, the left-hand side cannot be resolved into 
factors which are of its own type. In association with <^, we ai'e 
required to have d<l>ldt = 0, since <f> must satisfy the differential 
equations under one of the modes in § 266; and therefore, 
differentiating the above equation, 

^^^ ikP-i a. J- ^^^^ ^ a. ^^P - ft 

21—2 
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If the coefficient of every power of ^ in this equation vanishes 
identically, then fi,, B^, ..., Bp satisfy the equations. They are 
rational functions o{ x,y\ and then ^ is an algebraical combina- 
tion of rational quantities of the character R (x, y). It therefore 
would be sufficient to discuss quantities of the latter class. 

If not all the coefficients of powers of <;^ in the derived 
equation vanish identically, then each such non- vanishing coefficient 
acquires a form iJ(a?, y, «), on substituting for dx/cU, dy/dt, fh)m 
the differential equations. Thus the original equation of degree p 
in <l>y and the derived equation of degree < p — 1, coexist ; they 
are satisfied by the same value (or by several the same values) of if}. 

If they are satisfied without reference to any other equation^ 
it follows that the first equation, which is irreducible solely by the 
variables x, y, is reducible by the variables x,y,si and the roots^ 
which it possesses in common with the derived equation, can be 
represented as the roots of a new equation 

<^9+ C,<f>9-^ + ... + C^,(l> + 0, = 0, 

where the coefficients C are of the form R(x, y, s). If this 
equation is reducible, we take its several irreducible component 
equations, each of which is of the same form as itself: thus no 
generality is lost, if we regard the preceding equation as one 
of the irreducible components. The equation still defines the 
quantity <f>, so that we must have d(f>/dt = : and so 

^^■*'- — l^'-o. 

compatible with the former equation. But no equation is com* 
patible with the former equation if it is of lower degree, on 
account of the irreducibility ; and therefore the new equation 
must be evanescent, that is, each of the coefficients dC/dt is zero, 
and each of the coefficients C satisfies the differential equations. 
These coefficients C are rational functions of x, y, s; and then (jy 
is an algebraical combination of quantities, which are of the 
character R (x, y, s). It therefore would be sufficient to consider 
quantities of the latter class. 

Since functions R {x, y), that arise in the former case, are only 
special forms of functions R (x, y, s)y that arise in the latter case^ 
it will be sufficient for both alternatives, that we discuss quantities 
of the type R {x, y, s\ which satisfy the differential equations in 
some one of the modes of § 266. 
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If the equation, which defines <^, and its derived equation are 
satisfied only in virtue of (one or more) other equations, the 
derived equation can be used to replace one of the latter. It then 
can be regarded as a new initial equation, which has the form 

being of lower degree than the original equation ; and it possesses 
a derived equation which coexists with it. If the coexistence be 
independent of other equations, then, as above, <^ is an algebraical 
combination of quantities of the form R (x, y) or R (x, y, s). If 
the coexistence is not independent of other equations, one of the 
latter can be replaced by the derived equation. We proceed as 
before. Because p is a finite integer, the number of occurrences 
of the second alternative is limited. At each of the stages, there 
is the possibility that ^ can then be inferred to be an algebraical 
combination of quantities of the form R (x, y) or R {x, y, s) ; and 
in the least favourable case of all, the last equation would be of 
degree one in <^, that is, <f> would then be explicitly given in the 
form R (x, y, s). 

These quantities may or may not contain arbitrary constants, 
i.e. constants which do not occur in the original differential 
equations. 

If they do not, the quantity R (x, y, s) is a function of the 
variables and of any (fixed) constants that occur in the differential 
equations. 

If arbitrary constants occur in R (x^ y, s), the occurrence may 
be rational or irrational. When it is irrational, let it be, e.g., by a 
constant c, defined as a root of an irreducible equation, say 

<f 4- CiC"-' + C2<f-'' + ... 4- c^ = 0, 
where the coefficients Ci, Ca, ..., c« do not involve c. Since this 
equation is irreducible, our quantity R (x, y, s), which is supposed 
to involve c, can (by the customary methods) be expressed in the 
form 

where J^o, -^i» ..., ^k-i do not involve c. 

By substituting the k roots c in turn, we obtain k quantities R, 
each of which satisfies the differential equations and is expressible 
in the foregoing form in terms of Fq, Fi, ..., ^«_i. By means of 
these K expressions, Fq, Fi, ..., F^^i can each be expressed as a 
linear combination of the quantities R with constant coefficients ; 
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that is, each of the quantities F^, Fi, .... F^^i satisfies the 
differential equations. E^h of them is rational in x, y, 8, and 
is independent of c ; so that 12, when irrational in an arbitrar}* 
constant c, can be algebraically composed from quantities that 
do not involve c. 

Similarly for any other irrational arbitrary constant, if it occur 
in R(w,y, 8). 

It therefore is sufficient to consider quantities R(a:, y, 8), 
which satisfy the differential equations, and either do not involve 
any arbitrary constants, or else involve them only rationally. We 
now proceed to shew that, when R (x, y, 8) does contain a number 
of arbitrary constants (which, by what has just been proved, 
enter rationally into its expression), it can be algebraically com- 
po8ed of quantitie8 u, which 8ati8fy the differential equatione, which 
are rational in x, y, «, and which involve no arbitrary constants. 

269. Accordingly, let ^ denote a quantity, which satisfies 
the differential equations, and which involves an arbitrary 
constant b rationally. Then ^ is expressible in one of the forms 

G{h), G,{h)^0,{h), 

where G, 0^ G^y are polynomials in 6, the coefficients of the 
powers of which are rational in x, y, s, E^ch such coefficient, 
though it does not involve 6, may involve other arbitrary 
constants rationally. 

First, let <^ be of the form G(b)\ as it satisfies the differential 
equations, we have 

I {« (6)1 = 0. 

Now <f> may have arisen in such a way that 

G(6) = 0, 
that is, <^ = is a solution of the differential equations. Con- 
sequently, the equation 

may be satisfied independently of G (b) = 0, or in virtue of 
(?(6) = 0. 

(i) When it is satisfied independently of G (b) = 0, so that it is 
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then this may be satisfied identically, without regard to any 
equation involving the constants b. Since b is an arbitrary 
constant, we must, in this case, have 

^ = ^^* = -^^ = 

dt ' dt * * dt * 

that is, the quantity 0(b) is then a linear combination of this set 
of quantities, no one of which involves the constant 6, and each 
of which satisfies the differential equations. 

(ii) When the equation -i- {0 (b)} = is satisfied in virtue of 
G (b) = 0, then the equations 

coexist with one another and with the differential equations. No 
generality is lost by assuming that (6) is irresoluble into factors 
of its own type : otherwise each such factor would be discussed in 
turn ; and we may therefore regard the equation as irreducible. 
Hence the eliminant of the two equations vanishes, say A = 0. 
In order to form this eliminant, it is sufficient to use the dialytic 
process. We construct the equations 

&«(?(6)=0. b'^G(b) = 0, (8 = 0,1 *-l); 

the determinant of these equations is A, and when 2/c — 1 of the 
equations are used, they give 

b'=-Br, 

where the functions Br are rational in the coefficients of G(6), 
that is, are of the form R (oo, y, a), the rational function involving 
other parameters that occur in G. Now 6 = -B^ makes G vanish, 
provided A = ; accordingly we divide G (6) by 6 — 5i and obtain 
a remainder, which does not involve b and must vanish when 
A = 0, that is, must be divisible by A. Thus 

and similarly 
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Conversely, 

Now since ^ {G (6)} = is an equation, which is consistent with 

G(6) = and the differential equations, and since it is not an 
identity, we have 

which is consistent with the solution G(6) = and the derived 
equation -r. {G (b)] = 0. Hence 

that is, b- Bi^O, A = are solutions : and therefore Bi and A 
are quantities that satisfy the differential equations. But 

whence G(b) is algebraically composed of quantities Bj and A, 
which satisfy the differential equations and do not contain the 
arbitrary constant 6. 

(iii) If the equation 

is satisfied, neither identically nor in virtue of G (6) = 0, but in 
virtue of other equations, which are consistent with the differential 
equations, and therefore are solutions, it must (by the ordinary 
theory of elimination) be expressible in some such form as 

where <^i = 0, ..., <^k = are the other solutions indicated, being 
such that 

^^ _ n ^^ - n 

Now as -^ is a complete differential, so also must Pj , . . . , P^ be 
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perfect di£ferentials in the present case : suppose Pi = dpijdty for 
i = l, ..., K. Then 

where ^«+i is another quantity which satisfies the differential 
equations. 

If each of the quantities ^, ^, ..., ^.^.j, is independent of 6, 
so that the parameter enters only through the coefl&cients jp, then 
if> is expressed as an algebraical combination of quantities, which 
are free from the parameter 6. 

If a solution, say ^i = 0, involves 6, then, when <^i = and 
Jv^Q are treated simultaneously in the same manner, as were 

(t (6) = and -i- [0 (6)} = in the preceding case, it appears that <^i 
is expressible in a form 

where B^ and Ag are quantities, which satisfy the differential 
equations and do not involve 6. Similarly for any other solution 
^ = that involves 6. Accordingly when we substitute for each 
of such expressions <^i, <^2> •••> its equivalent, the full form of <^ 
becomes 

that is, it is an algebraical combination of quantities B and A, 
which satisfy the differential equations and do not involve 6. 

270. Secondly, let <^ be of the form G^ (b) -^ G^ (6), where G^ (6) 
and O^ib) may be assumed to have no common factor. The 

equation -^ = is to be satisfied. 

(a) The equation ;^ = may be satisfied, solely in virtue of 

<^ = 0, or in virtue of <^ = as well as of other equations. In either 
case, because ^ = 0, we must have G^ (6) = ; which accordingly is 
the equation to be discussed, being the effective form of <^ = 0. 

Moreover, substituting Gi(b) = in ^ = 0, we have 

dG^)_. 
dt ""' 
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concurrently with (?, (6) = 0. Now (?, (6) is a polynomial in b, and 
therefore the argument of § 269 applies to it ; we therefore infer 
that the effective part of ^, in the present case, is an algebraical 
combination of quantities, which satisfy the differential equations 
and do not involve 6. 

(/8) The equation ^ = may be satisfied, neither identically 
nor in virtue of ^ = 0, but solely in virtue of other equations. 

The third part of the argument, viz. (iii), in § 269 applies 
to this case. The only modification, that may be needed, arises 
when, at the last stage, a quantity ^ is fractional, being such that 

^ = and ^" = simultaneously; we then apply to ^ the 

argument (a) above. The inference is the same as before. 

(7) The equation ;^ = may be satisfied identically. Let 

then we have 

We proceed exactly as in § 272, and we infer that each of the 
quantities gr/ho, hjho, for ?' = 0, 1, ..., p, «= 1, ..., g, satisfies the 
differential equations. In other words, (f) is an algebraical com- 
bination of quantities, which satisfy the differential equations and 
do not involve the arbitrary constant. 

Hence, in every case, (f> is expressible in the specified form. 

271. It therefore follows that a quantity ^, which satisfies 
the differential equations, and involves a number of arbitrary 
constants 6, c, ..., each of them rationally, can be algebraically 
composed from quantities i/r, which satisfy the differential equa- 
tions and do not involve the arbitrary constant 6, though they 
may involve the remaining arbitrary constants c, . . . rationally. 
All the quantities ^ and yjr are rational in x, y, s. 

To each of these quantities yjr, the similar argument can be 
applied, with reference to the arbitrary constant c. It leads to 
the result that each of the quantities yjr can be algebraically 
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composed from other quantities Xf which satisfy the differential 
equations and do not involve the arbitrary constant c (nor 6), 
though they may involve the ai'bitrary constants, other than b and 
c, which occur in ^. Each such quantity x ^^ rational in the 
variables x, y, s. 

And so on, for each of the arbitrary constants in succession : 
until, at the last stage, the quantities, which are subsidiary to the 
algebraical composition of the preceding set, are free from all 
arbitrary constants. Proceeding backwards through the successive 
sets, we conclude that the initial quantity ^, which satisfies the 
differential equations and involves any number of arbitrary 
constants, can be algebraically composed of quantities, which 
satisfy the differential equations, involve no arbitrary constants, 
and are rational functions of the variables x, y, 8. 

Note 1. The number of independent arbitrary constants in 
such a quantity ^ can only be finite. If it were infinite, then 
whether ^ has the form G(b) or the form G^i(6) -r (?2(6), the 
number of combinations of the variables would be unlimited, that 
is, (f> would be a transcendental function of the variables. 

Note 2. Further, it has been assumed tacitly in the course of 
§ 268, that (f> is either rational or only algebraically irrational in 
each of its constants, and that it is not transcendental in those 
constants. What has just been remarked about the number of 
combinations of the variables applies also to each one of the 
constants ; so that, if (f) be transcendental in a constant a, it must 
be because one or more transcendental functions of a occur in its 
expression. For example, let such a function be denoted by A, 
so that <!> is rational in ^, a: then 

j^4>{xyy,8y a,A) = 0. 

An argument similar to that of § 269 would shew that the further 
treatment of this equation would lead to equations 

where i/r and x ^^® rational, which are consistent with the 
differential equations and with one another. These forms shew 
that A cannot be a transcendental function of a : in other words, 
the functions ^ involve arbitraiy constants only in algebraic 
forms. 
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Ex. Consider, aa an example, the equations in the problem of two bodies. 
It has been seen that solutions of the differential equations occur in the forms 

«,-*--/jii-(r,-r,)(x,-x,)-(jr,-jr,)(y,-y,)-V,.i=o\ 



i«,-(jr,- j.) ♦+^y» ^-y« -^_o ^ 



One Holution is known in the form 

<^ = r-a(j;,-ari)-6(y,-yi)-c-0; 
we have _ 

fi*=(ys-3^i) y^H^t-^x) w,+(*+>/f^) w8=o. 

Another sohition is known in the form 
we have 

MV^=r{(X,-z,)u,+(r,- r,)t^}=o. 

Both -^"O, -^=0, are Hatisfied, in consequence of Wj^O, tt2=0. Each 

of the quantities ^ and V^, which satisfy the differential equations because 

d<h d^ 

^=0 and -^=0, is algebraically composed of u^^u^^u^. But Ui^U^ —na, 

^2=^2~M^» ^3=^3~-V/*c; and i7j, iZj, CTg are quantities, which satisfy the 
differential equations and involve no arbitrary constants. 

The general theorem is therefore verified for these particular cases. 

272. The quantities, which satisfy the differential equations, 
can be still further resolved, by utilising a property of homogeneity 
possessed by the differential equations. Let /e denote any con- 
stant, and replace x, 8, y, t by xk'^, 8k^, y/c^, tic^ respectively, 
choosing a, )8, 7 so that the differential equations conserve their 
form unaltered. In order that this may be the case for an 

doc 
equation J = y^^ we must have 

and that it may be the case for an equation ^^ = Ar, we must 

have 

7-/3 = 2iVa. 
Hence 

-= ^ = 'y 

2 i-2iV l-|-2i\r' 
and we may therefore take 

a = 2, /9=l-2i\r, 7=l+2J\r. 
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Hence when x, 8, y, t are replaced by xk\ 8/^, y/e^-^^'\ tK^-^"^ 
respectively, the arbitrary constant k disappears from the dif- 
ferential equations. Consequently, when these substitutions are 
made in any quantity, which satisfies the differential equations, 
the new form of the quantity must still satisfy them, whatever be 
the arbitrary constant k. 

To infer the significance of this result, consider a quantity % 
which satisfies the differential equations, and is a rational function 
of X, y, «, devoid of all parameters. The general expression of 
such a function is 

^^gi(a?, y, g) 
'^G^a(a?, y, «)' 
where Oi and G^ are polynomials, that may be assumed to have 
no common non-homogeneous factor. When the indicated trans- 
formations are eflfected upon u, we have 

where, in the numerator and the denominator, all terms involving 
any (the same) power of k are gathered together ; so that Lq may 
be regarded as homogeneous of dimension p, L^ as homogeneous of 
dimension p — \, and so on. From what has been said, the modified 
form of u still satisfies the diflFerential equation ; and therefore 



dt\M} "' 
„dZ jdM 



that is, 

and therefore 

+ ^«-.(if.''Ji + M§-i,f'-i.f) + ...-0. 

The quantity k is arbitrary, and the coeflScients of powers of k are 
devoid of all arbitrary constants ; accordingly, the equation can 
be satisfied only if 

-, dLo J (IMq 
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which are g+p + l equations, homogeneous and linear in the 

derivatives of the 5 + p + 2 quantities Lq, ..., Lp, Mo, ..., Mq, 

These equations are equivalent to the set of q + p + l equations 

given by 

1 dZ/o _ 1^ dZi ^ 1 dZ, ^ ^l^dLp 

Lq dt Li dt Li dt * * Lp dt 

^ I dMo^l^ dM^^ ^\ dMg 

Mo dt Mi dt '" Mg dt ' 

unless the eliminant of L and M vanishes, that is, unless L and M 

have some common factor, say P/c + Q, But taking /c = 1, we have 

(?i=Zo + Zi+... + Z^, 

Gi^Mo+Mj+...+Mq: 

if L and M have the common factor Ptc + Q, then Gi and G2 would 

have the common (non-homogeneous) figictor P + Q, contrary to 

the hypothesis that they have no common fector. 

The actual reduction to the above forms for such a case as j9=2, g=2, is 
as follows. Writing S for dB/cU in the case of every quantity concerned, we 
have 

from the first equation. Substituting for Lq and Mq in the second, we have 

Mq (Li—B^ Li) — Lq {Ml — $1 Ml) = 0, 
and therefore 

Xj = ^iXi-|-^2"^o> Mi = oiMi-\-d2MQ, 

Substituting for Lq, Mq, L^ Mi, in the third, we have 

MQiLi-OiL^-eM" ^o{A-^i^2-02^i)=O, 
and therefore 

L^^eiL^+e^Li^-e^LQ, M^^eiM^+e^Mi^-e^MQ, 

The fourth equation becomes 
and the fifth becomes 

(93(ZoJ/2-^0^2) + <52(A^2-^l^) = 0. 

Now the determinant 

] LqMi — MqLi, LqM.^—M^Lq 

' LqM^-M^^Lq, LiM^^MiL^ 

does not vanish. It is the eliminant of L and M, in the Bezout-Cayley form : 

and it cannot vanish, because L and M have no common factor. Hence 

^2=0, ^3=0; that is, ... 

^i^Mit_L^ 

Lj Mk Lq 

for all the values of y and L 

The mode of reduction in the general case is a mere generalisation of the 
preceding process. 
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We at once have 

dt\LjJ "' 
for all values of k and j ; in other words, u is composed alge- 
braically of quantities of the form 

The numerator and the denominator of every such quantity v are 
homogeneous, so that v is homogeneous; each such quantity 

satisfies the differential equations, so that jI = is satisfied in 
some one of the modes of § 266. 

Accordingly, it is suflScient to consider quantities u, which 
satisfy the differential equations, which are rational functions of 
X, y, 8y and are homogeneous in those variables for the transform- 
ations 

and which involve no arbitrary constants, that is, constants which 
do not occur in the differential equations. 

Quantities u of this type are called homogeneou8 ; and when u 
is an integral (§ 266) of the differential equations, it is called a 
homogeneous integral. 

Discrimination among the various Functions. 

273. At this stage, it is desirable to discriminate among 
homogeneous quantities u, which are rational in the variables 
and satisfy the differential equations. The discrimination is made 
according to the mode in which the differential equations are 
satisfied (§ 266). 

We have seen that, for our purpose, it is suflScient to retain 
only quantities u^ which are devoid of arbitrary constants. 

(i) When the equation 

du 

is satisfied identically in connection with the differential equations, 
then uiasLU integral of the system. The integral equation mani- 
festly is 

where a is an arbitrary constant ; and w — a = is a solution. 



336 DISCRIMINATION AMONG [273. 

(ii) When the equation 

du 

is satisfied, not identically but in virtue of the equation u=0 
and without reference to any other quantity that satisfies the 
differential equations, that is to say, solely in virtue of the 
equation a = 0, we call u a sub-integral, and we call w = a 
solution. 

Further investigation will be required for quantities u of this 
type ; and we shall prove that either they lead (after appropriate 
analysis) to integrals or they may be rejected. 

(iii) When the equation 

du 

is satisfied, not identically, nor solely in virtue of m = 0, but in 
virtue of the equations t; = 0, w = 0, ..., (with or without the 
use of i^ = 0), where v, w, ... themselves satisfy the differential 
equations, then we must have some relation of the form 

^^=Pu+Qv + Rw + .... 

Thus the equations 

v = 0, t«; = 0, ... 

must persist, concurrently with the differential equations. They 
involve the variables, or some of them ; and they must be satisfied 
for initial values of the variables. Moreover, no one of them 
contains an arbitrary constant; consequently, in any such case, 
there must be relations among the initial values of the variables. 

The results of the present discussion are to be applied to the 
investigation of the independent algebraic integrals of the astro- 
nomical problem of n bodies. The investigation will be limited 
to the case, when the solution of the problem (whatever it may 
be) deals with a completely general case, in which the initial 
positions of the n bodies are quite arbitrary and their initial 
velocities are also quite arbitrary, as regards both magnitude and 
direction. No relations, whether algebraic or otherwise, can 
subsist between the initial values of the variables; and conse- 
quently, equations such as t; = 0, ^ = 0, ... cannot be satisfied for 
initial values. We accordingly exclude all cases where there is 
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any deviation from full generality; that is, we no longer retain 
cases, when the equation 

is satisfied in the mode just considered. 

In passing, two remarks call for notice. One of them is that 
the result of the investigation can apply to only the most general 
case, and does not necessarily apply to any other : e.g. it would 
not necessarily apply to the case of three bodies in any plane 
describing relative periodic orbits. The other of them is an 
explanation of the retention of the second class of cases, in spite 
of the indicated rejection of the third class ; for w = in itself 
implies a particular relation, and therefore a limitation upon the 
generality of the problem. The reason is that, save for some 
exceptional forms, an integral can be constructed from u, and the 
case can therefore be transferred to the first class : and it will be 
seen that the exceptional forms are limited in number and, being 
partly imaginary in expression, can be rejected (§ 276). The 
same use cannot be made of the integrals u,v,w, ... in the third 
class of cases considered. 

We thus retain functions u, such that u is either an integral 
or a sub-integral : that is, such that the equation 

du 

is satisfied either identically or in virtue of t* = 0. The functions w, 
so retained, are homogeneous and rational in the variables x, y, a. 

Moreover, evefi^ such function u must involve some of the 
variables y. For since tt--a = or u — is a solution of the 
differential equations, we have 

dt "' 
that is, 

r=^l OXr r=l ^^r OS dt 

Now s is given by 

iP= ^n^ ^^^n-i + ... + fif^ = 0, 

SO that 

dt ds pal rssi dXf 

F. 111. 11 
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hence the equation satisfied by u is 

du 
"• du 5 3u 3* 5 •* dSf, 

ds 
and it must be satisfied either identically, or in consequence of 
11 = 0. If therefore u is independent of all the variables y, we 
must have 

ds dxr \p^i dxr) ds " dxr ds ' 

satisfied for all the m values of r. Now as t^ is supposed a 
variable quantity, we have 

OS r=l ^^r 

du 

di (dF. ^ ? a^ , \ 

ds 
du 

= 37^^' 
ds 
that is, du is zero when dF is zero, or w is constant when F 
is constant. Eliminating any one of the variables «, a?i, ..., x^, 
from u by means of -F= 0, all the others will disappear with that 
one variable : and we have 

«=/(n 

where /denotes some functional form. But F is persistently zero : 
hence u is an actual constant, so that u is independent of the 
variables x, that is, if it is independent of the variables y ; and 
therefore it ceases to provide a solution. Accordingly, the homo- 
geneous functions u must involve some of the variables y, 

274. Our homogeneous function u is of the form 

<?i (^, y- s) 
G (x, y, s) * 

where the numerator or the denominator or both of them certainly 
involve some of the variables y and, involving them, are poly- 
nomials in those variables. Now it may be the case that Gi is 
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resoluble into a product of polynomials in y, the coeflScients of the 
powers and combinations being rational functions of x and s ; let 
V^ij '^2> ••• denote such factors, which can now be regarded as 
irresoluble, and let the degrees of occurrence be Xa> ^> ••• respec- 
tively. Thus 

where Qi is a rational fiinction of x and 8, Similarly, if G is 
resoluble, we shall have 

where fJUi, fi^, ... are positive integers, Qa is a rational function of 
X and 8, and 0i, 0^, ... are polynomials, irresoluble when regarded 
as functions of the variables y. Thus 

where Q, = Qi/Qs, is a rational fiinction of a? and 8. 

When the solution is w = 0, it can arise solely thi*ough the 
factors '^; and -^ = is then consistent with the differential 
equations, so that 

is satisfied. This may be satisfied identically, or it may be 
satisfied only in virtue of -^ = 0. In either case, we have to deal 
with-an irreducible polynomial -^j such that the equations 

coexist with one another and with the differential equations; in 
the poljmomial, the coeflScients of the various powers of y are 
rational functions of x and 8. 

When the solution is tt — a = 0, so that 

identically, we have 

1*^ = 0- 
udt ' 

in this case, we shall take into account every one of the factors -^ 
and every one of the factors 0. We have 
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satisfied identically. Hence multiplying up by any of the factors 
^^, say ^^i, we have 

Now consider the equation -^1 = 0. Since -^i, -^2, ••• are irre- 
ducible polynomials, the roots of -^i = 0, regarded as an equation 
in (say) y^, are distinct from the roots of -^^ = 0; for otherwise, 
-^1 and yfrr would have a common factor n(yi — 17), the product 
extending over those common roots, which are not rational in a, s, 
and the variables y^, ..., yr* Hence when -^i = 0, -^r is not zero; 

and therefore each one of the quantities ^ is zero with -^i. 

Similarly, each one of the quantities ^ is zero with -^i. There- 
fore we have 

dt "' 

at the same time as '^1 = ; and these two equations coexist 
with the differential equations. 

Similarly, we have 

^«0 
dt ' 

at the same time as di = 0; and these two equations also co- 
exist with the differential equations. Likewise for every other 
quantity ^ and every other quantity 0, 

Further, the equation --^ = exists at • the same time as 

i/r = 0; but -^ may be an identical zero, so that -^ = is 

then satisfied identically and not in virtue of -^ = 0. Similarly 

for -17 = 0; it may be satisfied identically and not in virtue of 

^ = 0. 

It therefore appears that, for a solution either of the form 
u — a = or of the form u = 0, the homogeneous function u in 
each case can be algebraically composed of polynomials in the 
variables y. If i/r be such a polynomial, the equation 
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is satisfied ; but it may be satisfied either identically or in virtue 
of -^ = 0. The coefiicients in the polynomials are rational 
functions of x and «; and the polynomials themselves are 
homogeneous in the variables*. 

Such irreducible polynomials in y, rational in x and «, 
homogeneous in all the variables, have arisen through the 
function w in a solution i^ — a = or m = 0. As t^ can be alge- 
braically composed from them, it is suflScient for our purpose now 
to neglect their origin: we may limit our discussion strictly to 
the inferences fi'om their characteristic property that, in con- 
nection with the differential equations, the relation 

is satisfied, either identically, or in virtue of the equation ^ = 0. 



Functions, which are Integral in the Variables. 
275. When the equation 

is satisfied identically, then 

•^ = arbitrary constant 
is an equivalent of that equation ; and therefore the solution is of 
the form 

that is, with our definition of § 266, -^ is an integral of the 
differential equations. 
When the equation 

is satisfied, not identically, but only in virtue of i|r = 0, then -y^ 

cannot be claimed as an integral. Now the polynomial -^ , which 

does not vanish identically, is one degree higher than 'y^ in the 

* This is easily seen to follow from the fact that each of the polynomials under 
consideration is a factor of either the numerator or the denominator of tt; and 
both the numerator and the denominator are homogeneous for the transformations 
in § 272. A non-homogeneous polynomial would, after those transformations, 
become 

which could not be a factor of k"!* or of K^il/, where L and M do not involve k. 
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variables y; also -^ and ~ vanish together. This concurrent 

evanescence can take place only in virtue of some common factor; 
and ylr is irreducible ; hence the common fetctor must be ^jr itself. 

The remaining factor of -^ , say w, can only be of the first degree 

in the variables y : let it be 

« = «o + fth^i + ... + «my»i, 
where (Off,a>i,...,a>m are homogeneous rational functions of a? and ^. 
Then 

As our functions are rational and homogeneous, this equation will 
persist when we make the transformations 

af^^XK", 8' =^81^, y' = y^'"^^ H^^tH^-^. 

When these are effected upon -r -^ , there is a factor k"^"^ 

to be associated with it; this factor must be the factor to be 
associated with 6>, that is, with 

As the functions e^o, ci>i, ..•, A>ni are rational and homogeneous in 
X and 8, they acquire an even power of /t as a factor after trans- 
formation, while yi, ..., y^ acquire an odd power. It therefore 
appears that the first term would acquire an even power of /c, while 
it ought to acquire an odd power k"^"^^' ; hence (Oq = 0, and then 

-^= (ft)iyi + ... + ©rnyrn) ^ = Wi/r. 

276. One further limitation may be imposed upon the 
quantities -^ about to be considered. There clearly is no loss 
of generality in assuming, from the beginning of the whole investi- 
gation, that, when the diflerential equations contain only real 
quantities, all the integrals are real ; for if 



identically, then 



dt "' dt "' 



both identically, that is, the real quantities P and Q are integrals. 
All the operations (reductions, transformations, and the like), 
which have been effected until the last stage, have introduced 
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no imaginary element: and therefore the polynomial u at the 
beginning of that last stage is such, that all the coefficients are 
real rational functions of x and 8, In resolving the pol)niomial 
into factors, which are rational in x and «, it is possible that the 
imaginary ^f^^ will be introduced: an example indeed will be 
given (§ 279). But as the poljmomial is real, complex factors of 
this kind will enter in conjugate pairs ; the product of a conjugate 
pair is a real poljmomial, such that 

;^'de<^)=;^l-^;p ! = -+«="' 

an equation of the same form. Accordingly, we shall assume that, 
in resolving the quantity u into component polynomials, we take 
only such a resolution as gives real factors ^jr ; and the quantity a> 
also then is real. Account will afterwards be taken of the limita- 
tion (if any), which this assumption implies in the case of the 
astronomical problem. 

Another property of the homogeneous polynomial yjr may be 
noted. Let two terms be chosen from ylr, which are of dimensions 
q and q' in the variables y, and are of dimensions r and / in the 
variables x and 8. When the homogeneous transformation is 
effected upon yjr, the former of the terms acquires the factor 

and the latter of the terms acquires the factor 

On account of the homogeneity, we have 

g (1 -h 2N) + 2r = 5'(1 -h 2N) + 2r\ 
that is, g — g' is an even integer. It therefore follows that, when 
•^ is arranged in aggregates of terms, each aggregate containing 
all the terms that are of the same dimensions in y, and when the 
successive aggregates are arranged in descending order of dimen- 
sions in y, the descent in order is by even differences*. If the 
highest order be p, the other orders are p — 2, p — 4, ..., so that 
we can take 

where -^o is the aggregate of terms of order p, yjr^ that of terms of 
order p — 2, and so on: i^o> V^q, '^4, •••, being polynomials, which 
have real rational functions of x and s for their coefficients. 

* This remark was first made by Poincar^, Comptes Rendus, t. cxxiii (1896), 
p. 224. 
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Integrals: Sub-integrals. 

277. The case, when the equation ^ ■■ is satisfied iden- 
tically, has already been mentioned : it needs no further discussion 
at this stage, ^ being an integral. We proceed to the case when 
that equation is satisfied only in virtue of '^ » : and shall prove 
that, on multiplying yfr by an appropriate factor^ which depends on 
X and 8 alone, say R(x, s), so that '^R{x, tf) — ^, then '9 is, in 
general, an integral of the differential equations. On this account, 
'^ is called a sidhintegrcU, as already indicated (§ 266). 

It is easy to see how this result is suggested. We have 
1 (2^ 

cb, . dx2 , . dx„^ 

= *"W + ''' d« +••• + *'« -rfT' 

from the differential equations. The quantities aii, ..., a>m are 
rational functions o{ Xi, ..., x„^, s. If therefore the right-hand 
side is a perfect differential, say 

we should have 

y^ dt K {x, s)dt^ \ ^ n 
identically, that is, 

f=^!^.Ji(.,,>|=o 

identically ; or "9 would be an integral. 

For example, in the case (§ 265) of the problem of two bodies, if 
we have 






■^^V-2 -l/--rp ^ ' ^^^ 

after reduction ; that is, 

d^ _^dr yft 
'di'^dU r ' 
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and therefore 



Thus 



is an integral 



*,-(jr.-jr,)»+,a=»', 



To establish the general result, it will be suflScient to prove 
that 

is a perfect differential. This will be shewn to be the case when 
•^o* the aggregate of terms of highest order in y contained in yjr, 
does not explicitly involve the irrational variable 8\ it is not 
necessarily the case (as will be seen by a simple example) if -^o 
does explicitly involve $. It will appear that all the possible 
instances of the latter form can be rejected from the solution of 
the astronomical problem. 

Let p denote the order of the terms in yfr that contain the 
variables y in highest dimension : then yjr can be expressed in the 
form 

where -^o is the aggregate of terms of dimension p in the 
variables y, -^a the aggregate of those of dimension p — 2, and 
so on. Now the equation 

is satisfied identically ; hence the terms of highest order in y on 
the two sides must be the same, 
the variables y to order p + 1 is 



the two sides must be the same. In -^ , the part that contains 



r=i 9^r 



while in coyfr it is o)-^© ; accordingly, we must have 



and therefore 






9 log ^0 

doSr 

This equation also must be identically satisfied. 
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278. First, suppose that -^o does not explicitly involve the 
irrational variable s. We proceed to shew that the quantities 
Q>], ..., o>M in Q> satisfy the conditions of integrability of 

and we deduce the integral which can be constructed from the 
function y^. 

It is clear that, as derivatives of -^o with regard to x alone are 
required in the equation 

any factor of -^o* which is a function of the variables y alone, can 
be removed, without affecting the value of © : in particular, any 
product of powers. Let all such factors be gathered together, say 

where/ depends upon the variables y only; thus 

where x i^ ^^ course homogeneous in those variables, say of 
order Q. 

If X does not contain the variables y, we have (OrX = >% - for 

r= 1, ..., m; that is, the conditions of integrability are satisfied. 

When X does contain the variables y, select all its terras which 
are free from some one of those variables, say from y^n : so that we 
may write 

where ;^' is a non-evanescent quantity, having no factor that 
involves variables y alone, and fi (if different from unity) involves 
no variables except y. Substituting, we find 

m-l m-l ^y' 

X 2 a>ryr= ^ yr^^ , 

r=l r=l ^**'r 

among other equations. 

If X does not contain the variables y, the conditions of 
integrability among Wi, ..., (Om-^ are satisfied. When it does 
contain those variables, it is resolved, ^vith reference to some 
variable ym-i> as x was resolved with reference to y^; and cor- 
responding alternatives are possible, in succession. It therefore 
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appears that the least favourable case will, in the last resort, 
occur when the function x^**"^, say, involves two of the variables, 
say yi and yg ; so that, denoting their aggregate by 6, we have 

Here 6 has no fiw5tor which involves variables y alone ; it therefore 
may be taken in the form 

where neither Ci nor Cg vanishes. Proceeding as before, we find 
3 log Ci 3 loc: ^2 

and we have to prove that the condition of integrability is 
satisfied. 

Take ^ = Ci &, so that & is 

the coefficients of powers of y have no common factor, since the 
coefficient of y^^ is unity. These coefficients are rational functions 
of the variables x\ let 2) denote the least common multiple of 
their denominators, so that 0, = 2)^, is then a polynomial in x 
as well as in y^ and y^, the coefficients of the various powers of 
y having no common factor. Then we easily find 

say: the left-hand side is a polynomial in x and y, and the 
right-hand side must be also of that form. Now D is the 

Co 

coefficient of y^^ in 0, and JD— is the coefficient of yS in 0; 

denote the latter of them — each is a polynomial in the variables 
X — by C, 

If Xi be an irreducible factor of D involving x^ (it might be D 

itself), then y^ yr- --^ is meromorphic, and no other part of fl can 

combine with it so as to give a function that is integral in the 
variables x. Hence, if there is such a term in II, Xi must be a 
factor of in order that fl0 may be polynomial in a? : a condition 
contrary to the property that the coefficients of powers of y in 
have no common factor. Thus there is no such term in II. 
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1 3(7 
In the same way, we infer that there is no term y%p-^ in fl : 

so that n as 0, and therefore 

which is satisfied identically. This partial differential equation 
shews that is restricted to be any function of the three 
arguments y^, ya, yi^a — .Va^* ^ow is a polynomial in x and 
y, which certainly has a term involving y^ and a term involving 
y,p ; and therefore is of the form 

A ft p 

where X + /a + p = g. But is homogeneous for the transforma- 
tions of § 272 ; so that 

X(l + 2iV^) + /i(l + 2iV^)+p{(l + 2iV')+2l 
must be the same for every term, that is, p must be the same for 
every term. We have seen that factors of ^o (and therefore also 
of x> ^> ® ^^ turn), which involve the variables y alone, may be 
omitted, without affecting o> ; hence 

Q = (yi^2-y2a?i)«. 
Thus 

and therefore 






3a)2 3a)i 9^/1 i \ a 

that is, the condition of integrability is satisfied, so far as concerns 
coi and w^. Moreover 

where the integer q is the order of the aggregate of the terms 
in X ^'^a* depend only upon y^ and ya, when all factors (if any) 
involving y^ and y^ (but not the variables a?) are removed from 
that aggregate. 

A corresponding investigation with each pair, framed by 
combining each of the variables y with y^, leads to similar 
results. In particular, 

Zxr \ ° cj Xr ' 
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where the aggregate of the terms in x that depend only upon yi 
and j/r, after all factors independent of the variables x have been 
removed, is 

also 

dXr 

Returning now to our original function -^j we had 
1 d^ . 

^' dx, ^y^ dx, +- + y- a^,, • 

ldc,__ aiogc, 81ogc, aiogci. 

and therefore 

r=2 •*'r 



But 



^_| 5vd^. 



consequently 



c2e 



-•^Xr (it 

|lOg(^a?29«a?3«»...a?,„^«)| = 0, 

an equation which is satisfied identically. Hence 

is an integral of the diflferential equations. In the present 
instance Ci is the coeflScient of a term in -^o* supposed rational 
in the variables x ; and therefore it appears, when the aggregate 
of terms of highest order in the variables y in our homogeneotts 
function y^ is rational in the variables x, that yjr can be changed * 
into an integral, on multiplication by an appropriate rational 
function of the variables x. As -^ is a polynomial in y, so also 
is the integral <f>: and as the coefficients in the terms of the 
highest order in the polynomial yjr are rational functions of x, 

* It is on this account that ^ is called a sub-integral. 
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SO also are those in the integral ^. Moreover, the appropriate 
factor, which is 

is determinable from ^o by inspection. 

It is to be expected, from the course of the preceding proof, 
that the aggregate of terms of the highest order in y which ^ 
contains will be a polynomial in quantities of the type Xrjfi — ^yr ' 
this property can be established briefly as follows. As ^ is a 
polynomial in y, differing only from -^ by the associated factor, it 
can be arranged in the form 

where ^o is the aggregate of terms of highest order in y, say p^ 
<f>2 is of order jp — 2, and so on. Since the equation 

dt dt dt 
is to be satisfied identically, the terms of highest order must 

vanish by themselvea These terms arise from ^^ alone, and 
they give the equation 

Now <^o is a polynomial in y, and it is a rational ftinction of the 
variables x. This partial differential equation shews that <f>Q is 
restricted to be a function of the 2m — 1 quantities yi, ..., y,^, 
^2yi — ^iy2» •••, ^myi — ^iym'' the variables x occurring only 
through the last m — 1 combinations. It cannot be a polynomial 
in y if it involves the last m — 1 combinations in fractional forms ; 
and therefore <f)o is a rational integral function of 

^2yi-^iy2, ..., «myi-^iym, 

the coeflScients of the various combinations of these quantities 
being rational functions of yi, ..., y^* As a matter of fact, these 
coefficients are integral functions of the variables y, save as to a 
possible power of yi occurring as a denominator. For we have 
seen that (f>o is an integral function of the variables y, and it is 
rational in the variables x. Denoting Xryi — x^yr by pr, we have 

^- = ?' + ^i'?' (r=2,...,m); 

yi Vi 
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let these expressions be substituted for a?,, ..., x^ in <f>o. Now 
^, so far as concerns the variables a?, involves them only in the 
combinations^, ...,/),n, of which it is a rational integral function; 
hence when the substitutions for x^,.,., Xm are made, Xi dis- 
appears. Regarding the two forms of ^, the first as integral in y 
and rational in x, and the second as integral in p and rational in 
y, it follows that ^ is integral in p and integral in the variables y, 
except possibly for a power of yi occurring as a denominator. 

279. We now take the alternative of the hypothesis at the 
beginning of § 278; we assume that -^o is iiot rational in the 
variables x alone. As '^o is rational in s and the variables x, it 
follows that 8 will then occur explicitly in -^o- The equation 
1 dilfo 

is still satisfied identically; but it is no longer the fact that 
IS (Ordxr is necessarily a perfect differential*. As a simple 

r=l 

instance, consider the problem of three bodies. Denoting their 
coordinates by Xi, x^y x^\ x^, x^, x^\ Xj, Xs, x^\ merely for the 
present purpose, and writing 

fl = ^ *^\i f2=^^2 — ^fi> 53 ^^3 — ^6 J 
% = yi-y4, ^2 = ^2-^5, ^8 = 2/3-^6, 

we have 

as an integral of the diflferential equations. A factor of ^ is 

where Vn, the distance between the first and second bodies, is a 
rational function of 5, and i denotes V — 1. It is not diflScult to 
verify that 

9 a-i^_ 



where 



r=l oXy 



h-^U^ ft+^f.& 



^*12 , ^12 



= ^202 + ^3^3» 



* This was first pointed out by Poincar^, Convptes Bendus, t. czxiii (1896), 
p. 1228, where he enunciated (without proof) the rule, which eliminates these 
solutions from the astronomical problem. 
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say. Then 

9 

2 Wrdxr » . df 1 + n,df, + n,df „ 

manifestly not a perfect differential*. 

In this particular instance, the quantity '^o is complex : and 
therefore, in accordance with § 276, the quantity ^ would be left 
unresolved, for the product of -^o by the conjugate complex is 
(f *' + f 8*) ^ *• and the case would not occur. We proceed to shew 
that all the possible instances, which can occur in the astronomical 
problem, are of the same character: viz. every function -^o of the 
type under consideration, which involves the irrational variable 8 
explicitly, the variables a? rationally, is a polynomial in the variables 
y, and satisfies the equation 

is complex, and (by § 276) is therefore merged in other functions. 

280. The quantity -^o is a homogeneous polynomial in the 
variables y; it is rational in the variables x and s, where s is 
given by the irreducible equation 

F^s"" + iSfi«~-i + ... + Sn = ; 

and it satisfies the equation 

When the n values of s (they are explicitly known for the 
astronomical problem) are substituted in -^o in turn, the latter 
will acquire a number of distinct values, say ^i, "^a, ..., -^z, where 
I either is n or is a factor of n. For each of these values, we have 

where ila is linear in the variables y. (In general, fl will involve 
Sy and the I values of II will be derivable from any one of them : 
but this need not always be the case.) Taking 

* The explanation of the difference from the case of § 27S is the occurrence of 
the irrational variable «. 
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SO that <l>, obviously a homogeneous polynomial in y, is a sjnn- 
metric function of the values of '^o for all the values of 8, and 
therefore is a rational function of the variables x alone, we have 

where A is linear in the variables y and, because <^ is rational in 
the variables x, so also is SI. Thus 

Now ^ is a homogeneous polynomial in the variables y and is 
rational in the variables x] hence it is subject to the theorem 
established in § 278, that is, ^ is a poljmomial in the quantities 

and it is only through these quantities that the variables x enter 
into the expression for ^. 

Thus ^ certainly exists when -^o exists. Conversely, when ^ 
has been found, the various irresoluble real factors of 4> will be 
the various values -^i, -^j, ..., i^^. Hence if all the functions 
j> of this type be determined, all the possible functions -^o of the 
character under consideration will be derivable. 

Accordingly let ^ denote such a function, irresoluble into 
factors of its own form which are rational in x alone, but resoluble 
into such factors, which are rational in x and 5, and are real : the 
factors being the quantities '^. These quantities -^ are changed 
into one another by appropriate changes of the roots « of jP=0 
into one another: any two of them become the same, when 
corresponding roots 8 are equal. When two roots s are equal, 
there is a relation among the variables a?i, ..., a?m- so that, when 
this relation is satisfied, ^ contains a repeated factor. By assign- 
ing all possible equalities among the roots 8 in turn, we secure all 
possible repetitions* of the factors of ^; all its factors will thus 
be considered in turn. They are obtained as follows. 

281. Since ^ = is homogeneous in the variables y, we may 
divide throughout by any one of them, say by y^ : and, owing to 

* It should be noted that an equality among the roots a does not necessarily 
make two factors of ^ equal : the equality might leave each factor unaltered. 

P. III. 23 
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the property proved at the end of § 278, the resulting expression 
is rational and integral in the variables yrlVi* But 

yr ^dxr ^dx^ ^dxr 

y, dt ' di dr,"^'^' 

say, so that the equation 4> = becomes 

Giw^-Xiq^, ..., a:^-fl?igm, Sa, •••, 9m) = 0. 
This equation may be regarded as expressing g, in terms of 
98* --•i9m' ftnd it has been seen that, for a certain relation among 
the variables x, it contains a repeated factor, so that the value of 
q^ is repeated, or a set of values of jj is repeated; accordingly, 
these satisfy 

But our function ^ is resoluble into feu^tors that are homogeneous 
and integral in yi, ..., ^m» that is, is resoluble into factors that 
are integral in jj, ..., g^ Consider the repeated factor : equated 
to zero, it gives a repeated value of y, in terms of the rest, 
and therefore it gives a repeated value of qr in terms of 
ja, •.., qr-if Sr+ij •••> ?m» fcr all valucs of r. Hence when 
2 — 0, the repeated factor in G = is such that 

Moreover, when we determine ?2, ..., 3m from the equations 

as functions oi x^, ..., Xm and substitute in (t = 0, the latter (if 
originally resoluble in the manner supposed) must contain 2 = 
or be 2 = 0, where 2 = is the relation among the variables 
equivalent to that equality of roots s, which gives rise to the 
repeated factor in G. Accordingly, we have 

oq2 oqm 

from the general theory of elimination. 

Take the instance of § 279 as an example. Let 

which is resoluble into two factors linear in ^2 and q^; the two factors become 
the same when 



281.] EXCEPnONAL CASES 355 

It is easy to verify that 

Using now the vocabulary of geometry of m dimensions, we 
have the equation of a line in the form 

Hence the quantities 

specify a line through the point x^, ..., 0?,^; and the equation 
(? = therefore represents an aggregate of lines. The lines 
through a point on 2 = 0, which correspond to the repeated 
factor, are such that 

?-« = . ^ = 

Taking a neighbouring point a^ + cfcci, a?2+cir2» •-., a?TO+ ^m, we 
have 

d {xr — ^ijr) = qrd^i " qrdx^ — Xidqr 

= -Xidqr\ 
so that 

dG^-X ^-Xidqr-hX K- d?r, 

r=2 C'^r r=2 d?r 

where s— denotes the partial derivative of G with respect to qr 
tqr 

owing to the occurrence of q^ outside the combinations Xr — x^qy. 

But 

dG ^ SG dG djxr'-x.qr) 

dqr Bqr dxr dqr 

^ SG dG 
and therefore 



Bqr ^ dXr ' 



dG=^l, ^- dqr. 
For the selected lines in question, all the quantities ^ vanish : 



23—2 



356 POiNCARfi's [281. 

and therefore for their directions through the point, we have 
dG^O; that is, we have, for the directions of these lines, 

d6\ 



= 2d Ur ^) + Bdt + tdB, 



dO 
We have seen that ^- «*0: when the direction-quantities are sub- 
stituted in these equations, each is identically satisfied, so that 

that is, 

Also the point Wi, ,,., Xm is on 2 = 0; and therefore we have 
BdX = 0, that is, the directions of the selected lines through the 
point satisfy dl = 0,. or all of them lie in the tangent-plane to the 
surface 2 = at the point. 

Hence the two (or more) fiekctors of 4> = 0, which become equal 
to one another when 2 = 0, represent lines, which are included 
among the tangent-lines to the surface 2 = 0. Similarly for 
another surface 2' = 0, such that other factors of ^ = become 
repeated ; the corresponding lines in G = are included among the 
tangent-lines to 2' = 0. By taking all the surfaces such as 2 = 0, 
we secure the consideration of every factor in <I>, (it may be that a 
factor is considered more than once), and we have a corresponding 
result. We thus infer the rule, due to Poincar^ : 

Take every surface 2 = 0, which is a Iocils of points where s ha^ 
equal roots: and construct the aggregate of tangent-lines, say 7 = 0, 
to the surface. Then if T he resoluble, it includes those factors of 
<I>, tuhich become the same for values of the variables x satisfying 
2 = 0; and the complete set of the equations 7= certainly includes 
all the equations <I> = 0. 

It must not be assumed that each equation r = is resoluble 
into factors : what has been proved is that, if an equation ^ = 
of the specified type exists, it can be obtained in the way indicated 
in the rule. All the possible cases will be obtained, when all 
the possible surfaces 2 = and their aggregates of tangent-lines 
have been considered. 
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282. The equation 

irresoluble as an equation in 8, will have equal roots when 
^ = 0, that is, when its discriminant with regard to $ vanishes, 
say when 

This discriminant may be capable of resolution into a number of 
functions, each rational in the variables w and irresoluble; let 
these be 

A, = 0, A, = 0, ..., 

manifestly finite in number. E^ch of these last equations gives a 
critical equation, represented by 2 = in the preceding investi- 
gation. 

To obtain the equation, interpreted as the aggregate of 
tangents to the surface, we take any line a?i-|-^yi, x^ + tyz, •••, 
^m + tym ; where it meets a surface A = 0, we have 
A(xi + tyi, x^^-ty^, ..., a7m + *ym) = 0. 
If it is a tangent-line to the surface, two points of intersection 
are coincident, that is, t has two equal values. We therefore 
form the discriminant of A; it is* 

<I> = 0, 
where <I> has the general significance in § 281. 

As was remarked at the end of § 281, the quantity 4>, rational 
in the variables x and y, and homogeneous in the variables y, is 
not necessarily resoluble into factors that are homogeneous in the 
variables y, and rational in a?, y, s. If it should be so resoluble, 
then any such factor is a function -^o* 

In the absence of the specific form of the equation 
F{8, Xi, ..., a7n) = 0, 
we are not in a position to discuss the functions -^o on a general 
basis. All that has been proved is that, when 

1 dylro 

* From the fact that the discriminant is given by -^ =0, that is, 

aA 8A ^ 

we see how the form of # is recovered. 
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the expression toidxi-^- ... -^WmdXff^ is not necessarily a perfect 
differential, for a special example to the contrary was shewn; 
but when the form ^=0 is made particular, not general, the 
condition may be satisfied, and an integral can then be deduced. 

We proceed to consider the significance of the result as 
regards the astronomical problem. 

283. Taking the case of the problem of three bodies, the 
equation ^=0 is 

where the eight roots «. Are the eight values of 

± ^12 ±rn± r„. 
There is thus the possibility of 28 equalities among the roots. 
Each of the three equations 

provides four equalities ; each of the three equations 

provides two equalities ; each of the three equations 

provides two equalities ; and each of the four equations 

ri2 ± r-23 ± rsi = 0, 
provides one equality : making up the total of 28. We consider 
the rationalised forms of these equations in turn. 

As regards one of the first three, say rjg = 0, its rationalised 
form is 

(«i - oc^y + (oo. - x^f + (^s - x^f = 0, 
say 

f^+ 12^ + ^8^ = 0, 

in the notation of § 279. We have to give equal roots to t in 

(fi + Vity + (?2 + vJ^r + (^3 + ^3^)^ = 0, 
so that 

iV + ^2= + ^3^) (^1^ + V.' + ^3=) = (f % + ^2^2 + ^8^8^ 

Thus 

* = (f 1% - l^V^y + (^2^8 - ^3^2)^ + (f 8% - f I^8)^ 

Now <I> is resoluble into two factors (§ 279), linear in %, 172, 17-; 
but they are conjugate complex factors. As they are not real, 
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they are to be rejected (§ 276) as a possible basis for an integral. 
Hence no function -^o* with the assigned properties, arises in 
connection with the equation ria = 0. 

The same result holds for each of the other two equations 
rj, = 0, Va — O, of the first set. 

As regards one of the second three, say ru = r8i, its rationalised 
form is 

say 

which also is the rational form of one of the third three, viz. 
^12 + ^81 = ^' We are to give equal roots to t in 

so that 

(r=l </=4 J lr=l g=4 J lr=l <y=4 J 

that is, 

/-r^S 9=6 ^ ('r=3 9=6 ) (r=S 9=6 I2 

4»= 2 f,«- 2 f/ 2 V- 2 V - 2 fri7r - 2 f,,i . 

lr-1 9=4 I lr=l g=:4 J lr=l g=4 J 

This expression <I>, of the second order in the quantities 97, is not 
resoluble into linear factors*; hence no quantities -^o, with the 
assigned properties, arise through the equations r^ ± r^i = 0. 

Similarly no quantities -^o arise through either of the other 
two equations of the second set, and none through either of the 
other two equations of the third set. 

* This may be seen by taking $=0, regarding it as a quadratic in 97^, and 
solving the quadratic. If ^ were resoluble, being say 

the radical {B^ -AC)^ would be a linear function of the other quantities 97 : that this 
may be the case, B^-AC, qua function of those quantities 17, must be a perfect 
square. That this is not so, follows from considering the terms in 97/, 9732, 
973973; they are 

or, dropping the factor r^ij- r^u, they are 

which is not the perfect square of any linear function of 973 and 973. 
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As regards the last set of four equations, they have each the 
same rationalised form, viz. 

In the simplified form of this when r^ » 0, we fiill back upon the 
last case: the deduced quantity 4> for that simpler form is not 
resoluble. A forUori, when r^ is not zero, the deduced quantity 
4> cannot be resoluble. 

Hence it follows that, in the problem of three bodies, the 
critical equations 2 = give rise to quantities 4>, which are either 
irresoluble or, if resoluble, give rise to complex fectors. No 
function '^o* of the kind indicated at the beginning of § 279, 
exists in this case. 

284. Similarly for the problem of n bodies. The only in- 
stances, in which the quantities 4> deduced from critical equations 
2 = prove resoluble, are those coming through equations 

which correspond to the instances r*u = 0, r*a = 0, r'a = in the 
problem of three bodies; the resolved factors are conjugate 
complex quantities, and the corresponding functions '^o ^^^ to be 
rejected. All other instances give rise to quantities 4> which are 
irresoluble ; and so there arise no functions -^o for consideration. 



Summary of Results. 

285. At this stage we shall . now begin the detailed con- 
sideration of the equations in the astronomical problem. Except 
for the form of the equation connected with the irrationality s, 
the differential equations have been of a general type: and it 
remains to be seen how far the particular form of the equations 
may aflfect the results thus far attained. These results may 
be summarised as follows, enunciated in connection with the 
equations 

-^'' = yr, -^ = i4r(^i, ...,^m), (r = l, ...,7n), 

(which are to be identified with the differential equations of the 
problem of n bodies), and with the equation that defines the 
irrational quantity in that problem. 
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Any algebraic integral of the differential equations, which 
does not involve t, can be derived by purely algebraical operations 
from integrals 4>f characterised by the following properties : 

(i) Each integral ^ is a polynomial in y, the coefficients of 
the powers being rational functions of x and s ; and no 
parametric constants occur in the expression for ^. 
(ii) The integral ^ remains unchanged, save as to a factor 
which is a power of tc, by the substitutions 

such integrals being called homogeneous, 
(iii) When the aggregates of terms in ^, which are of the 
same dimensions in the variables y, are gathered 
together, ^ can be expressed in the form 

where ^2 is of dimensions less by two than <f>Q, <^4 of 
dimensions less by two than ^2> ai^d so on, in the 
variables y. 
(iv) The aggregate ^0 of terms in <^ of the highest order in 
the variables y, is rational in the variables x and does 
not explicitly involve «; it is a polynomial in the 
quantities 

the coefficients in the polynomial being rational functions 
of y which, except for a power of yi as a possible de- 
nominator, are also integral functions of the variables y. 

Equations of the Astronomical Problem. 

286. In connection with the differential equations as set out 
in § 264, it is convenient to use the symbols 

du a=i\ dxa dya dzj 

d_ 

dv 
so that the effect of ^ upon any quantity is to increase its order 

in the variables X, F, Z by unity, and the effect of 5- is to 

ov 



-ii^-ih^-iy^-iJ 
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decrease that order by unity. We are concerned with homo- 
geneous integrals 4>* which are polynomials in X, Y, Z, and are 
rational in the variables x and 8 ; when ^ is arranged in the form 

where ^o i» the aggregate of terms of the highest order in X, F, Z, 
then ^0 is a poljmomial in the variables x. It will be proved that 
4> can be compounded from the classical integrals. 

Since ^ is an integral of the differential equations, we have 

dt du dv 

Arranging this equation, so that terms of the same dimensions in 
the variables X, F, Z are grouped together, we have 



= 0, 



du \dv dvJ \dv du J 
which must be identically satisfied. Hence 

du * dv du ' "* 

Our immediate aim is the determination of the form of <f>o] it 
will be found that the first two of these equations suffice for 
the purpose. 

The fiwt equation is 



a=l\ dXa dj/a dZa) 



a partial differential equation of the first order. The equations 
subsidiary to the solution are 

dxi __ _ dxa _ dya _ dZa _ __ dzn 

Xi ' Xa Ya Z^ Zn 

__ dXi ^ __ dXa __ dYa dZa __ __ dZn 
The necessary 6n — 1 integrals of this system are furnished by 

•^l> -'i> ^I'j "^2> -* 2> ^2 > •••» -^n> ^ ny ^n > 
fa = XaXi- XiXa, fOT tt = 2, 3, ..., U ] 

ha= ZaXi—XiZa) 
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From § 285, it follows that ^o is expressible as a polynomial in the 
variables/, g^ h ; and that, except possibly as to a power of Xi for a 
denominator, the coeflScients of the various powers of /, g, h in 
^0 are polynomials in X, F, Z. When the form of ^o as a function 
of the variables x, y, Zy X, Y, Z is known, this modified expression 
of ^0 is obtained, by substituting for the variables x their values 

Jr Xf gr ^ r ^r ^r . 

the variable a\ then disappears from ^o- 

Let these same substitutions for the variables x be made in 

<f>2, which does not necessarily satisfy the equation ^^ = 0. The 

variable Xi does not then necessarily disappear from <^2> as it does 
from ^0 ; and we have 



Thus 



du ' dxi ' 



'■t*.!.(^-8X*^-at^«-l:)-«. 



where, in the terms to be summed, all the quantities are to be 
expressed in terms of the 3n variables Xi, g^ Aii/a, g2,K; ...; 
fn> ffnt f^n 'y and the Sn variables X, Y, Z. Denoting the result by 
U, we have 

OXi 

and therefore 

where <^' is a solution of the equation 

du 

rjj 
Now ^2 is a polynomial in X, Y, Z\ and l-y dx^ is certainly a 

polynomial in those variables; hence ^^ niust also be a poly- 
nomial in X, Y, Zy of the same order in them as <f>2y that is, 
of order less by two than 0o. Moreover, ^^ is a solution of the 
same equation as ^o \ so that we can regard <f>^ as an initial set of 
terms of highest order for a new function <f>\ that highest order 
being two less than in ^. Thus ^' is of the same character as ^ ; 
whatever is proved as to generic character of will hold also 
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for ^' ; and so there will be no loss of generality as regards ^ if 
we neglect ^', in eflTect, if we take ^ = 0. Then 



^ = -jj^ dxi. 



Now ^ is rational in the variables x, y,z,8; and therefore the 
subject of integration must be such as to render the integral a 
rational function of those variables. 

287. Changing the variables in 

from Xu Vu ^r, ...; x^, y„, Zn\ to j?,, fl^i, K\ /j» 9^. fh; ••.; 
/n, gn, K] we have a new expression for U in the form 






where ^o is now supposed to be a function of the new variables 
f, g,h and of X, Y, Z. 

When the values of -4, 5, are substituted, the expression 
for U consists of a sum of terms, each of which is fractional ; the 
denominator in each is of the form r^u, the integers k and I 
changing from term to term. We select those which have r^ip as 
their denominator; let their aggregate be denoted by iTipH-r'ip. 
We also select those which have r'ar as their denominator; let 
their aggregate be denoted by U„-^r\r' Clearly, we have 

p = 2, 3, ..., n] 0-, T = 2, 3, ..., n. 

It appears that, in the quantities Uip and U„, certain com- 
binations of terms occur that are symmetric in Xy y, z; or in 
Xy Y, Z; or in /, ^r, h; or in sets of these variables. To ab- 
breviate the formulae, a symbol S will be used, with the definition 

SF(x,J,, Zx) = F(x,J,, Zx) + Fiyj., g,, Y,) + F(zj,, K, Z^l 
whatever be the function F\ the symbol, in fact, expresses sym- 
metrical summation for three variables, the sole exception being as 
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regards gi^hxy because there is no variable /i. With this under- 
standing, we have 



+ 5 



A=2 q/A 



=e,pa;i2+4)ip^i+N[^ip, 

on further substitution for the variables x, y, z in terms of /, g, A. 
The coefficient ©ip is given by 

X,-%,,^m, I^I^F.Xp- X,Fp) + ^^ (Z,Zp - Z,^ 

+ mp(Zp-Z,) isZx|^^ + 7r.,Z,S(Xp-X0^|^ 

A=2 ^A q/p 

the explicit values of the coefficients 4>ip, "^ip are not required. 
Similarly we have 

TJ^^^S {x^ - x^) [mr ^ - m^ ^pj -x^Sixr-x^) (rrir ^' - '^^<rgf° j 

where 

Z>©„ = ->g(X.-X,)(m,||»-m,^«); 

the explicit values of the coefficients ^^,r, '9^ are not required. 

Now taking /a^ to denote /«—/^ (where yai=^), Za^ to denote 
Xa — Xpf and so for the other variables, we have 

Xp''Xi = Y (/pi + ^1 -X'pi), 

SO that, for our purpose, 



r^ip = aipiCi* + 2bif,Xi + Cip 



+ 26ipa?i + Cip I 
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where the coefficients a, 6, c do not involve Xi. Thus 

P=« (Oipa?!* + 2bif,Xi + C,p)« p, ^=2, », .... n (ttprfla" + 2b^Xj + C,^)^ ' 

But we have 

all the quantities except Xi being constant in the integration ; so 
that the right-hand side is the integral of a number of terms of 
the form 

This integral contains a logarithmic term 

and <^s is to be a rational function in the variables x and 8, so that 
it cannot contain a logarithmic term. Hence each logarithmic 
term must disappear from the expression for <f>2 : a condition that 
can be satisfied, only if 

^0 = 

in every case. We therefore have 

0IP=O, ©.r = 0, 
for p, 0-, T = 2, 3, ..,, n. 

Form of the Leading Aggregate of an Integral. 

288. The conditions 0ip = 0, ©^ = 0, impose limitations upon 
the form of <f>Q : and manifestly they are a set of simultaneous 
partial diflferential equations, satisfied by ^o as the dependent 
variable. Since all the derivatives of 0o> which occur in them, 
are taken with regard to /, g, h, and since the coefficients of all 
those derivatives involve only the variables X, F, Z but not 
/, g, hy it follows that the Jacobian differential relations of co- 
existence 

are satisfied identically. Hence the aggregate of the equations 
either constitutes a complete system or contains a complete system : 
to settle which of the alternatives is valid, it is sufficient to 
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investigate how far the equations are independent of one another 
in linear algebraical combinations. 
For this purpose, let 

1 ^'-i-,, for «r = 2, ...,»; 

and let 

with corresponding symbols for O, H, F, Z, Then the equations 
©^ = become 

X„F„ + Y„G„ + Z„ H^r = 0, 
holding for <r, t = 2, 3, ... , w. 

A tjrpical equation of the set Qip = is 
(?, (F,X, - X, Fp) + H, (Z,X, - X,Z,) + (X, - Z.) T 

+ X,{(X,-X,)F, + iY,-Y,)O, + {Z,-Z,)H,} = 0, 
where 



T = l i SXM 



'0 



rrij A=2 dfx 

= 2^(Xx^x + FxGx + ^xJ?a). 

A=2Wl 

There is no quantity f among the variables /, g, h, and therefore 

there is no derivative — -^ : that is, the symbol ^i does not occur 
mo 9/i 

among the set F, G, H. We introduce F^ to denote a subsidiary 

quantity, defined by the equation 

so that, in fact, it has the symmetric form 

2 mx {X^F^ + FxGx + ^x^x) = 0, 
x=i 

on multiplication by mi*, and we use the symbol Ff,i to denote 

Ff,-F^. Substituting ^{X,F,+ Y,0^-{-Z,H,) for T in the 

equation 0ip = O, we find 

-Z,{(Zp-ZOi'i + (Fp-F,)Ga + (^p-^O^i} 

that is, on removing the factor Xi, the equation is 

Zpi-Fpi + FpiG^pi + ^pi -Hpi = 0, 
for p = 2, 3, ..., w. 
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The whole system of equations satisfied by <f>9 thus is 

for X, /[A= 1, 2, ..., n; we are required to find how many of them 
are linearly independent of one another, or, what is the same thing, 
we are required to select a set, in terms of which every other 
equation of the system is linearly expressible. 

It is clear that the equations 

S X^F2i = 0, 8 XnFsi = 0, 

are independent of one another. Since Xm=Xji— Xn, i^M=i^a— -Pa* 
we have 

= S X^i^si + 8 X^Fji — S XfiF^ — 8 X^iFfi, 
that is, 

8 XjiFn + 8 X,ii^2i = 0, 

which is clearly independent of the first two. Treating the three 
equations for \ = X, /i = 1, 2, 3, in the same way as the equation 
X, /i = 2, 3 has been treated, we find 

Xxi^Ai + Fm Gai + ^Ai J7ai = 

^Sl -^Al + Fsi Gki + Zsi Hxi = — (-X^Al F^i + Fai (tji + ^Al-Hjl) " , 

X^ Fki + F21 G\i + ^a -ffAi = — (Xxi-Fa + Fai ^^21 + Z^iH^ 

which potentially express -Fai, G^ai, -H^ai in terms of ^a, G^, H^i, 
-F31, G^3i, -031. The actual values of -Fai, G^u ^ai are 

^Ai == f Fai — V^Ki] 

Gki = — ^Xxi + ?^Al I 

JTa.= i/.Yai-?Fa, 
provided the quantities f , 17, f satisfy the six equations 
-F3,f + ^3i^ =-i^3i) ~Faf + ^a^ =-^a 

-^aif ~'2af=--Ga 

— ^21^ + Fa?'= — -Ha^ 
These six equations are equivalent to three only, in virtue of 

8 Xa -Fa = 0, S X31 Fyi = 0, 8 Xii -Fsi + 8 X^jF^i = 0, 
which are satisfied ; hence f , 17, f are uniquely determinate. 



^31^ - -^31? = — G^Sl 

— ^31^ + F31 f = — ^31 
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We now construct a set of equations by retaining those, which 
arise for 

X, /A = 1, 2, 3, being three, 

X = 4, 5, ..., n, /[A= 1, 2, 3, being 3 (w - 3). 
This set contains 3n — 6 equations : and no one of the set is a 
linear combination of any of the rest. Taking any other equation 
of the full original set, we have 

SX^F^ = flf (Xp, - X^) (F,, - F^) 

=-8X,,F,, + SX,,F„,-8(X^F,,-^X,,F^) 

= — flf (ZoiFpi 4- XpiFai), 

in virtue of members of the retained set. Substituting the values 
of jP'pi, Gpi, flpi, F^, 0^, H^ as deduced from the retained set, we 
have the right-hand side equal to 

— f (Zoi Fpi + JTpi Y^ — F^Zpi — FpiX^) + two similar terms 

that is, the equation 

SX^F^=^0 

is satisfied, in virtue of the retained set. Hence the original 
system of equations is equivalent to a set of 3n — 6 equations 
linearly independent of one another. 

Taking now the set of equations thus retained, let Fi be 
removed from them by the relation 

A=l 

they become once more a set of partial differential equations 
determining <^o' They are linearly independent of one another, 
and the Jacobian conditions of coexistence are satisfied; they 
therefore form a complete system, and the number of equations 
in the system is 3n — 6. Now the total number of independent 
variables in that system of partial diflferential equations is 
3n — 1, on account of/, ^r, A, 
+ 3/1, on account of X, F, Z, 
= 6n— 1 in all; consequently* the number of independent 
solutions is 6n — 1 — (3n — 6), that is, 3n + 5. In terms of these 
3n + 5 solutions, any other can be expressed ; that is, our quantity 
00 is thus expressible, when the 3n + 5 solutions are known. 

* See Part i. of this work, § 8S. 
K. III. 24 
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The retained equations involve derivatives with regard to 
/) g, h, but not with regard to X, F, Z; it follows that 3n 
independent solutions are 

-Ai, I If Zil .,.; An, In, Zn. 

Therefore five other solutions are required ; they must involve the 
variables f, g, h. According to their form, will be the form of ^o 
when expressed in terms of them ; as ^o is a polynomial in f, g, h, 
it is natural to seek for solutions which are linear in those variables, 
and therefore are linear in the variables x, y, z. But the classical 
integrals of our problem provide (§ 264) five integrals of the 
differential equations which have this character; and therefore 
the terms, of highest order in the variables X, Y, Z in these 
integrals, give five possible solutions of the equations for ^o« As 
a matter of fact, the terms of highest order (it is unity in each 
case) constitute the whole of the integral; and thus five other 
solutions are provided by 

A, B, C, A\ B', C, 
subject to the relation 

Thus <^o is expressible in terms of X, Y, Z, and of any five (or all 
six) of the quantities A, B, C, A\ B\ C\ We proceed to prove 
that 

<f>Q^G(Ay By C, A\ B\ C\ Xi, Fi, Zi, ..., Xn, F^, Zn), 

where G is polynomial in its arguments. 

289. In § 286 it was proved that ^o is a polynomial in the 
variables /, g, h, the coefficients in the polynomial being them- 
selves polynomials in X, F, Z, except for a possible power of Xi 
as a denominator. We have 

X,A =Z, i ma(yaZa-ZaYa)= X m^{g^Z^^ KY,\ 

o=l a=l 

n n 

XjB =Zi 2 ma(ZaXa'-OOaZa)= S TYla {kaX ^ — faZ a\ 
a=l a=l 

n n 

XiG =Zi 2 m^(XaYa-yaXa)= 2 m. (/« Fa - ^TaX.), 
a=l a=l 

XiA' = iV 2 yuaga — M' 2 riiaha, 
X,B' = Z' 2 mX -N'X m^^, 
Z- 6^ = M' 2 m./a - Z' 2 m,g^ : 
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with the restriction that there is no variable /i, which accordingly 
will be taken as zero in these expressions. If it is possible to 
express any five of the variables /, g, h (say g^, A,, ^, ^fa, Ag), 
in terms of five of the six quantities A, B^ C, A\ B\ C (say 
A, By C, R, G'\ and of the remaining variables /, 5^, A ; and if the 
expressions are substituted in ^q\ then all the other variables 
fy g, h must disappear from, the result, because <^o is expressible in 
terms of Z, F, Z, A, B, C, B\ C alone (§ 288). 

All that is necessary to secure the possibility of such expres- 
sion is, that the determinant of the coefficients of the five variables 
giy K> /a, S^2, K ill the five equations shall not vanish. This 
determinant, as given by the foregoing equations for X^A, X^B, 
X^G, X,B\ X,C\ is A, where 

A = 



= 


TThZ^ , -miFi, 


, 


mj^a , 


-m^Y^ 




, TO,Zi , 


-m^Z^, 


, 


m^Xi 




-m,Zj, , 


»«-.F, , 


- WI3Z5, 


1 




, DhL' , 


-mjf, 


, 


m,L' i 




-rn^L', , 


m^M' , 


-m,L', 


! 


= m^miL' (Z2 - Xi) 


L', X\, 
M', F. 


X, 


i 








N', Z„ 


z. 







which does not vanish when there are more than two quan- 
tities mi, mj. If however there be only two bodies, so that 
i' = miZi 4-^2^2, and similarly for M' and N\ then Dj would 
vanish : and the inference could not be made. We have already 
dealt with the case of two bodies (§ 264) ; and we may therefore 
assume that n > 2. 

When the substitution for /i, g^, /a, g^, Ag is effected upon <^o> 
it takes the form 

G, {A, 5, C, B\ C\ Z, F, Z)D,-<iXr\ 

where q and X may be positive whole numbers, and Gi is poly- 
nomial in its arguments. But instead of using the five equations 
to determine /i, giyf^, g2, A21 they could have been used to eliminate 
ffif fhi g^y h^y g^', and then the form of <^o would have been 



G,(A, B, C. B', C, X, T, Z)D,-^Xr\ 



24—2 
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where 



nhZi , 


-TWjFi, 


TOjZ, , 


-m.F,. 


m,^. 


, 


«j,Z, , 


, 


THiXi , 





-wiiZi, 


, 


-mjZ„ 


, 


-nijX, 


, 


nhL' , 


, 


vhL' , 





-niiL', 


, 


-m,L'. 


, 


-ithL' 



A = TOl'«»j'i'(-X'.-Xl) 



X [Z, (Z, - ZO + Z, (Z. - Z,) + Z, (Z, - Z,)}. 
Similarly if the equations were used to eliminate /j, gi, f^y g^, It^ 
the form of ^o would be 

G,(A,B, C, B'. C, X. Y. Z)Dr^Xr\ 
where 

Z , Xi, X^ 

M', Y„ F. 

N', Z„ Z, 

The form of <^o resulting from the transformation is, of course, 
independent of the manner in which the equations are manipulated. 
The only factor common* to A, A» A is -^'j hence in the first 
form, Oi is divisible by (X2'-Xi)(L\ Fj, Z^): in the second form, 
G2 is divisible by {X^ — X^^Z^, X^, 1): and in the third forni, G» 
is divisible by (X^ — Xi) (L\ Fi, Z^). Thus <^o is of the form 

S,(4, £, c, £', 0', z, F, Z)r-^xr\ 

where q and X may be positive whole numbers. 

If other five equations had been used, say those which involve 
A,B,C,A', B\ then a form 

G, (A, B, C, A\ B\ Z, F, ^) M'-^Xc'^ 

would be obtained ; and the other possible set of five would lead 
to a form 

UM. B, C, A\ C\ X, F, Z) N'-^Xr\ 

where r, /t, s, v may be positive whole numbers. 

290. First, it is clear that X, fi, v all are zero. For instead 
of proceeding from the form of 0© i^ § 286, which is a polynomial 
iny, g, h, and has a possible power of Xi as a denominator, we can 

* When there are only three bodies in the system, then D^ and D^ have a 
common factor {X^ Tj, -^3)? as well as L'; but that other common factor is not 
contained in 2)2 . 
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proceed from the earlier form of ^o in § 278, where it is a poly- 
nomial in X, y, z, and the coefficients in the polynomial are 
themselves polynomial in X, F, Z, We should then eliminate 
five of the variables x, y, z, by using any five of the equations 

n 

^ = 2 ma{yaZa-ZaYa\ 
a=l 

n 
5 = 2 ma{ZaXa-XaZa\ 





a=l 











» 

= 2 

a = l 


ma 


(^.F. 


-yaXa), 


A' 


= N' 


n 

2 

a=l 


m.y« 


n 

— Jlf' 2 maZa, 

a=l 



B' = L' 2 m.-^« — iV' 2 wia^a, 

a=l a=l 

n n 

C =M' 2 maa?« -i' 2 m«ya; 

a=l a=l 

and the remainder of the variables x, y, z would then disappear 
from ^0- The determinants of the variables in these equations are 
the same as before, and the same argument applies; and now 
there is no question of a power of X^ in the denominator. Hence 
\ = 0, /M. = 0, i; = 0. 

Secondly, it is to be expected that the three forms 

G,L-^ G,M'-r, 0,N'-\ 

can be made one and the same, in virtue of the relation 

L'A' + M'B'^-N'C'^O, 

To eflfect this change, take the form 

replace Zj, Fi, ^i, by their values, in terms of L\ M\ N' and the 
rest of the variables X, Y,Z\ and denote the new expression by 

H{A, B, C, B\ C\ L\ M\ N\ Z^, ..., Z^)L-^, 

As J7 is a poljoiomial in its arguments, let it be expressed in 
ascending powers of L' ; then the form of <^o is (say) 

if ^1 4. 
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where the quantities H^, Hi, ... are polynomials that do not 
involve L'. Now <^o is not infinite when i' = ; hence Ho must 
vanish when L' = 0. But when L' = 0, then 

hence -&<,» which is polynomial in B\ C\ if', iV',and vanishes with 
B'M' + C'N', must contain that quantity as a factor, say 

H, - Ho {B'M' + C'N') = - ^'Z'^o, 

where Ho is a polynomial in the same arguments as Ho. Thus 

H.^A'Ho . 



<^=■ 



X'm- 



In the same way, we can shew that, if m>l, then Hi-- A' Ho 
contains a factor J5'jr+ (7'i\^', and so is expressible in a form 
-A'LHi, where H^ is a polynomial in the same quantities as Ho. 
Hence finally, we shall have no fractional terms ; and the form of 
<^o clearly is 

5(il, fi, C, A\ B\ G\ L\ M\ N\ Z., ..., Zn). 
or say 

G(A,B,G,A\B\C\X,,...,Z^\ 

a function that is polynomial in each of its arguments. 



Further Limitations on the Leading Aggregate 
OF AN Integral. 

291. This limitation upon the form of ^o has arisen through 
the necessity of excluding logarithmic terms from 



"/z;^^ 



in the expression for ^. We proceed now to consider the 
expression that actually can be obtained for (^gj but instead of 
returning to the expression obtained in § 287, we substitute the 
form of <\>oy which has just been derived, in the equation 

9iPi ^ dv 
Now 

dA :^ f , dA ^ dA ^ ^dA 



dv 






291.] A LEADING AOOREGATE 375 

and similarly for the quantities ^. ^, -^. -^ , -^ . 

Hence, as 

^. ^Q{A, B, C, A', B', C, Z„ .... Z^), 
we have 

^^ _ vv ^(- 

~^~ — ^^ "^ — « 

OV p,ir=l,...,n ^pa 

where 

We introduce symbols fp,r, Vp9> &», «pcr, ypa, -^pa, defined by the 
formulae 

and two similar pairs ; and then we have 

dxi ^ dv 



_ V V ^^i^9 "^ Vfi^VfiV "^ ^ft9^fi 9 



P» O" ' P^ 

where, to secure the significance of the left-hand side, the 
variables on the right must be made a?i, /i, gi, f^t •••> ^n» To 
obtain ^, we must eflfect a quadrature with regard to Xi. 

The quantities fp^r, Vit9> Cw do not involve a?i, when the new set 
of variables has been adopted ; for x^ does not then occur in ^o* 
Hence, during the quadrature, fp^, ^p^, ^pa are eflFectively constant. 

The expression in § 287 for r^r is 

where 

for (T, T = 2, 3, ..., w; and the form holds also for r^ip, if we take 
^pi —fpy there being no quantity /i. Thus 



*■=-/$ 



^ dv 



Now 



da?|(aa?« + 26a?-l-c)*J (cw?» + 26a? + c)^ ' 
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hence taking 



we have 






Having actually obtained a value for ^, we transform it back to 
the old variables x, y, z. We have 

so that 

^.»(ft*^ - a^c^) - {SX^x^y - (SX*^) (Sai'^) = E^. 
say. Also 

say; then 

^ = 22^ 

= V V ^-^ p^** Vpg 

= 22^ , 

where 

x{S^^(X,x^^x,X^)} 

The integral ^, which is under consideration, is a polynomial 
in the variables X, Y, Z, The quantity ^o is the aggregate of 
terms of highest order in those variables, and <^ is the aggregate 
of terms of the next highest order : that is, ^2 is a pol)niomial in 
the variables X, F, Z, so that 

must be a polynomial in X, F, Z. The quantity Epa is resoluble 
into a couple of factors, linear in Xf^, Yf^, Zf^, with (conjugate) 
complex coefficients ; and neither of the factors is a factor of any 



291.] A LEADING AGGREGATE 377 

other quantity E, In order, therefore, to secure the polynomial 
character of ^, it is necessary that Ff^^ should he actually divisihle 
by Ef„, when the two quantities are regarded as functions of 
-^pa, y^v, Z^. The conditions are easily obtained. Dropping the 
subscripts p and a temporarily^ we have 

where f, ^, f are (unknown) homogeneous functions of X, Y, Z\ 
and jP is to be a multiple of 

^ = (Z»+F« + Z»)(^ + y« + ^«)-(Za?+Fy + ^^)' 

= ^^-[{Z(y» + ^»)-^(Fy + ^^)-ir(F^-%)} 
[X{f^-2l')^x{Yy + Zz)^ir{Yz-Zy)]l 
where r^ = a;*4-^ + ^^ the multiple being an integial function, so 
far as concerns the variables Z, F, Z. Hence when we make 

X (y» + z')-x{Yy + Zz)-ir{Yz - Zy) = 0, 
F must vanish ; that is, substituting this value of Z in jP=0, we 
have one relation linear in f, i;, f. Similarly, by using the other 
factor of S in the same way, we should obtain another relation 
linear in f, i;, f ; and (owing to the difference of the coefficients in 
the factors of E) this relation will be different from the former. 
Consequently the two relations lead to 

S~H~Z' 

as unique conditions, which secure that F is divisible by E. But 
the requirement as to divisibility is clearly satisfied by 

X^Y^Z' 
which accordingly are the conditions. Restoring the suffixes 
p and <r, we have 

^f>a _ VfHT _ Cpf . 

Z" V ^ 7 ' 

and these equations must be satisfied for all the values 

p, (7 = 1, 2, ...,n. 

They clearly are a set of partial differential equations of the 
first order, homogeneous and of the first degree in the derivatives, 
satisfied by 

0(A, By (7, A\ B\ G\ Zi, Fi, ^i, ..., ^n)> 

which is the value of ^o* 



878 CHARACTERISTIC [292. 

292. To construct the most general solution of the set, we 
proceed to obtain the complete system to which it belongs. For 
this purpose, let 

for T = 1, 2, ... , n ; then two equations of the set are 

© = (wi^Pp - m^p^) ( Yf, - ¥,) - (wi^jp - Wp9^) (X,, - Z^) = 0, 

©' = (rn^pp - vif^pr) ( Y^ - Yr) - {nirq^ - rup^r) (Zp - Xr) = 0. 

The Jacobian condition of coexistence of these two equations, 
being 

A=il \9pa3Za dXxdpJ] 

in general, is for the present instance 

-m^iY^- Ya) (nirq^ - m^qr) + (m^q^ - rrif^q^) mr(Yf,- Yr) 

- m„ {Xf, - Za) (m^pp - mpp,) + (m^pp - mpp^) m^ (Zp - Z^) = 0. 

Using © = 0, 8' = 0, to eliminate mrjp — Wp^r* ^w^^p — ^p?^, from 
this condition, and removing a factor 

(Z,-Z,)(X,-Jr.) + (F,-F.)(Fp-F,) 

which does not vanish, we find 

{nioPi, - 'Tti^Po) rrir (X^ - Z^) - (rrirP^ - mpp^) m^ (X,, - Z^) = ; 

that is, in our former notation, we have 

m^m„Xf„ mf^mrXftr 
But the first fraction is equal to 

Vif f p^ _ . 

and so for the second : hence all the |w(w — 1) quantities 

mpmoXpa* '" 
have a common value, say U\ We therefore have to consider the 
set of equations 

for p, o- = 1, 2, ..., n: these certainly include the former set. 
From this new set, it is easy to construct a complete system, that 
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is, a system, in which (i) the equations are linearly and alge- 
braically independent of one another, and (ii) all the Jacobian 
conditions of coexistence of the members of the system are 
satisfied, either identically or in virtue of the system. 

The equation 



^ ^^^U'X^ 



can be written 



m^rn^ 



Obviously, the Jn(n — 1) equations which occur are all satisfied in 
virtue of the ?i — 1 equations, given by 

p = 2, 3, ..., n- — 1, n; (r = l. 

Similarly the Jn (n ~ 1) equations 

are satisfied in virtue of the corresponding w - 1 equations : and 
likewise for the ^^(w — 1) equations 

Hence the whole set of |n (r? — 1) equations is satisfied in virtue of 
3(n — 1) equations, which are linearly independent of one another. 
On removing the quantity TJ\ so that the equations are 

h.^P^ 9e.^Si H^^ 
nfif, m, nifl m«r mp m^ 

Jl p — Xff Pp — Yff ^p — ^v 

for p = 2, 3, . . . , n — 1 ; o- = 1, we have a set of 3n — 4 algebraically 
independent equations. 

When the equations are taken in the form 

im^Pt> - rrif^p^) ( Yf, - F,) - (m^qf, - m^q^) (X^ - X^) = 0, 
that is, 

^ptrYfta — VpvXfM = 0, 

all the Jacobian conditions of coexistence are satisfied. Hence the 
set of 3n — 4 equations, thus constructed, is a complete system. 

The equations involve partial derivatives of ^o- The number 
of variables, independent for the present system, which enter into 
the expression for ^o> is 3/1 + 5, viz. -4, jB, C, A\ B\ C (which are 
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equivalent to five), Xj, ..., Zn» As the complete system involves 
3n — 4 equations, it follows* that the number of independent 
solutions is 9, =3n + 5 — (3n — 4); and in terms of them, any 
other solution can be expressed. 

In the complete system, the only derivatives of ^o that 
explicitly occur are those taken with regard to the variables 
Xy F, Z, Hence solutions as required are given by 

A.f JSf G, A. , Jj f G I 

equivalent to five; and therefore four others are required, which 
must involve the variables X, F, Z. 

The classical integrab provide four others. Three of them are 
i' = 2 m.X., if' = i m^Y^, N'=i m^Z^, 

a=l a»l «=1 

because the quantity ^o in each case is the whole of the integral. 
The energy equation is 

i i m.(Z.»+F.« + Z.O- 22^^^ = const., 

say 

^ = T-U; 

then for this integral, ^o = T, that is, 

a=l 

is another integral of our system for ^o* Thus four solutions are 
given by 

L\ M\ N\ T. 



Bruns's Theorem. 

293. The function ^o was proved (§ 291) to be polynomial in 
the quantities A, B, G, A\ B\ C\ Xi, Fi, Zi, .,., Zn', and we have 
just proved that it is expressible in terms of A, B, G, A\ B\ G\ 
L\ M\ N\ T, Hence when we proceed to eliminate some of the 
variables X, F, Z, by means of the last set of quantities, the rest 
of those variables must also disappear. For this purpose, the first 
six quantities are ineffective: because each of them, and every 
combination of them, involve the variables a?, y, z\ and therefore 

* Part I. of this work, § 38. 
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the requisite elimination can be carried out only by means of 
//, M\ N\ T. Evidently we shall be able to eliminate four of the 
variables X, F, Z (say Xi,Yi,Zi, X^ by means of them ; and then 
Fg, ^s, Xj, ..., Zn must disappear, owing to the later form of ^o- 
We have 

where rf involves the rest of the variables F, and f the rest of the 
variables Z, Also 

rriiXi + rngXa = ^' — ?» 

where f involves the rest of the variables X, and f ' involves i;, f 
and the rest of the variables X, F, Z, The last two equations 
give irrational expressions for Xi and X^, the irrational quantity 
being 

Let the values thus obtained for X^, Y^ Zi, X^ be substituted in 

G(A,B,G,A\B\G\X, Y,Z); 

the quantities f, rj, f, ^' are to disappear. But f and ^' can 
disappear, only if those combinations of the preceding irrational 
quantity, which actually occur, are rational. This being the case, 
it follows that such combinations are rational in L' and T, No 
one of the substitutions made in G admits the possibility of a 
fractional form; and therefore 

0o = ffi(^, 5, C, A\ B\ C\ Z, M, N, T), 

where CEf denotes a function that is polynomial in each of its 
arguments. When substitution takes place for the various argu- 
ments in terms of the variables x, y, z, X, F, Z, the resulting 
expression for the function 0o is integral and homogeneous in the 
variables X, Y, Z; and it represents the aggregate of terms of the 
highest order in X, Y, Z, which are contained in some integral 
that is poljmomial in those variables. 

Now A, B, C, A\ B\ C\ L, M, N, T-U are the classical 
integrals of the differential equation ; and any function of them 
is an integral, so that, if (f)' denote 

ffi (A, 5, a, A\ B\ C\ Z, M,N,T- U), 

then if> is an integral, free from explicit occurrence of the time. 
Manifestly it is a polynomial in the variables X, Y, Z; and the 
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aggregate of its terms of highest order in those variables is 
evidently ^. Heoce 

is an integral of the differential equations, which is of the same 
character as ^. Also, since 

it follows that the order of the aggregate of terms of the highest 
order in Z, F, Z^ which occur in <^ — ^', is two less than the order 

of ^o; and it may be more than two less, if ^3= ^^' ^"^ other 

woi-ds, ^ — ^, while it is of the same polynomial character as ^ 
in X, F, Zy is of lower order than ^. Denoting it by ^, we have 

so that ^ can be composed algebraically from the classical integrals, 
if ^, of order at least two lower than ^ in X, F, Z, can be so 
composed. 

Moreover, ^0 is of the same character as ^0. For we have 

or, if we reintroduce the part <f>2 omitted in § 286, we have 

where <f>2 is of the same character as <^o' Now, by §§ 291, 292, we 
have 



= UU\ 



Also 



U'= -~ ivi,^"^' ^711 ^^^"l 

7ilf,71l^Xpa \ "^ dXf, ^ dXj 
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and therefore 

shewing that ^o is of the same character as <^o« Hence the 
preceding argument applies to ^. 

Repeated a sufficient Dumber of times to each such function 
of decreased order as it arises, it shews that ^ can be composed 
algebraically from the classical integrals if this property holds 
for an integral, that is of the first order in X, F, Z (which is the 
case when ^o is of odd order), or does not involve X, F, Z (which 
is the case when ^o is of even order). 

As regards an integral of the first order in X, F, Z, the 
aggregate of terms of the first order (being the highest order) 
is, by our preceding investigation, a polynomial in A^ B, G, 
A\ E, G\ L\ M\ N\ T, But the polynomial cannot involve T, 
for then it would be of the second order in X, Y, Z; that is, ^o 
is a linear combination of A, B, (7, A\ B\ C\ L\ M\ iV', with 
constant coefficients. This linear combination is the whole of the 
integral ; and it is composed of the classical integrals. 

As regards an integral which does not involve X, F, Z, we 
have proved that such integrals do not exist (§ 273) : they are 
merely constants. The reduction of ^ to expression in terms of 
the classical integrals would be effected at the preceding stage. 

The proviso is satisfied in each case: and therefore we have 
the theorem : 

Every algd)raical integral of the differential equations of the 
problem of three bodies, or of the problem of more than three 
bodies, can be compounded by purely algebraical processes from the 
classical integrals. 

One remark may be added. In the course of § 289, it was 
pointed out that the argument did not apply in case there were 
only two bodies : the problem is therefore omitted from the enun- 
ciation. It is known (§ 264) that the theorem does not apply. 

General Remarks in Conclusion. 

294. The preceding method, which has proved effective for 
the differential equations of celestial dynamics, does not seem 
directly applicable to the investigation of the algebraical integrals. 
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and of the conditions of their existence, for a general equation 
F(xu'\ w\ w, z) — Ooi the second order or for one of higher order. 

The briefest review of the discussion of the corresponding 
questions even for a general equation of the first order, as merely 
begun in §§ 141 — 144, is sufficient to shew that the analogous 
method at once lands the enquiry among considerations, which are 
connected with rational transformation of sur&ces in ordinary 
space and of configurations in hyperspace. Such considerations, 
important in themselves, lead rather to descriptive than to 
functional properties of the differential equations ; and interesting 
as are the results obtained* by Picard, Painlev6, and other 
writers, they belong to a region of ideas, which lie outside the 
scope and the method of treatment of the portion of the subject 
discussed in this volume. Accordingly these results, and kindred 
matter, will not be developed here: the discussion of ordinary 
differential equations that are not linear is concluded at this stage. 

It must not however be supposed that all the important 
questions, arising in the line of main development of this subject, 
have been dealt with. In addition to the omission of the theory 
of algebraic integrals, already indicated, other omissions that may 
be mentioned are the theory of reducibility, Poincar^'s theory of 
periodic solutions of various kinds possessed by simultaneous 
equations of the first order, Picard's asymptotic solutions, the 
whole range of Lie's group-theory as applied to ordinary equations, 
and the geometrical properties of curves implied by one equation 
and by systems of equations. In order to prevent inordinate 
expansion, it was found convenient to impose initial limitations 
upon the class of questions that would be investigated : my 
purpose has been to secure an ample discussion of those branches 
of the subject which lie within the range selected. 

* For references, see p. 276, note, of this volume. 
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383; determinable by a partial dif- 
ferential equation, ii, 335; can be 
expressed by means of any two, ii, 
386; effect of, when integrals are 
algebraic, n, 340; 

with a given equation of second 
order, equations that are, in, 
306. 



Complete integrals and singular inte- 
grals of a system of two equations, 
how related, in, 166, 183. 

Composite solotion, iii, 320. 

Composition of algebraic integrals, m, 
323 et seq. 

Constants may, in a particnlar ease, be 
the only integrals of a system satis- 
fying conditions, n, 31. 

Continuation of regular integral, n, 42. 

Critical curves, in geometrical inter- 
pretation of equations of the second 
order, m, 254. 

Critical equation for integrals of equa- 
tion of any order and first decree, 
III, 193. 

Critical lines, in geometrical interpre- 
tation of equations of the second 
order, lu, 254. 

Critical points of a differential equation, 
defined, ii, 43, (see also exceptional 
points); algebraical, of an integral, 
u, 63. 

Critical quadratic, for system of two 
reduced forms, ni, 45--47; as affect- 
ing integrals of. Chapter zn; for 
special forms of equation of second 
order and first degree, m, 188, 193. 

Critical reduced forms of equation in 
vicinity of accidental singularity of 
second kind, ii, 96 ; obtained by means 
of leading term of integral (q.v.), n, 
97; various tjrpes for the simplest 
case, II, 98 — 104; and for other cases, 
n, 111—114, 116—120, 121 ; general 
summary of results, n, 122 — 124; 
examples, n, 124 — 139. 

Curves defined by a differential equation, 
(see geometrical applications). 

Darboux, n, 264, 333, in, 137. 

Definite branching, (see branching of a 
function). 

Diagrams of Puiseux, (see Puiseux dia- 
gram). 

Discriminant of an equation of the first 
order, as affecting the integral deter- 
mined by initial values, ii, 241 ; its 
relation in general to the equation, 
II, 245; it does not in general 
provide a solution, n, 246 ; but only 
for particular sets of values, n, 249 ; 
if conditions are satisfied, it can pro- 
vide a solution, n, 249; Hamburger's 
investigation of relation between in- 
tegral of the equation and root of the 
discriminant, u, 249; can provide 
singular solutions and particular 
solutions, II, 257; how such solutions 
are determined, n, 261 ; 

of an equation of second order 
and any degree, connected with 
singular solutions, in, 247. 
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Dixon, III, 121, 157, 161, 183, 263, 255, 
260, 261, 262, 274. 

Dominant equations; system of, in 
proof of Cauchy*8 theorem, ii, 28 ; in 
obtaining the integral of reduced 
forms of a single equation, ii, 144, 
152, 163; of a system of equations. 
Chapter xn. 

Dominant function defined, ii, 27. 

Equation of first order, (see volume ii) ; 
of second order, and of higher order, 
(see volume in). 

Equations of first order, having no 
parametric branch-points, Chapter ix; 
if of first degree, have Biccati's form, 
II, 271; if of higher degree, satisfy 
Fuchs's conditions, ii, 284; when the 
genus is zero, the equations are 
rationally transformable to Biccati's 
equation, ii, 287; when genus is 
unity, it can be integrated by trans- 
formations and quadrature, ii, 291; 
when genus is greater than unity, 
integral is algebraic, ii, 292 ; binomial, 
II, 296; 

with uniform integrals, ii, 310; 
Briot and Bouquet's conditions 
for, II, 323; how integrated, 
II, 317; binomial, ii, 325. 

Equations of second order with sub- 
uniform integrals, in, 278 — 285; tests 
are not complete, in, 286 ; general 
conclusions, in, 292, 297, 298. 

Equations compatible with equation of 
first order, ii, 333 — 344; with equation 
of second order, in, 306 — 310. 

Essential singularity of a function of 
two or more variables, n, 49 ; for an 
equation of first order, are isolated 
when determined by the equation, 
II, 55, and is an essential singularity 
of its integral, ii, 210. 

Essential singularity of integrals of a 
system of equations may be para- 
metric, II, 48, 216 ; of a single equation 
must be isolated fixed points, ii, 211 
—216, 266—269; but for a system 
may be a continuous aggregate, n, 222 ; 
for system of two equations, in, 11. 

Evanescence of equations for initial 
values, how to determine a solution, 
ni, 138. 

Evanescent form of equation of second 
order and any degree ; how to deter- 
mine the form of the integral, in, 232 ; 
with examples, in, 234—242. 

Exceptional points of a differential 
equation, defined, n, 43; their source, 
in the form of a single equation of 
the first order, n, 47; parametric 
exceptional points may occur in the 
integral, n, 48. 



Existence of regular integrals, Cauchy's 
theorem as to the, n, 26, (see regular 
integrals, non-regular integrals). 

Existence-theorems : what is required in 
general for their establishment, ii, 3. 

Ftkk de Bruno, ii, 8. 

Fine, n, 224, in, 121. 

First class of singular solutions, ni, 153, 

163. 
First kind of accidental singularity, 

(see accidental singularity). 
First order, single equation of, and first 
degree. Chapters in — vii; 

single equation of, and degree 
higher than the first, Chapters 
vin — X ; 
two equations of, and first degree, 

Chapters xi, xn; 
system of equations of, and de- 
gree higher than first. Chapter 

XIII. 

Fixed critical (or branch-) points, (see 
parametric branch-points). 

Focal points, in, 137. 

Focal surface, in geometrical illustra- 
tion of two simultaneous equations, 
III, 134, 137. 

Frans6n, in, 276. 

Fuchs, II, 40, 45, 60, 63, 73, 81, 82, 
249, 270, 285, 325, in, 9. 

Fuchs's conditions that an equation of 
first order and any degree shall be 
devoid of parametric branch-points, 
n, 285 — 296; association of Biemann 
surface with, n, 286. 

Genus of equations, which satisfy Fuchs's 
conditions as to parametric branch- 
points, II, 286; when zero, ii, 287; 
when unity, n, 288; when greater 

\ than unity, ii, 291. 

Geometrical applications, ii, 126, in, 
39, 133, 140, 227, 228, 245, 254, 384. 

Goursat, in, 23, 40, 46, 121, 137, 157, 
159, 161, 183, 259, 261. 

Griinfeld, in, 8. 

Hamburger, n, 224, 249, 262, in, 3, 
170, 177, 183; on relation between 
integral of an equation of the first 
order and root of the discriminant, 
n, 249—261. 

Hermite, n, 318, 325. 

Hill, M. J. M., in, 177. 

Homogeneous integrals in problem of n 
bodies, in, 332 ; can be taken as 
polynomial functions, in, 340; general 
properties of, in, 361. 

Horn, n, 83, 187, in, 8, 9, 47. 

Indefinite branching, (see branching of 
a function). 
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Indeterminateiiess, point of, ii, 60; as 
associated with functions, ii, 69; 
branching of functions near saoh a 
point, II, 70; effect apon ezpres- 
sibility of the function, ii, 71 ; when 
an accidental singularity of the first 
kind is, xi, 72, 77; examples of, u, 
73, 79; effect of, upon uniqueness of 
regular integrals, ix, 81; for integral 
of the third tjrpical fomi, ii, 1H7 ; for 
integrals of remaining forms in 
general, xx, 201, 204; with example 
of exception, iii, 202. 

Integral, defined for problem of n bodies, 
xu, 319, 335, 341. 

Integral in vicinity of accidental sin- 
gularity of first kind, itee accidental 
singularity of first kind) : in vicinity 
of accidental singularity of second 
kind, {iee accidental singularity of 
second kind). 

Integral of a single equation cannot 
have parametric essential singularities, 
XI, 211; when algebraic, (»ee algebraic 
integrals); when uniform, ii, 310; 
Briot and Bouquet's conditions for, 
II, 323 ; belong to one of three classes, 
II, 318. 

Integral, singular, (see singular solu- 
tion). 

Integrals, algebraic, of a system of 2n 
equations, ni, 312, Chapter xvii; 
Brons's theorem on, in, 383. 

Integrals, classes of, for a single equa- 
tion, III, 176 ; for two simultaneous 
equations, ni, 178; 

regular, {see regular integrals). 

Integrals of equation of first order in 
the vicinity of a branch-point, 
Chapter vm; summary of results, 
II, 239 ; affected by the discriminant, 

II, 241 ; relation between, and root of 
the discriminant, ii, 249 ; general 
classes of, ii, 261. 

Integrals of reduced forms of system of 
two equations, various cases, Chapter 
xii ; regular, in, 49 — 69 ; non-regular, 

III, 69—116; for system of any num- 
ber, III, 116—118. 

Integrals of reduced forms of equation 
of the second order, iii, 215 — 222. 

Integrals of equation of second order, 
classes of, in, 269—273. 

Integrals, equation of second order with 
sub-uniform, in, 278; tests for, in, 
279 — 285; further conditions neces- 
sary, III, 286; with summary of 
results, in, 286—803. 

Integrals of equation of any order and 
any degree, in, 260; classes of, in, 261. 

IntegralgleiclmiigeHy in, 314. 

Invariantive equation in linear trans- 
formations, in, 3. 



Irrational sob-integrals in the problem 
of fi bodies are complex, in, 351 
et seq. 

Jaoobi, II, 19. 

Jaoobian, of syatem of two equations, 
effect of upon integrals, when it 
vanishes for initial values, ni, 127 — 
183; when it vanishes in general, ui, 
148; special note upon, m, 158; of 
system of an^ nomber of equations, 
ni, 168 ; limiting form of, for equation 
of second order and any degree, m, 
228. 

Jordan, n, 1, 19, 35, 41, 140, 168, 810, 
m, 9, 47, 109. 

Kinds of singularities of a function of 
two or more variables, n, 49 ; general 
characteristics of, for a single equa- 
tion, II, 55; effect of, in considering 
the variations of the independent 
variable, n, 57, {ue also accidental 
singularity, essential singularity). 

Kdnigsberger, n, 1, 14, 41, m, 8, 9, 17, 
23, 40, 47, 87, 196. 

Korkine, n, 333. 

Kowalevsky, n, 41. 

Lagrange, m, 259, 812, 820. 

Leading aggregate of homogeneous in- 
tegral, m, 362—382; determined by 
two sets of charaoteristio equations, 
ni, 366, 378. 

Leading term of integral in vicinity of 
accidental singularity of second land, 
II, 89, 107; obtained by means of 
Puiseux diagram, n, 91, 108 ; applied 
to obtain typical reduced forms of 
equations for the simplest case, n, 
97—104 ; in other cases, n, 107—114, 
115—120, 121; examples, n, 124— 
139. 

Lie, III, 384. 

Lipschitz, II, 40. 

Majorante (dominant), ii, 27. 

Mayer, in, 121, 157, 159, 160, 165, 183, 

261. 
M^ray, ii, 40. 

Mittag-Leffler, ni, 276, 301, 302, 304. 
Moigno, n, 40. 

Non-regular integrals, existence of, not 
excluded by Cauchy's theorem, ii, 44; 
example of, satisfying same conditions 
as regular integrals, n, 45 ; possessed 
by equations of first order in first 
typical reduced form, n, 149, 158 ; by 
the second typical reduced form, ii, 
181 ; of the third one, in general, the 
only integrals, n, 187 — 201; special 
case of the third, n, 198. 
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Non-regular integrals of reduced forms 

for system of two equations, iii, 69 — 

116; for system of any number, ni, 

116—118. 
Non-regular integrals of equation of 

second order and first degree, iii, 

196. 
Normal form, for a system of equations, 

Weierstrass's, ii, 14. 
Normal forms of systems of equations, 

II, 6, 14, 17. 

Osculants in theory of plane curves, 
associated with equations of the 
second order, iii, 227, 254—256, 
269—273. 

Painlev6. n, 47, 209, 211, 212, 217, 224, 
266, 270, 333, 338, 344, in, 184, 276, 
312,383. 

Painlev^'s theorem on fixity of essential 
singularities of a single equation of 
first order, ii, 211, 266 ; examples, ii, 
218 ; not necessarily valid for a system 
of equations, ii, 48, 219, 220. 

Parametric branch-points of an integral, 
II, 48. 

Parametric branch-points, equations 
having integrals that are devoid of. 
Chapter ix ; Fuchs's conditions, n, 
285, (see equations of first order, 
having no parametric branch-points). 

Parametric essential singularity of in- 
tegrals of a system, ii, 48. 

Partial differential equations, sets of, 
characteristic of leading aggregate in 
homogeneous integral of problem of 
n bodies, in, 366, 378. 

Particular solutions of equation of first 
order, ii, 257 ; tests for, ii, 261 ; 
examples, ii, 265. 

Particular solution of equation of second 
order, criterion for, in, 267. 

Particular solutions in problem of n 
bodies, in, 320, 321, 337. 

Phragm^n, n, 310. 

Picard, n, 19, 40, 41, 46, 47, 60, 126, 
140, 212, 270, 292, 310, 338, in, 8, 
9, 46, 276, 278, 301, 302, 304, 383, 
384. 

Picard's equations of second order with 
sub' uniform integrals, in, 279—285 ; 
further conditions, with results, in, 
292 303. 

Poincar6, ii, 27, 41, 126, 140, 149, 158, 
270, 292, 296, 333, in, 8, 311, 312, 
343, 351, 384. 

Poincar^'s theorem on integrals of 
equations that satisfy Fuchs*s con- 
ditions as to fixity of branch-points, 
n, 295; on Bruns's theorem as to 
problem of n bodies, in, 811, 312, 343, 
351, 384. 



Problem of n bodies, in, 312; classical 
integrals of, in, 312, 314 ; algebraic 
integrals of. Chapter xvii; Bruns's 
theorem on, ni, 383. 

Problem of three bodies, m, 351, 358, 
372 ; Bruns's theorem in, in, 383. 

Problem of two bodies, m, 316 ; Bruns's 
theorem does not apply, in, 383. 

Puiseux diagram, generalised into space 
diagrams, in, 23. 

Puiseux diagram used to determine 
leading term of integral for equation 
of first order, n, 91, 108, 116—118, 
121, 232, 236 ; examples of, n, 124— 
139 ; generalised, in, 23, 138. 

Puiseux diagram used for equation of 
the second order, ni, 209, 222, 232, 
234, 243. 

Quadratic for system of two reduced 
forms, critical, {see critical quadratic). 

Raffy, n, 325. 

Rational sub-integrals can be changed 
to integrals in problem of n bodies, 
ni, 344. 

Real integrals alone retained in problem 
of n bodies, in, 343. 

Reduced forms of equation of first order 
in vicinity of accidental singularity 
of second kind for the simplest case, 
n, 98—104; and for other cases, n, 
111—114, 115—120, 121; general 
summary of results, n, 122—124 ; ex- 
amples, n, 124 — 139. 

Reduced forms of equation of second 
degree in vicinity of accidental singu- 
larity of second kind, in, 214; 
integrals of, ni, 215—222. 

Reduced forms of system of two equa- 
tions in vicinity of double accidental 
singularity of the second kind, with 
examples, m, 26 — 39; integrals of. 
Chapter xn. 

Reduction of algebraic integrals to in- 
tegrals, which involve no arbitrary 
constants and are polynomial in the 
variables, m, 323 et seq. 

Regular, as applied to functions : the 
term defined, ii, 3 ; 

as applied to the solution of 
linear differential equations, n, 
73, 193, ni, 9. 

Regular function of several variables 
near a zero value, Weierstrass's 
theorem on form of, n, 19 ; special 
case of two variables, n, 24, 50. 

Regular integrals, Cauchy's theorem as 
to the existence of, n, 26 ; can become 
mere constants in a particular case, 
n, 31 ; they are unique as regular 
integrals, n, 33 ; continuation of, n, 
42 ; Fuchs's theorem to determine 
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whether they are the only inteKndB 
satisfying initial conditions, ii, 81, 
and an example, n, 82. 
Rc^lar integral possefised by equation 
in first typical reduced form, ii, 146, 

156, 171; with conditions when one 
particular coefficient is a whole nam- 
ber, n, 156, 170; by the second 
typical form, ii, 181; by the third 
typical form, ii, 187; and by special 
case of the third, ii, 198. 

Kegalar integralH of reduced forms for 
system of two equations, iii, 49 — 69 ; 
for system of any number, iii, 116. 

Regular integrals of equation of seoond 
order and first degree, iii , 184 — 196. 

Relation between singular integrals and 
complete integrals, for a single equa- 
tion, II, 249; for a system of two 
equations, in, 166, 183. 

Riccati's equation, all the branch-points 
are fixed, not parametric, n, 271 — 
276, 307. 

Riemann surface, associated with Fuohs's 
conditions that equation shall be de- 
void of parametric branch-points, n, 
286, 296; birational transformation 
of, II, 292; for binomial equations, 
II, 297 ; with Briot and Bouquet's 
conditions for uniform integrals, n, 
317; used first by Glebsch, n, 338; 
applied to determine algebraic inte- 
grila of an equation of first order, 
II, 341. 

Riquier, ii, 40. 

Salmon, n, 8, 287. 

SUjisfy differential equations in the 

problem of n bodies, when a function 

is said to, in, 321. 
Sauvage, ni, 8. 
Schwarz, n, 333. 
Second class of singular solutions, iii, 

157, 163. 

Second kind of accidental singularity, 
(see accidental singularity). 

Second order, equation of, and first de- 
gree, Chapter xiv; existence-theorem 
for regular integrals of, iii, 186; 
existence- theorems for regular inte- 
frrsAa of particular cases of, iii, 187, 
193; non-regular integrals of, in, 196; 
in vicinity of accidental singularity 
of first kind, in, 199 — 207 ; in vicinity 
of accidental singularity of second 
kind, III, 208 et seq. ; indeterminate 
case, ni, 222. 

Second order, equation of, and degree 
higher than the first, Chapter xv ; 
regular integrals of, in, 229 ; mul- 
tiform integrals of, in, 230, 242; 
interpreted geometrically, in, 245 ; 
singular solution of, in, 247. 



Second order with sub-uniform integrals, 
equations of, m, 279 — 285; farther 
conditions and results, in, 286 — 308. 

Second order, equations compatible with 
eqoation of, in, 806—810. 

Serret, ni, 159, 182, 188, 259. 

Simart, ii, 19, ni, 276. 

Single equation of first order, {ue first 
order). 

Singular solutions of equation of first 
order, n, 224, 248, 257; tests for, u, 
261 ; examples, u, 264. 

Singular solutions of equation of seoond 
order and any degree, in, 247 ; con- 
dition for, in, 248 ; class of eqoations 
which necessarily possess, m, 258 ; 
can be of two kinds, ui, 258 ; how to 
construct equations which possess, in, 
255; represent osculants, m, 254 — 
256 ; how analytically connected with 
primitive, in, 262. 

Singular solutions of system of equa- 
tions, in, 162 ; of equations of any 
order and any degree, m, 261. 

Singular solutions of two simultaneous 
equations, m, 23, 148; conditions 
necessary and sufficient for, in, 158 ; 
are of two classes, with the further 
conditions for the second class, ni, 
156 ; how related analytically to the 
primitive, m, 166, 183. 

Singularities of a single equation of first 
order, n, 43; of a function of more 
than one variable, n, 49. 

Singularities of systems of equations, 
in, 1 ; possibilities among the various 
combinations for a system of two 
equations, in, 10; integrals in vicinity 
of simplest among the combinations 
of, in, 11 — 16 ; form of, in vicinity of 
double accidental singularity of second 
kind, in, 17—21. 

Skew curves in space, used to illustrate 
two simultaneous differential equa- 
tions, in, 133—137. 

Solution defined for problem of n bodies, 
in, 319, 335 ; composite solution, ni, 
320 ; particular solution, m, 320, 321. 

Solutions, singular, {see singular solu- 
tions). 

Space diagrams, as generalisation of 
Puiseux diagrams, used for system of 
two equations, in, 23, 138. 

Sub-integrals, m, 314, 319, 336, 34Let 
seq. ; when rational, can be changed 
to integrals, in, 344 et seq. ; when 
irrational, are complex, in, 351 et seq. 

Sub-regular integral, in ordinary linear 
differential equations, n, 73, 193. 

Sub-uniform integrals, equations of 
second order with, in, 278 — 285; 
further conditions, with results, in, 
286—303. 
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System of equations, not of first degree, 
integrals of, Chapter xin; singular 
solutions of, III, 148 — 164; singu- 
larities of, {see accidental singularity, 
essential singularity). 

Thom^, n, 73. 

Three bodies, problem of, (see problem 
of three bodies). 

Two bodies, problem of, {see problem of 
two bodies). 

Typical form for a system of equations, 
where the functions are regular, n, 17. 

Typical forms of system of equations 
near accidental singularity, {see re- 
duced forms). 

Typical reduced forms of equations, in 
vicinity of accidental singularity of 
second kind, for the simplest case, ii, 
98 — 104 ; for other cases, n, 111 — 
114, 115—120, 121 ; general summary 
of results, n, 122 — 124 ; examples, n, 
124—139. 

Typical reduced forms of single equation 
in the vicinity of an accidental singu- 
larity of second kind ; integrals of the 
first, in various cases, ii, 141 — 178; 
regular integral of the second, ii, 178; 
non-regular integrals of the second. 



II, 181 ; integrals (if any) of the third 
are in general non-regular, n, 187 — 
201 ; integrals of the remaining typi- 
cal forms are in general non-regular, 
II, 201 ; 

Summary of results for integrals 
of, in all cases, ii, 207. 

Uniform integrals, equations of the first 
order with. Chapter x; Briot and 
Bouquet's conditions for, ii, 323 ; how 
obtainable, ii, 317 ; belong to one of 
three classes, ii, 318. 

Unique determination of regular in- 
tegrals, II, 33 ; Jordan's proof of, for 
a system, n, 35; fundamental as- 
sumption used in proof, ii, 45 ; 
uniqueness of such integrals as af- 
fected by point of indeterminateness, 
II, 81. 

Wallenberg, ii, 270, 296, 307, 308, 309, 
m, 276, 304, 305, 306. 

Weierstrass, u, 3, 14, 15, 19, 41, 42, 49, 
83, III, 9 ; theorem on form of a 
regular function near a zero value, ii, 
19, with special case of two variables, 
II, 24, 42; applied to transform dif- 
ferential equations, ii, 50. 
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